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Abstract

We construct a renormalization operator acting on the space of analytic
Hamiltonians defined on 7*T9, d > 2, based on the multidimensional
continued fractions algorithm developed by the authors. We show convergence
of orbits of the operator around integrable Hamiltonians satisfying a non-
degeneracy condition. This in turn yields a new proof of a KAM-type theorem
on the stability of diophantine invariant tori.

Mathematics Subject Classification: 37E20, 37J40, 11J70

1. Introduction

The connection between KAM and renormalization theories has been realized for quite some
time. The renormalization approach to KAM has several important advantages. First of all,
it provides a unified setting which allows us to deal with both the cases of smooth KAM-type
invariant tori and non-smooth critical tori. Secondly, the proofs based on renormalizations are
conceptually very simple and give a different perspective on the problem of small divisors. For
the continuous-time situation, several KAM results for small-divisor problems in quasiperiodic
motion have been obtained by studying the stability of trivial fixed sets of renormalization
operators (cfe.g. [3,7,10,12,13]). There was however a relevant restriction when dealing with
multiple frequencies. Because renormalization methods rely fundamentally on the continued
fractions expansion of the frequency vector, the lack of a multidimensional version of continued
fractions was the reason for failing to replicate KAM in its full generality. This limitation was
recently overcome in [6] by adapting Lagarias’ algorithm [11] and deriving estimates for
multidimensional continued fractions (MCFs) expansions of diophantine vectors.
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We present here a further application of the multidimensional renormalization method
following [6] (for vector fields on the torus) and [9] (for skew-product flows over translations on
the torus), illustrating once again the connection between KAM and renormalization methods
tackling quasiperiodic motion problems. Moreover, we hope that our work could lead to a
better understanding of the behaviour of renormalization around critical fixed points. The only
rigorous result in this direction is a computer-assisted proof of the existence of such critical
fixed point in the golden-mean d = 2 case [8].

Our present renormalization scheme is similar in spirit to Koch’s [7]. One of the differences
is that the (analytic) Hamiltonians considered in [7] are close to the integrable (degenerate)
Hamiltonian R? 5 y > w-y. So, due to the degeneracy condition there are unstable directions
for the trivial fixed point of renormalization, and thus the KAM domain will correspond to the
stable manifold. In our approach we deal with an extra quadratic term in the integrable case
which implies convergence under renormalization on a ball. Moreover, the frequency vector
w € R? in [7] is assumed to be of a special kind (known as Koch type, cf [12]) corresponding
to a zero Lebesgue measure set. In our work the result on the stability of invariant tori is
valid for any diophantine vector, a full measure set. It is still a fundamental open problem to
determine the largest set of frequencies for which the stability of KAM tori holds. We also
expect that our methods can be adapted in order to deal with Hamiltonians of class C*.

Let B C R? d > 2, be an open set containing the origin, and let H° be a real-analytic
Hamiltonian function

H'x,y) =w-y+3 y0y, (x,y) € T x B, (1.1)

with w € R? and a real symmetric d x d matrix Q. H is said to be non-degenerate if
det Q # 0. We say w € R is diophantine if there are constants 8 > 0 and C > 0 such that

Ik~ lk - w| > C, k ez —{0). (1.2)
In this paper we prove the following theorem.

Theorem 1.1. Suppose H is non-degenerate and w is diophantine. If H is a real analytic
Hamiltonian on T¢ x B sufficiently close to H®, then the Hamiltonian flow of H leaves invariant
a Lagrangian d-dim torus where it is analytically conjugated to the linear flow ¢,(x) = x +tw
on'T¢, t > 0. The conjugacy depends analytically on H.

Sketch of the proof

Our proof of theorem 1.1 is related to the one in [6] done in the context of vector fields on T,
Hamiltonian vector fields involve more complicated analysis since there is extra dynamics on
a vertical direction (action) and we need to preserve the symplectic nature of the problem. Our
goal is to find an analytic embedding T¢ — T¢ x B that conjugates the Hamiltonian flow to
the linear flow on the torus given by w.

We do not work directly with vector fields, instead we renormalize Hamiltonian functions
H(x,y) = H%x,y) + F(x,y) where (x,y) € T? x B and F is a sufficiently small

analytic perturbation. Using a rescaling of time we may assume that w = <'11) for some

diophantine @ € R?~!. The perturbation F is decomposed in a Taylor—Fourier series
Fx,y) = Yk, Fewy' -+ yy'e?** where the sum is taken over k € Z? and v; € N U {0}.
By the analyticity of F, its modes decay exponentially as [|k|| — +oo for fixed v.

Renormalization is an iterative scheme that at each step produces a new Hamiltonian.
Suppose that after the (n — 1)th step the Hamiltonian is of the form

(n=1)

Hy1x,y) =w™ DV y+17y0, 1y + Fioi(x,y), (1.3)
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(=1 L . . . .
where w1 = (a 1 ), "~V is given by the continued fraction algorithm (see section 2)
and Q,_; is a symmetric matrix with non-zero determinant. Moreover, we assume that
F,_; only contains Taylor-Fourier resonant modes (said to be in I' ), i.e. satisfying
w1V . k| < o,_1|lk|| or |v|| = T,_i|k| for some o,_1,T,—; > 0. So, the nth step is
defined by the following operations:

(1) Apply a linear operator corresponding to an affine symplectic transformation given by
G, y) > (T™® ', TT™y 1+ b,) for some fixed vector b,,.
(2) Rescale the action in order to ‘zoom in’ around the invariant torus.

(n)
(3) Rescale time (energy) to ensure that the frequency vector is in the form w™ = (al )

(4) Eliminate the constant mode of the Hamiltonian.
(5) Eliminate all the modes outside the resonant cone /" (thus avoiding dealing with small
divisors) by a close to the identity symplectomorphism.

The first transformation above has a conjugate action k +— 7™~k It follows from the
hyperbolicity of 7 that this transformation contracts I ifo,_; and rnill are small enough.
This significantly improves the analyticity domain in the x direction which implies the decrease
in the estimates for the corresponding modes. As aresult, all modes with k # 0 become smaller.

Besides the (trivial) case (k, v) = (0, 0) which is dealt with by operation (4), we control the
size of the remaining k = 0 modes in different ways. The case S := ), v; = 1 (corresponding
to the linear term in the action y) is eliminated by a proper choice of the affine parameter b,
depending on Q,_ and the perturbation. That is, b, is used to eliminate an unstable direction
related to frequency vectors. The quadratic term in the action (S = 2) is included in the new
symmetric matrix Q, which has again a non-zero determinant and becomes smaller due to the
action rescaling. Finally, we show that the action rescaling is also responsible for the decrease
in the higher terms S > 3.

The overall consequence of the iterative scheme just described is that it converges to a
limit set of Hamiltonians of the type y + v -y. That is, the ‘limit’ is a degenerate linear
function of the action and from that we show the existence of an w-invariant torus for the
initial Hamiltonian. To prove convergence we need to find proper choices of ¢,, and t,, as well
as of stopping times ¢,, which turn out to be possible for diophantine w. Roughly, too small
values of o,,_; and rnill make it harder to eliminate modes as they are ‘too’ resonant. On
the other hand, large values imply that 7 does not contract /. Similarly, large #, — #,—
improve the hyperbolicity of the matrices T but worsen the estimates on their norms and
consequently enlarge the perturbation.

In section 2 we review the MCF algorithm contained in [6] and state estimates needed for
the following sections. In section 3 we define the renormalization operator and iterate it to
show convergence to a trivial limit set. We are then able to prove theorem 1.1 in section 4. In
section 5 we present a proof of theorem 3.6 (similar to [1,7]) that finds a symplectomorphism
capable of eliminating the non-resonant modes of a Hamiltonian.

