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ABSTRACT. In this paper we give a new proof of the local analytic lineariza-
tion of flows on T2 with a Brjuno rotation number, using renormalization
techniques.

1. Introduction. We define a renormalization scheme for analytic vector fields on
the torus T? = R?/Z2. The vector fields are required to generate flows of Poincaré
type, i.e. there is a classification by a unique asymptotic slope a (winding ratio) of
their lifts to the universal cover. This winding ratio « is invariant under coordinate
transformations of the torus, up to the action of GL(2,Z), and the renormalization
acts on it as the Gauss map. So, all vector fields with o # 0 are renormalizable,
and those with a € R — Q are infinitely renormalizable.

The renormalization of flows methodology has been used in several contexts such
as Hamiltonian systems e.g. [9, 15, 4l 3, 10, 11}, 6, 12], and toroidal flows [13] [14].
In all these works the frequency vectors of the quasiperiodic motions considered are
Diophantine, and in some cases subsets of these are of constant, Koch and golden
types. The present approach includes an improved version of the renormalization
operators in [13,[14], done to extend the result in [14] to Brjuno winding ratios. This
can then be applied to other quasi-periodic problems such as the ones mentioned
above, extending them to Brjuno frequency vectors in the lower dimensional case.

The problem we consider in this paper is the analytic “rectification” of the flow
generated by a close to constant vector field. That is to find an analytic conjugacy
between a given flow and a linear one with the same winding ratio. This is equivalent
to the conjugacy to a pure rotation problem in the context of circle diffeomorphisms,
for which the rotation number takes the role of the winding ratio. (The two systems
are related by considering the return map to a transversal of the flow.) Yoccoz [16]
found that the set of Brjuno numbers is exactly the set of frequencies for which one
can guarantee such linearization in the local analytic case. Even if this was done for
the Siegel problem on linearization of holomorphic maps in the neighbourhood of a
fixed point, the same holds in the circle map ([5]) and Poincaré flow contexts. In
this paper we recover the sufficient part of Yoccoz’s result corresponding to [11 2].
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We say that two flows ¢; and 1, on T? are C"-conjugate (or orbit equivalent) if
there is a C"-diffeomorphism h of T? taking orbits of ¢; onto those of ¥, preserving
orientation. Notice that we allow a time change 7 giving more satisfying conjugacy
classes. It is the same to say that two vector fields X, Y on T? are conjugate if
(4L7)X oh = DhY.

Theorem 1. Take the flow generated by a real-analytic vector field v on T? suffi-
ciently close to the constant vector field w € R? and with the same winding ratio a.
Then it is analytically conjugate to the linear flow ¢;: x — x +tw on T2, t >0, if
« 18 a Brjuno number. Moreover, the conjugacy depends analytically on v.

We show the above theorem by relating it to the fact that the orbit under renor-
malization of a constant vector field with a Brjuno winding ratio attracts all the
nearby orbits in the same homotopy class. Recall that Brjuno numbers include all
Diophantines and some Liouville, and is a full Lebesgue measure set. Finally, we
remark that the convergence of the renormalization does not require the use of its
derivatives as in [9) [13 [14]. Thus, it should be useful to the study of C" vector
fields for which the renormalization is not C.

In section 2| we review the basic properties of the continued fraction expansion of
irrational numbers. We construct the renormalization scheme and prove its conver-
gence in section 3l The construction of the conjugacy is