2. Multidimensional continued fractions
For completeness we review here the ideas contained in [6].

2.1. Flow on homogeneous space

Denote by G = SL(d,R), I' = SL(d, Z) and take a fundamental domain F C G of the
homogeneous space I'\G (the space of d-dimensional non-degenerate unimodular lattices).
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On F consider the flow:
& F — F, M+— Pt)ME', 2.1
where
E' =diage™,---,e ", e“ V) eG
and P(z) is the unique family in I that keeps @’ (M) in F for every ¢ > 0.
Given w = (T) € R4, we are interested in the orbit under &’ of the matrix

I «
M, = (0 l)’ 2.2)

For this, consider a sequence of times

thh=0<t<th<--+—>+00 2.3)
such that the matrices P (¢) in (2.1) satisfy
P™ = P(t,) # P(t, ). 24)

The sequence of matrices P € SL(d,Z) are the rational approximates of w, called
multidimensional continued fractions expansion. In addition we define the transfer matrices

70 — po per=n~T (25)
The flow of M, taken at the time sequence is thus the sequence of matrices
M®™ = o"(M,) = P M, E". (2.6)
Using some properties of the flow, the above can be decomposed (see [6]) into
I a®\ (A® 0
(n) _
=0 1) Can ) a

with ™ being the dth component of the vector e =D Py, A™ isa (d — 1) x (d — 1) real
matrix and a®, ﬁ(”) e R-1,

(n)
(84
Define w™ = <1 >, w® = wand, forn € N,

0
w® = @7y L 2 pg, = g T, 2.8)
0
1
where
= ——e@ D ang - 2.9)
" y(n) = )\n—l .
Consider now the cone
K" ={¢ eR:1€- 0| < ali€l) (2.10)
for a given o, > 0. We are using the norm [|§] = Zf;l 1&;].
Let || - || denote the usual matrix norm
. | Mx||
M| = . (2.11)
xzo0 x|l

Notice that any A € SL(d, Z) has ||A|| > 1, as is the case of the norm of T, its inverse and
transpose.

Lemma 2.1 ([6]). If € € K@V, then there is cq; > 0 such that for alln € N
1T el < e (0w T 1+ MO M ) gl @212)

where 8t, = t, — t,_1.
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2.2. Norm estimates for diophantine vectors

It is a well-known fact that the sets DC(8) of diophantine vectors with exponent 8 > 0 are of
full Lebesgue measure [2]. On the other hand, the set DC(0) has zero Lebesgue measure.

Proposition 2.2 ([6]). Letw € DC(B), B > 0. There are constants cy, c3, 3, C4, Cs, Cg, C7 >
0 such that, for alln € N U {0},

IM®] < ¢y expl(d — 1)01,], (2.13)
IM® ™) < crexp(61,), (2.14)
PP < czexpl(d 6 + 1 — 0)t,], (2.15)
1PN < eqexpl(d — 1 +0)1,], (2.16)
1T < esexpl(l — 0)8t, +d 01,1, (2.17)
1T < coexpl(d — 1)(1 — 0)5t, +d 0 1,] (2.18)

and

d2
crexp [ - 0(1 — (- 1>)rn] < Iy < crexpld — Dorl,  (2.19)

where §t, = t, — t,_1 and 0 = B/(d + B).

Proposition 2.3. Let w € DC(B), B = 0. If ¢ € K"V, then there is cq > 0 foralln € N
1T €] < eqe™ 0801 (g0, 6% 4 c109) €, (2.20)

with 6 = B/(d + B).

Proof. The estimate follows from applying proposition 2.2 to lemma 2.1. |

3. Renormalization of Hamiltonian flows

3.1. Preliminaries

Consider the symplectic manifold T*T¢ with respect to the canonical symplectic form
Zf:l dy; A dx;. As the cotangent bundle of T? is trivial, T7*T¢ ~ T x R9, we identify
functions on 7*T¢ with functions on T¢ x R¢. By lifting to the universal cover, we consider
functions from R?? into R and extend them to the complex domain.

Let Q2 be aneighbourhood of R? x {0} in C2¢. A Hamiltonian is a complex analytic function
H:Q — C,7¢ -periodic on the first coordinate, written in the form of a Taylor—Fourier series

H(x,y)= Y Hgy e, (x,y) € Q, 3.1)
(k,v)el

where I = Z¢ x (NU{0})?, Hy,, € Candy” = y;" --- y}".
Let the positive real numbers p and r be given in order to determine the domain

D,, =D, x B, (3.2)
where
D, = {x € C*: ||Imx|| < p/27} and (33)
B, ={yeC|yll <r}, '
for the norm |ju|| = Z?=1 |u;| on C?. Moreover, we will be using the norm of matrices given

44444
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Consider the Banach space A, , of Hamiltonians defined on Q2 = D, ,, which extend
continuously to the boundary and with finite norm

IH e = > [H,|r!* s, (3.4)
kel
Similarly, take a norm on the product space A2, = A,, x --- x A,, given by

Hy, - Ho)ll,, = S IHi|l,, Using this we define the Banach space A, , of
”( P, i=1 P, g P 0,
Hamiltonians H € A, , with finite norm

IHI, . = 1Hllpr + IVHIIp,p-

A property that will be used several times in this paper is the Cauchy estimate: for any
5 > 0 we have

”aiH”,o,r < 2T7T||H”p+6$ra H e Ap+8,r7 1 < i g d, (3 5)
18 Hllp,r < SIHIp,rss, HeA,,.;, d+1<j<2d,
where d; denotes the partial derivative with respect to the kth argument. In particular
, 2 +1
IHl,, <1+ 1 H [ p45,r+5- (3.6)
The constant Fourier modes will be written by the projection
EF(y) = / Fe.y)dx =Y Fony”’.  E,F@) = Fo.p” (3.7)
T >

The space where EF lies is denoted by EA, and the natural induced norm is || - ||,. Similarly,
we define EA’ with norm || - ||/..

In the following we will use the notation A < B to mean that there is a constant C > 0
such that A < CB.

Remark 3.1. We will be dealing with maps between Banach spaces over C with a notion of
analyticity stated as follows (cfe.g. [5]): amap F defined on a domain is analytic if it is locally
bounded and Gateux differentiable. If it is analytic on a domain, it is continuous and Fréchet
differentiable. Moreover, we have a convergence theorem which is going to be used later on.
Let {F}} be a sequence of functions analytic and uniformly locally bounded on a domain D.
If limy_ 100 Fx = F on D, then F is analytic on D.

3.2. Change of basis and rescaling

The following transformations leave invariant the dynamics of the flow generated by a
Hamiltonian, producing an equivalent system. They consist of

e an affine symplectic transformation of the phase space,
Lyi@e,y) > (T %, Ty +b,),  (x,y)eC¥, (33)

for some b, € C?,
e a linear time (energy) change,

H> nH (3.9)

where 1, is defined in (2.9),
e a linear action rescaling,

His S HC ) (3.10)

n

with a choice of u, > 0 to be specified later on,



Multidimensional renormalization 2733

e and the (trivial) elimination of the constant term

H ([—Ey)H. (3.11)
Notice that EH o R; = EH and
RzoL, =L, o Ry, (3.12)
with
Rz: (x,y) = (x+2z.,y), zeC, (3.13)

Forn e N, p,—; > 0 and r > 0, we are going to apply the transformations (3.8)—(3.11)
to Hamiltonians of the form

Hx,y) =w" D .y+1Ty0, 1y+F(x,y), @*,y) €D, ., (314

where 0, is a d x d symmetric matrix and F € A, , .. We thus get new Hamiltonians
which are images under the map

Lo(H) = (I— E")Z_nH o Lu(-. ).

n
In order to simplify notations, we write

®,(0) = o Ty +b,. (3.15)
So, for any (x,y) € L,'D,, ,
Ln(H)(x,y)
M| e 1
={- EO)M_ [w( DD, (y) + 3 D, (¥) Quo1®@n () + F 0 Ly (x, I'Lny):| . (3.16)

By the decomposition F = (I — E) F + F and using the Taylor expansion of Fj:
Foo ®,(y) = Fo(by) + ptn 'VFo(by) 'T™y + ”72 YTWD*Fyb,) Ty + (),  (3.17)
with Y, (y) = O([lyll*), we get
Ly(H)x,y) =™ -y +1, [ 5yQur + VF(by)] Ty
+ YT [Q,m+ D Fo,)] Ty
+Z—"T,,(y)+%(]1—]E)FoLn(x, 1), (3.18)

n
In order to ‘normalize’ the (Fourier constant) linear term in y of EL, (H) by making it equal
to w™ -y, we choose b, inside the domain of V F; such that

anlbn + VFO(bn) =0. (3.19)
The quadratic term is dealt with by considering a new symmetric d x d matrix Q, being
Qn = Mt T™ [Qu_1 + D’ Fo(by)] 'T™. (3.20)

We can finally write

Ly(H)x,y) =™ -y + 3 Y0y + Li(F) () + Ly(F — Fo)(x,y),  (3.21)
where we have introduced the operator

LiFor> v, (3.22)
Mo
for the cubic and higher terms in y and
Ly —E)F n—"(]I—IEl)FoL,,(-,/L,,J (3.23)
Mn

for the non-constant Fourier modes. The above operators are definedin EA, and (I-E)A,, | ,.
For a given y > 0, denote by A,, the set of all H asin (3.14) such that || Foll,,_,.» < .
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Lemma 3.2. [fdet(Q,—1) # 0 and
2

r
Vo = ——— (3.24)
1610,
there is b, € Cl(Ayn, C?) such that, for all H € A, b, = b,(H) satisfies (3.19) and
_ r
ba (DI < /D10, I I Follr < 3 (3.25)

Moreover, det(Q,) # 0 where Q,, is given by (3.20) and
TN T
Pl (1O 7Y = 281 Foll,)

In the case Fy is real-analytic and Q,_, is real, b,(H) € R? and Q,, is also real.

10,1 < (3.26)

Proof. Consider the differentiable function 7 (H, b) = b+ Q;_ll V Fy(b) definedon A, X B,.
Notice that F (H,?_l , 0) = 0. Moreover, the derivative of F with respect to the second argument,

DyF(H,b) =1+ Q,' D*Fy(b), (H.b) € A, x By,
admits a bounded inverse because

2
D" Foll,)» = max |[10;VFoll,2
d+1<j<2d

< @/DIV Follsa
< (16/r)|| Foll,
<ne ! (3.27)

by the Cauchy estimate. Thus, the implicit function theorem implies the existence of a C'!
function b,: H + b, (H) in a neighbourhood of H"_, such that

F(H, by(H)) = by(H) + 0, VFy(b,(H)) =0,

i.e. asolution of (3.19). Notice that forany H € A,, the operator Id — F(H, -) is a contraction
with a unique fixed point b, (H). Hence the domain of the C! function H + b(H) is extendable
to A,, and thus (3.25). Assuming Fy to be real-analytic and Q,; with real entries, the same
argument is still valid when considering B, » NR?. So, b(H) is real and Q,, is a real symmetric
matrix.

From (3.27),
10,1\ D Fobu(H))l < 1, H €A,
Hence, A = Q, 1[I + Q' D*Fy(b,(H))] is invertible. Moreover,
IA < 1/, 17" = I1D? Follj2).- (3.28)
Now, Q7' = ()™ TT® A1 T®™ ™! thus (3.26). O

Lemma 3.3. If r < r’' and

[y < m (3.29)
then En: EA. NA,, — EA, and
12l < 22l (1 + i) @) T (3.30)
" 2r' ) r2(r —4r'p, | TT™])
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Proof. Let H € A, , R = > 1,y € B, and the map

filzeCilz] < R} — ¢
2 Folzitn ' T™y + b, (H)). (3.31)
Hence Y, asin (3.17) can be written as

1 f@)

27‘[1 lz|l= RZS(Z—I)

1
J@) = f(0) = Df©) - —sz(O)

Therefore,

f() '
I g
fd_R 2e-1|

1
< ———— sup [|[Folzitn ' T™ - +b,(H))||..
R*(R — 1) |=r

1

T,
[y =57

Since |ly|| < r’, in view of (3.25),

sup llzpn "T™y + b, (DI < Rl 'T™ N #' + 15, (H)|| < r/2

|z|=R
and
sup [[Fo(zptn 'T™ - +b, (H). < | Follyj2 + Riga || 'TPN IV Foll, 2
|z]=R
1 1
< W Follrp + 25 1 Follr < (1 + —) Il Foll, - (3.32)

Thus, | Y, [, < (1+1/27)[R*(R — D]7'|| Fyll, and

1 47" TT(n) 3
bl b (L DY @l 1T
' r3(r = 4r' |, | | TT ™))

n n

IZa(Fo)Il,, = I Foll,-

O

3.3. Far from resonance modes

Given o, T, > 0, we call far from resonance modes with respect to w™ the Taylor—Fourier
modes with indices in

={tk,v) € I:|w™ - k| > oy llkll, V]| < T, llkl}. (3.33)

The resonant modes are the ones in I7 = I — I,~. We also have the projections I} and I over
the spaces of Hamiltonians by restricting the Taylor—Fourier modes to I;F and I, respectively.
The identity operatoris [ = I’ + I
Moreover, take
” TT("+1)71k||

A, = sup - (3.34)
K20, | K| <o [k Ikl

3.4. Analyticity improvement

The next lemma means that every Hamiltonianin I* A4, N A, ,ie. afunctiononD,, , .
into C, is mapped by £, into .A e The analytlclty strip width is 1rnproved whenever A, _; is
small enough. Lemma 3.5 w111 convert this improvement into a norm reduction.
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Lemma3.4. If§ > 0,r <7/,

- 2 B
Pl _ s and Ty > ——(o,+8)| T, (3.35)

<
Pn A, log2

then L, as a map from @y —E)A, - N Ay, to T—-E)A), . is continuous with

~ 2 n
120 < (1 i +> [l (3.36)
8  2r'tlog2) pn

Proof. Let F € (I'_, —E)A, ,,NA,,
E ={0,v):v e (N x {0h?)} and Jo={keZ" k- -w™| <oy,|k|}. (3.37)

Using lemma 3.2 and (3.29) we have
U = wall TV UL < 4 210 ol < 5. (3.38)
We want to find an upper bound on
IF o LyC. )l

Ty ~! T AR O
<) (1+2n|| Tkl + T ||u||/r’)|Fk,u|w,'1'""epn” ”
It \—E
21 w1 r , -1
< Z <1+?65TT” k| + g eénllu) |Fk,,,|1ﬁ,lzluuep"”TT() kII’ (3.39)
l+ E 4r %‘n

n—1""

where we have used the inequality ze %% < 8! with ¢ > 0 and again a choice of u, verifying
(3.29). Here &, = 1 log(r/¥,) > 1log2.

Consider separately the two cases corresponding to the definition of the resonance cone
I'*_,. We deal first with the modes corresponding to k € J,_; — {0}. By (3.34) and (3.35)
each one of these modes in (3.39) is bounded from above by

2 r

[Nl apon—1 K]l
<1+T+2r/2]0g2)r ekl (3.40)

Now, consider ||v|| > t,|k|| with k # 0, so that
—1 _ -1
1Tkl << T vl (3:41)

These modes in (3.39) are estimated by

<1 NN . emw) (r e—zsn+(p,;+s>||TT‘")"H/r,l)”"” < (1 L v >,u||’
5 4reg, 8 2r'*log2

(3.42)

where we have used (3.35).
Finally, we get

IIF o L,( W, . < <1+—2 +—r )
O Lp( Up* BPTARS
P §  2r'*log2

and (3.36) follows from (3.23). O

[ PR
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Let 0 < p, < p; and the inclusion
I A// i d .A // r' H = Hle;,x/*r/' (3.43)

o

The norm of the k £ 0 modes can be improved by the application of Z,.
Lemma 3.5. If ¢, > 1 and
0 < pf < pj — log(@y). (3.44)

then
IZ,A-E)l < ¢, (3.45)

The proof is immediate and will be omitted.

3.5. Elimination of far from resonance modes

The theorem below states the existence of a symplectomorphism isotopic to the identity that
cancels the far from resonance modes of a Hamiltonian close to the quadratic integrable
Hamiltonian

H):y— o™ y+1y0,y. (3.46)
Given p,, v > 0, denote by V, the open ball in Ap v, centred at H? with radius & > 0.

We define also

o2(min {1, &, — r})?
= i (min {1, 57 b — (3.47)
12(4|w™ ]| +do,)r'2m + 1)2(1 + 27 + 252)2
and
4w | +do,
0n =1+ \/3r/M. (3.48)
€n

Theorem 3.6. Let r < r' and 0, > 2r'||Q,||. Then there exist analytic maps &:V,, — Affl
where (H) is a symplectomorphism and U:V,, — I} A, . given by U(H) = H o &(H),
such that I, U(H) = 0 and

/ 1 —
16(H) —1d[l,, , < _”Hn Hllp, r,

IACH) = Hllp,.r < @ull H = HI, 000 (3.49)
Moreover, if H is real-analytic, then ®(H) is real-analytic.
A proof of this theorem is included in section 5.
Lemma 3.7. In the conditions of theorem 3.6, ifx € R? and H € V., then
®(H o Ry) = Ry' o B(H) o Ry (3.50)

onD, ..

Proof. If g = &(H) is a solution of I; H 0 g = 0in D, ,, then g = Ry' o G(H) o Ry solves
the same equation for H = H o Ry,i.e. T Hog=0inD,, ,. |
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3.6. Convergence of renormalization

For a resonance set I;" and w,, > 0, the nth step renormalization operator is defined to be
R,=U,0T,0L,0R,_1 and Ro = Uy,

where U, is as in theorem 3.6 at the step n. Notice that if
H*(y)=w-y+3 y0y+v-y,

then
Ru(HY) = 0™ -y + 3huxa yP"Q 'P™y

forevery v € C4, where
s =[Twi: (3.51)
i=1

This means that the renormalizations eliminate the direction corresponding to linear terms in
y. From the previous sections the map R,, on its domain of validity is analytic by construction.
In addition, whenever a Hamiltonian H is real-analytic, the same is true for R, (H).

Letr’' > r > 0, pp > 0 and fix a sequence 0,, < 1,n € Nand oy > 2r'||Q||. To complete
the specification of the resonant modes and of ¢, in theorem 3.6, take 7p = 1 and

2 TT(n)*1
- poll I (3.52)
B,_ilog2
according to lemma 3.4, with
B, =[]A (3.53)
i=0

Notice that the A, s depend on o,.

Consider also the constants v and & as they appear in theorem 3.6 and lemma 3.4,
respectively.

We now define the non-increasing sequence ®¢ = 1,

2 n 6
. o 2 é‘,’

®, =min{0,_1, - . —,
! { T @ronn? E I LIT O N2 TT O

3

£ Iﬁ min{lni| = )| _ 3.54)
[T, 1O~ 3" o3 ot rra~tys [ =

1 \? T 3
{n = (1+§> <7> oull TP > 1.

In order to use the results obtained earlier connected with the building blocks of the
renormalization operator and to get convergence of the renormalization (in the theorem below),
we choose

with

1 n—1 n—1
pon = Lm—}j&kg@mo—«a+w223i, (3.55)

B, _
n=1 i=0 i=0

where

_ 2 r @11 [On-1
Pn _max{1,2(1+ 5+ 2r’210g2) Hn©®y 21,
2

. X (3.56)
Hn :<284”maxu,"mn|J®H) s



Multidimensional renormalization 2739

Recall that ¢, is our choice for lemma 3.5. Moreover, our choice of u, implies that

PRI r Yo (3.57)
oS Qa2 S\ ) S oo '

so lemma 3.3 holds.
To have p, positive for all n we need to study the following function of w € R? associated
to the choice of 0,:

Bw) =) Bilog (i) + @ +v) ) Bi. (3.58)
i=0 i=0

It is simple to see that B depends on the multidimensional continued fraction expansion of
w through the matrices T™ and the scalars 7,. The remaining dependences are on fixed
constants and on Q, but these turn out to be irrelevant as we will be uniquely interested in the
convergence of the series in (3.58). In this sense, we can look at B as only depending on the
arithmetics of w. As we will see in the following part of this section, for diophantine vectors
w we can find a sequence o, for which B(w) converges.

Notice that if B(w) converges, then B, — 0 asn — +oo. Also, 7, > Bn’_l1 — 00 by
(3.52)and ¢, < 7,2 — 0 by (3.47). Hence, ®, < &3 — 0 by the third term in min{: - -} of
(3.54).

We denote

H, =R, (H )
and associate the sequence H? of quadratic integrable Hamiltonians given by (3.46), where

Q,, is defined by (3.20).

Theorem 3.8. Suppose that det(Q) # 0,
B(w) < +00, (3.59)

and p > B(w) +v. There exists ¢, K > 0 such that if H € A, ,» and |H — HO||p_,/ < c, then
H is in the domain of R, and

|H, — H ||, , < KO,|H — H||,.", n e NU{0}. (3.60)

Proof. Let pgp = p — v > B(w). Hence, by the definition of p,, there is R > 0 satisfying
Pn > RB;_ll foralln € N.
If ¢ < &9 we use theorem 3.6 to get Ro(H) € I§ A, . with

|Ho — Hll ., < KOol|H — H||,.

for some K > 0. Take Qg = Q.
Now, for n € N assume that H,_; € I'_, A, , .. Suppose that

”Hn—l - H,(,)_lup,,,l.r < K®n—l ”H - HO”p,r/a

n—1

3 . )
1Qull <IN [T5mmm i nirey,
i=1 (3.61)
n—1
n- - —1y =1~ -1
1.1 <o W T2w =@y O,

i=l1
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So, for ¢ small enough, using the last term in (3.54) we get
172 n—1 1 1 | | 2
-1 n—1 5.1/2) ()~ T~
< —\|12°¢'°T T max{——,— < ——. (3.62
12,40 < g= 1] G TOT I {|ni|l/2 Iml} T,

Thus, lemma 3.2 is valid and as a consequence ||b,(H,—)|| < r/8.
After performing the operators £,, and Z,,, we want to estimate the norm of the resulting
Hamiltonians. The constant and non-constant Fourier modes are dealt with separately in

T,L,(H) = H® + L,(EH, ) + T, L, (1 — E)(H,_). (3.63)

For the former we use lemma 3.3 and for the latter lemmas 3.4 and 3.5. So,

~ A3
”Ln(EHn—l)”;f < 27K (1 + #) (r_) M;%|nn| ” TT(n)||3®n—1 ”H - HO”,o,r’

= « r (3.64)
< 2_%®n”H_H0”p,r’~
Furthermore, ¢, yields
~ / 21 r —1 -1 0
I1Z, L, (I — ]E)(Hn—l)”pgyrf K (1 + 5+ m) Uy &, 21O 1| H — H ”p,r/ (3.65)

<
K
<K 0,IH — Hlljy,.

Moreover, assuming ¢ to be small enough, we estimate (3.20) using (3.27), || Q17" <
II Q,;ll I, (3.62) and the second inequality in (3.61) to obtain

1Ol < talna IT N TN Qi (A + 168 2K Ot | Q171

"3 ; h _ On 3.66
<IeNTZmtm IT W) < 2, (60
i=1

where the last inequality comes from the second term in (3.54). By (3.26) and again (3.62),
-1 IOy e g I
e, I < ol | (1=16r2cK ©, 1110, )

n
_ _ _ n—1 n—1
<N ' J2w =T @ O
i=1

(3.67)

The Hamiltonian Z,L,(H,—;) is inside the domain of U, since for ¢ small enough
(pn_lc K®, < ¢, and ||Q,| < 0,/(2r"). The result follows from (3.49). O

Remark 3.9. The above can be generalized for a small analyticity radius p by considering a
sufficiently large N and applying the above theorem to H = Uy Ly - - - U1 L1Uy(H ), where
H is close enough to H°. We recover the large strip case since py is of the order of
By',. Tt remains to check that py > B(w™) + v. This follows from the fact that
Bw™) = By [B(w) — By(w)] where By(w) is the sum of the first N terms of B(w)
so that By (w) — B(w) as N — +o0.

(0%

Lemma 3.10. Ifw = (1

) € R? is diophantine, then (3.59) is verified.

Proof. To show (3.59) it is only necessary to check that we can find sequences
o, and t, for which the series Y. B,|log|n.:1ll, Y. B, log [TV, 3 B, log ||T(”+1)_1||,
3" B, log ||w™ V|, 3" B,|log 0,41] and 3" B,|log ©,,;| converge.

Let us set, foreachn € N,

w = (1L+&)" and o, = e 9
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where positive constants & and a will be chosen in the following and 8¢, = ¢, — t,,+1. We shall
assume that £ is large enough that

gld— L) > 108 &2 (3.68)
— —— ) > log —=. .
1+€ L
So, 0,1 exp(dét,) = cic2/ce as in proposition 2.3. Hence,
Ayl K e, (3.69)
with
d(E —
a:u—<d— a ) (3.70)
§(d+B) 1+§&
which is positive if a > d(1 + &)[1 — 1/(d + B)]. Thus,
B, =[]Ai < Crem, (3.71)
i=0

where C is some positive constant. Clearly, > B, < oo.
From (2.8) we have [|w™| < [[M™]| |[y™|~!. Thus, using (2.13) and (2.19) we have

dp(1
lw® | < exp [@m} . (3.72)
Now, using (2.9) and the bounds (2.19), (2.17) and (2.18) we get
[d(1+&)(B+1)
IT®] <ex —atn],
Pl” E@+p
_ d(1+&)(d—-1+p8)
ITO7 < ex 8 ] (3.73)
LT Ew@+p
|7 < dd+£) d_1+,3 St
n €X _— -
n p T & d+p
Finally,
n ) n ) 71 n
log [ TITON 1og [ TITO™ I 1log [ TImsll - < ta,
i=l1 i=1 i=1 (3.74)

log [ Tllw®ll. 1Tog [ Joil. llog [ [ Bicil <t
i=1 i=1 i=1

so that |log ®,| < t,.
Since B, decays exponentially with #,,; and log ¢,+; grows at most linearly, the series
(3.59) converges. O

4. Construction of the invariant torus

Here we will always assume to be in the conditions of section 3.6. We use theorem 3.8 to
determine the existence of an w-invariant torus for the flow of analytic Hamiltonians H close
enough to H (theorem 1.1). This follows from the construction of an analytic conjugacy
between the linear flow on T¢ of rotation vector w and an orbit of H.

Let the set A be given by

A={HeA,, :|H-H,,  <c}, 4.1)
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which is contained in the domain of R, foralln € NU{0}. Given H € A, H, € I} A, ,. Tt
is simple to check that

An
H, = —[(I—Eo)(HogyoLy" ogio---oLi)]og,
X

n

A _
=2 {I—Eo)H ogool[Pi(H)og oPi(H) 'Io

Xn

0[Py i(H) 0 g1 0 Paci(H) 1o Pu(H)} 0 gy (4.2)
Here, g = &y (Ly(Hi—1)) is given by theorem 3.6 at the kth step and
L @oy) e (TO 7 x, @u(Hio) ), 4.3)

where @ (Hy_1)(y) = ux 'T®y+b;(Hi_,). In addition, we have the conformally symplectic
map

Po(H) = LYt L ey b (PO @ () - 0u(H, D), n> 1, (@44)
and we set Py(H) = Id. Notice that

Qi(H) - Pp(Hym))®) = xu ' P™y +v,(H), (4.5)
with

v (H) = bi(H)+ Y xio1 P Vb (H;y).

i=2
For n > 1 define

an(H) = hT (Dn(Hn—l) te <Dm(I_Im—l)(O)

+00
=by(Hy)+ Y iy T T Vb (H, ) (4.6)
i=n+l

if it converges. If that is the case,

a(H) = a)(H) = lim v,(H) 4.7
and
a(H) — v, (H) = 3, "P™a,1 (H). (4.8)

Lemma 4.1. The maps a,: A — B,,, are well defined and analytic, taking any real-analytic
H into R?.

Proof. From lemma 3.2 we obtain ||by(H—1)|| < r/8 for any k € N. Thus, by (3.57),

. r ro\i—n
ol T T ) < L () (49)
8 \8r
where 1 < n < i — 1. Hence, (4.6) converges and each a, (H) is well defined in C?. In case
H isreal, a,(H) € RY. The maps H +— a,(H) are analytic since the convergence is uniform.
Moreover, (4.6) can be estimated using (4.9),

LA
8r!

_
-5

lan ()|l < 2 + <

oo~
ool
NS
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Lemma 4.2. There is an open ball B centred at H® in A such that, if H € B, we can find

sequences R,, r, > 0 satisfying: R_y = p,r_y =7/,
Ry +2m KO | H — Hllp < Rymy < ”Fﬁ—ﬂ)” 4.10)
ra+ KO H — HOllpp < 1oy < —20 10 (4.11)
2 TP
n > 0, and
lim R '@2° =0. (4.12)

n—+00

Proof. Let p, = min p,. Since x, is decreasing and || P™ || < [T'_, IT™]| (similar relations
hold for the transpose and inverse matrices), it is enough to check (using the last term in (3.54))
that

n n

. A nN—1,_

0, < min {20, [ TITON" o0 [T ‘}
i=1 i=1

for some 0 < A < 1 by taking R, = cﬁ»‘”@ﬁ/ 3 and rp = ch)ﬁ/ 3 with small constants

c1, ¢ > 0. Thus, the inequalities (4.10) and (4.11) hold whenever we take a sufficiently small
bound on ||H — H0||p,,. The limit (4.12) is now immediate. (|

Let the vertical translation
Vzi(x,y) = (x,y+2), 4.13)
for any z € C?. For a given H € A, define the norm || X|, = [| X o Varnllr
Xo Va(H) € A%{Jﬂ.
Now, consider the isotopic to the identity analytic symplectomorphism
W, (H) = Py (H) 0 &, (L, (H,_1)) o Po(H) ™' (4.14)

on P,(H)D,, , withn > 0 and H € A. In particular, W,(H% = Id. Notice that for H
real-analytic, W, (H) is real-analytic.

whenever

n vrﬂ

Lemma 4.3. W, is an analytic map on B such that, if H € B,
W (H): Vaay(Dp,.,) = Van (Do, 1)
and there is K' > 0 verifying
IWa(H) —1dll, < K'O;° | H — HCll,,. (4.15)

Proof. For H € A and (x,y) € Dg, ,,
MmP@x|| < | PR, /27 < pu/2r,
19, (o) -+ @7 (D +aCH) | = Il TP (6 + a(H) = v (H))|
<ot TP W+ Nl (D)) < 7. (4.16)
Therefore, P,(H) ™! o Varry(Dr,,r,) C D,, . Moreover, using (3.49),
IW, (H) = 1d[ly = 1P (H) 0 [,(Zy Ly (Hy—1)) — 1d] 0 Py (H) ™" © VI, r,
< ey NP (ED) I 1T L (Hut) — HY g,
< K'OPIH - H |y, (4.17)
where 7/5,1 (H) corresponds to the linear part (x,y) (P(”)_lx, Xn ' P®™y) of P,(H) which
has norm bounded by || B, (H)|| < [P™ || + x|l TP®].
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Now, for (x,y) € Dg,,, and H € B,
|z ImW,,(H) o Vo (x, Y| < Im(zry W, (H) o Vo (x,y) — x)|| + || Imx||
< [|W,(H) —1d|l,, + R,/2m < R,_{/2m,
lm2 W, (H) o Vary(x,y) — a(H)|| < |ma W, (H) o Ve (x,y) =y —a(H) || + Iyl
< W, (H) —Id|l, + 1y < 1y1.
So, W, (H): Var)(Dr,.r,) = Vawr)(Dr,_,,r,_1)- O

Define the analytic map I', on B satisfying I',, (H): Vo) (Dr,.r,) = Va)(Dp.r),
I(H)=Wy(H)o---0oW,(H), (4.18)

with H € B. We then rewrite (4.2) as
Xl‘l

HoTl,(H) =
ol (H) 3

n

H, o P,(H)"' + E(H), (4.19)

where E(H) represents a constant (irrelevant) term. Since each W, (H) is symplectic, thus
I',(H) is symplectic and H o I',,(H) is canonically equivalent to the Hamiltonian H,. In
particular, if H, = H,? for some n, there is an w-invariant torus in the phase space of H,,. We
are interested in the general case, H,, — H,? — Qasn — +oo.

Lemma 4.4. There is ¢ > 0 such that for H € B
T, (H) — Doy (H) |l < c®3H — HO|l .

Proof. Foreachk =0, ---, n — 1, consider the transformations
Gi(z, H) = (Wi (H) — 1d) o (d + Gy41(z, H)) + G4 (z, H),
Gu(z, H) = z(W,(H) — 1d),

with (z, H) € {z € C:|z] < 1 +d,} x B, where we have ¢’ > 0 such that

C/

O IH = HY,p
If |Gie1(z, H)|ln < (R — R,) /27, then Gy, is well defined as an analytic map and

—1>0.

1Gr(z, H) |l < IWi(H) — 1d||g + |Grr1 (2, H) -
An inductive scheme shows that

1Gn(z, H)lln < (Ry—1 — Ry)/27,
n—1

1Gr(z, H)|ln < Z (Wi (H) —1d|l; + |z| |W,(H) —1d]||,
ik
< (Re—1 — Ry) /27,

By Cauchy’s formula
1T (H) = Tuei (H)lln = 11Go(1, H) — Go(0, H) |,
1 Go(z, H

% 0(z )dz

I

=t1+d,2 22— 1)

2mi
n
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and
2
ITw(H) = Dot ()l < == sup [[Go(z, H)l
n |z|=1+d, /2
<L @3 H - H,, .
O

I (R4, C*) of C! functions Zd-periodic, endowed with the

per

Consider the Banach space C
norm

_ k
17 ler = maxmax [ D7 f (x)]l
Our goal is to find parametrizations of invariant tori of the type 8 — (8, a(H)) + f(0).

Lemma 4.5. There exist C > 0, an open ball B' C B centred at H® and an analytic map
Y on B’ such that, for every H € B', Y(H) = lim,_, 1o ['y(H)|(y=a(m)) is an embedding
R — C% Y(H) — (Id,a(H)) € C;er(Rd, C**) and

IT(H) — (d, a(H)|c1 < CI|H — H°||.. (4.20)
If H € B’ is real-analytic, then Y (H): R? — R*.

Proof. For each H € B, by the first inequality in (3.5),

1T (H) = Tt ()], a(H)) I 1
<max sup | DT, (H)(x, a(H)) — Ty 1 (H) (x, a(H))]|

Nt xeDy,

4
< R_”FH(H) - Fn—l(H)”m (421)

which is estimated using (4.12). Hence, I',,(H) (-, a(H))—(Id, a(H)) converges in the Banach
space C! (R4, C??), and (4.20) holds. The convergence of I, is uniform in B; thus Y is

per
analytic. If H is sufficiently close to H°, Y (H) is in fact an injective immersion (embedding)
as the space of embeddings is closed for the C! norm and Y (H) is close to (Id, a(H)).
Finally, for H real-analytic we have Y (H)(R?) C R>? in view of the similar property for each
W, (H). O

The Hamiltonian vector field of a Hamiltonian H is Xy = JVH, where J: (x,y) —
(y, —x). The nextlemma shows the invariance of the torus defined by Y (H) which corresponds
to the linear vector field 8 = w.

Lemma 4.6. For H € B', we have on R?

Xy o Y(H) = D(T(H)) w. (4.22)

Proof. Since I',,(H) is a symplectomorphism, we have for x € R¢,
Y, () = Xpg 0 Ty (H) © V() (¢, 0) — DT (H)) 0 Vigan) (. 0) X o (x, 0)

= [D(Tn(H)) o Vacm) XHOF,,(H)OV,,(H)fHO](xs 0). (4.23)
Hence,

1Y, )| < 1D, (H)) (e, a(H) | IIVIH o Ty (H) © Vagy — HOl(x, 0) 1. (4.24)
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In order to estimate the above we first recall (4.19) to show that

VIH o T,(H) o Vyuy — H1(x,0) = %V[(Hn — HY) o Py(H)™" 0 Vyunl(x, 0)

+

Ta(H) — v,(HH1P™ " 0, TP™ ", (4.25)
nXn

Notice that by induction we get

n—1
1 - - 1 o . o

P 0, TP = 04— POTDYF (b () TP (4.26)
nXn i=0 i Xi

Since 37! G D PO T | TPO @, « 1and by (4.6) and (4.8)
la(H) — v, (DIl < xull TPl Nan (H)|| < 0377, (4.27)

the last term in (4.25) is estimated from above by 63/ 3 Moreover, the first term in the rhs of
(4.25) is bounded times a constant by

ﬁn PO Hy = HYy, e < 2, (4.28)

Finally, from the convergence of I';, and
DT, (H)(x, a(H))| < RLnIIFn(H)IIn < Ri,,’ (4.29)
we find that || Y, (x)|| converges uniformly to 0 as n — +oo because of (4.12). O

Lemma4.7. If H € B’ and x € RY, then
Y(H o Ry) = Rg' o T(H) o Ry. (4.30)

where Ry:z +— z +Xx is a translation on C.

Proof. For each n € N, (3.12) implies that P,(H o R,) = P,(H) and we know that
P.(H) o R;l = R;1 oP,(H),z € C?. So, from lemma 3.7,

g

W, (H o Ry) = P,(H) 0 8,(L,Ry—1(H o Ry)) o P, (H)™
=R o W,(H) o R,. 4.31)

Thus, I',(H o R,) = R;l ol'y(H) o Ry and (4.30) follows using the convergence of I',,. [
The flow generated by X is denoted by ¢4, taken at time ¢ > 0. Hence,

PyolTiscioy = Ror-
We prove below the existence of an invariant torus 7 for H close to H?, i.e. an analytic

conjugacy between ¢}, |7 and R.,.

Theorem 4.8. Let D C R? be an open ball about the origin. If H € C*(T? x D) is sufficiently
close to H, then there exists a C® embedding y: T? — T¢ x D such that

¢t oy =y 0 R, >0, (4.32)

and T = y(T?) ~ T is a submanifold homotopic to {y = 0}. Furthermore, the map H — y
is analytic.
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Proof. The lift H to R x D of H is assumed to have a unique analytic extension to D, ,.
Consider the real-analytic Hamiltonian G = H € A, . Suppose that G is close enough to
Hsuchthat G € B'and Go Ry € B forn > Oandz € D,. Then, y = Y (G)ljo,1)¢, Which is
C' and homotopic to (Id, a(G)), verifies (4.32). This follows from (4.22) and the equivalent
equation

d . d -~

Tl P ov) = 4| (Vo Ru),
which we integrate for initial condition ¢%, = Ry = Id.

We now want to extend analytically y to a complex neighbourhood of its domain. Take
Y@ = R, 0 Y(G o R)(0),z € D,,. The mapsz — G o R; and H > Y(H) are analytic
and C;er(Rd, C*) 5 g — g(0) is bounded. As ¥ D, — C?? involves their composition, it is
analytic and Z?-periodic. From (4.30), for any x € R?, we have

7@) = Y(G) o R(0) = T(G)(x) = y (x).
Finally, since Y is analytic, the same is true for the map H +— y. (|

As a quasiperiodic invariant torus 7 is always Lagrangian (cf [4]), we have now concluded
the proof of theorem 1.1.

5. Elimination of modes

Here we present a proof of theorem 3.6. It is similar to the related methods appearing in,
e.g. [7,1]. As we have fixed n, we will not include it in our notations.

Let R = (R, Ry) and R’ = (R}, R) be such that R > R’ > 0 componentwise. We
will be interested in the set Gy of analytic symplectomorphisms g: Drr — Dy satisfying
g —1Id € A% and

lg —Id|lg <8 = min{(R; — R})/2m, R, — R}}.
We use the notation {-, -} for the usual Poisson bracket associated to J: (x,y) — (y, —x). In
the following R — § stands for R — §(1, 1) and my: (x,y) > y is the projection on the second
component. The lemma below constructs a symplectomorphism g generated by a function G
and gives several related estimates to be used later.

Lemma5.1. Let 0 < & < % IfG € Ay and |Gy < §8/Q2m + 1), then there is a unique
analytic symplectomorphism g: Dgi—»s — C?¢ such that ||g — 1d|| g —2s < &8 and

g=Id+JVGogy, (GR))
where g(x,y) = (x, m2g(x,y)), (x,y) € Dri_zs. Moreover, for any H € Ap

|H ogllr-2s < 1 HIlr,

|Hog— Hllgp—25 < 26| Hllr,

|Hog—H—{H,G}llp—2s < 28| H| r, (5.2)
and the maps G +— g and G — H o g are analytic.

Proof. Define the map T:g +— Id + JVG o g on the open ball B in A%{{,z(; centred at the
identity and with radius £4. It is simple to check that 7(B) C B; in particular, a fixed point
T(g) = g € B is symplectic. We now show that T is a contraction on B and thus its unique
fixed point is the map we are looking for. In fact, whenever g € B we obtain

IDT ()l < IDVG o gllr-25 < IDVGllr-—s

2w +1 2w +1
< 5 IVGlr < 5

IGIlp <. (5.3)



2748 K Khanin et al

For the estimates in (5.2) (the first is now immediate) we introduce the differentiable
function

filzeCilzl <&} — Ap

z> Ho(Id+zJVGId +z(g — 1d))), 54
where ¢ = 1/£ > 2. Cauchy’s integral formula yields that
IHog—Hllg-2s=Ilf(1) = fO)llr—2s

< L% Il f (@l r—25 dz
2w Jig=c 12z = D)

< o1 ‘S}lp If @lr—2 < 2811 H |l r (5.5
1o

and

IHog—H—{H,G}lr-2 = IIf(1) = f(0) — f(0) |l r—2s

1 i
g_% I/ @les
2 lzl=¢ |z2(z — 1)|
1
< = sup [ f@) w25 < 28| H x- (5.6)
-0 lzI=¢
By the implicit function theorem the maps G +— g and G +— H o g are analytic. ]

Lemma 5.2. Let 0 > 2R, ||Q|, ¢’ > 0 and H € A, such that

8
IH — HOlg < &' < 7 . (5.7)
Qr+D+2x+(r+1)/Ry]
Then there is G € I~ Al such that
8
I"(H+{H,G})=0 d Glo < ————|I"H||g. 5.8
(H +{ ) an Gk ar + e 11" Hll (5.8)
Moreover, the map H +— G is analytic.
Proof. Consider the linear operator associated to H:
FlI A, — 1" Ap, K — I"{H, K}. (5.9
It is well defined since
IT{H, K}llr < IIVH|gIVK|r
<NHIRIK I -
We will show that F~!: 1" Ag — I~ A}, is bounded and
1 1 ° (5.10)
< 7Ro Tl 7 :
GrnkamT — 255 @m+De

A solution of (5.8) is simply given by G = F~!(—=I"H). Therefore, Gl <
IF~H T H -
We start by decomposing any Hamiltonian H = H® + F as

H(x.y) =Y H(y)e”™™ *  with He(y) =Y Hy,y"
k v
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Write Dy = V,H? - V,, with V; and V, standing for the derivatives with respect to x and y.
The definition of F in (5.9) yields
F(K)=T(F — Dp) K = — (1-T"FD;") DyK,
where F. (K) = {F, K}. If the inverse of F exists it is given by
_ _ o~ -l
Fl'=-D;'(I-T"FDy") . (5.11)

The map D, ': 1" Ag: — I~ A, is linear and given by

— Wk()’) 2rik- _
Dy Wy = 3 e _mkx ey,
w2k - V2 HO )

For each k € I~, using (3.33) and || Q|| < o/(2R,) thus |k - Qy/k - w| < 1/2,

Wi (y) Wi (y) ( k- QJ’>
_ , (5.12)
co(ehe) ko Sk

we get the estimate

Yy W | R\ Q1" RE
o lk]|

i,

Ry n=>0 v
Sy y el (Y
=45 a||k|| 2
2 | Well (5.13)
—— k . .
okl
Similarly, we find the bound
v, Wi 20wl [ W IRV 21
=k < . Wil g, - 5.14
‘k‘VZHO D D N L G149
Finally,
Wi Ok 2
—_ —||W . 5.15
” (k- V2HO)? |, = SRy k] IWellx, ©-19)
It is now immediate to see that
_ 2 B 2
IDy'Wlig < T Wil and IVi(Dy'W)llg < = [Wllg
TO o

Moreover,

< Wi (y) )_ aWiy) W) Qk
k-VoHO(y))  k-VoHO() (k- VoHOy)?
which implies

B T+1
IV2(Dy ' W)l p < o R Wik (5.16)

Hence,

4 2 1 T+1
1Dyl < —=(1+—+ .
o 27 27 R,

As F:1- Ay = Ag with ||F|| 2||VF| g < 22”;1 | F|lg (by Cauchy’s estimate),

o~ 4 1 T+1
IImFDy, | <—=|1+-—+
o 27 2R,

) IVF|r <1
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and

PSR 4 1+l B
H(I[—I[ F D) H< L=~ (145t 5 ) IVFIe |
o b1 TR,

Thus F~! exists given by (5.11) and the estimate (5.10) on its norm follows immediately. [J

Consider the pairs R = (p, + v, ') and R' = (p,, r), o > 2r'||Q]| and Hy = H as given
in theorem 3.6. We are going to iterate the procedure indicated in the previous lemmas. Let a
sequence of Hamiltonians be given by

Hy = Hy_1 0 g, k eN,

where G and g; are determined for Hy_; by lemmas 5.2 and 5.1, respectively. In addition,
denote by

g =gioog (5.17)

the composition of all symplectomorphisms up to the kth-step so that H, = H o g, In order
to determine the right domains of Hy, G4 and g, define the sequences

k
R, =R —48, = R — 42&, (5.18)
i=1

with Ry = R and
1
?.

So, lim,,_, 400 Rx = R’ componentwise. From now on, assume that

1 . v,
Sk —mm{l,—,r —r} <
2

= 5 (5.19)

, . 1 0 0'81
& =min{ || H" &, NE (5.20)
2 (271+1)(1+27r+’%,)

Lemma 5.3. If for everyk € N, |[I"Hy_1||g,_, < €'/2 and

Ok

Gl _
1Gllz -5 < Gy

1™ Hi—1llg,_,»

then gr(Dg,) C Dg, , and

k
lg® —1d|g, < Z 8—’|IH_H,>1||R,v_1’

/
i=1

_ (.
lg® —g* Vg, < ST Hillg, - (5.21)

Proof. Recall lemma 5.1 for & = ||[I7 Hy_ | g,_, /¢’ and check that

Sk
lgr — Idllr, < ligk —IdllR,_,—36, < ;llﬂ Hi 1llg,_,

and Ry + 6 < Rj_; componentwise. Now,
k—1
g® —Td=" (g —1d)ogiio--o0g +g —Id. (5.22)

i=1
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Thus,
k .
lg® —Tdlle, < D llgs —1dlle < 30 ST Hiillg, .- (5.23)

i=1 i=1
Furthermore, as
g® —g* D = (g% P —Td)ogr — (%" —1d) + (g — 1d), (5.24)
we get

lg® —g* Vg, < UIDg* Y = IIg, + 1) llge — 1d|g,

k—1
(Sk 27 + 1 3,’
< = | Hi = N Y H |k +1
— I H 1||Rk1< o gg,n . )
1
< Z”H Hi g, (5.25)
O
Notice that since &’ < %IIHOII R, We have
e <IIHIr—¢& <IHlg < I|H g +¢€ (5.26)
and also
HHR < I HIlg < 2IH|Ig. (5.27)
Lemma 5.4. Foranyk € N, if |[I"H ||z < &¢'*/8||H &), then
k—1
_ HMHIN T e
1™ Hell g, <( — I Hlg < 3, (5.28)
A|Hlg,
| Hi — Hi-1llg, < ~ 1T Hi-1ll g, » (5.29)
| Hell g, < 201H Iz (5.30)

Proof. We will prove the above inequalities by induction. The generating Hamiltonian
G given by lemma 5.2 and the symplectomorphism g; by lemma 5.1 satisfy |G ”;20—81 <
ST HI/[2r + De'], llgr — 1dllry—3s, < IT"H|rS1/¢" and I"H; = T"H o gy —I"(H +
{H, G}). Hence,

_ I~ Hlz\
It Hlnm<||Hog1—H—{H,Gl}||R1<2(TR IHIz  (531)

and

2r+1 2
|Hy — Hllg, < IVH]g, g1 —1d|[g, < 1T HlzIHIz < ;HH H|rIIH|z. (5.32)

4e’
Thus, equations (5.28) and (5.29) are valid for k = 1 and so is (5.30) because ||H|g, <
|Hi — Hl[g, + 1Hl &

Now, assume that the inequalities are true for k. Under these conditions, lemma 5.2
guarantees the existence of G so that

5
ST Hyllg (5.33)

|G ks ||/R,‘+, < m
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and lemma 5.1 ylelds 8k+1- Therefore, I Hyyy =17 H; o 8k+l — I~ (Hy + {Hy, Gi+1}) and

I Hivt | ey < I1Hk © gkt — He — {Hi, Gt YRy

_ 2
1~ Hill g
<2 <Tk | Hi |l 7,

k+1
AHIRN TN e
<< s ITHIR (5.34)
Similarly,
| Hiv1 — Hillre,, < IIVHillg, I8k — 1d]lg,,,
< e H e
S Iope kNl R Ok+1 1| Hic || R,
4
< ;IIH Hllg I H | - (5.35)

Finally, making use of the above inequality,

k+1
| Heorllg, < I1HIg+ Y I Hi = Hiyllg,.,
i=1

k+1
4 Hllg .
< | Hllg+ DI Hiy g,
i=1

8/

k+1

i—1
AH|RIT HIlg\"
<IHIg+1Hlz Y j<—8,2

i=I

k+1
1
< (1 + Z F) IHr < 21H|lg- (5.36)

i=1
|

Theorem 3.6 will now be a consequence of the result below noticing that |H®||z <
Ryllwll + dR3/2IIQIl < Ra([lwll +da/4).

Theorem 5.5. If

2 8/2

|H—H g <e= < :
. 12[Hx ~ 8| H|z

(5.37)

then there exists g = limy_ g(k) € Gg such that 1" H o g = 0 on Dg.. Furthermore, the
maps &: H — g andU: H — H o g are analytic and

-
lg — iz < g”]l H| g, (5.38)
12||HO
IHog—Hp < (1+,/¥) IH — HO||x. (5.39)

Proof. Lemmas 5.3 and 5.4 imply that the sequence g® converges to a map g: D — D
which is analytic and symplectic, and Hy, = limy_, oo Hy = H o g. Moreover, [TH o g =
I H,, = 0. Since the convergence is uniform, the maps H — g and H — H o g are analytic.
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Notice that

+00 _ 2i-1 _ +00 _ 2i
4IH |z IT”Hllr 4l HIzIT”"HlIr 4l H|rIT”Hllr
> (M) < A ey (A

i=1 ¢ € i=1 ¢
16/ Hllr 4lHlg

< <1+T2RIIJI Hilr ) =71 Hllg

_ 00l Lo

S — 7 IWH|r < |17 Hlz. (5.40)

3e €
The inequality in (5.38) follows by taking the limit k — +oc in (5.21). That is,
+00

8 o |-

g =Idllz < Z—,II]1 Hiillg_, < Il Hllg. (5.41)
e €

i=1
Now,

+00
|Hoo — H g, < |H — H°| g + Y |[H; — Hi_illg,

i=I

12||HO
<1+ 2Ry gy oy,
£

where we have used lemma 5.4 and the fact that |I"H||z < ||[H — H| &. 0
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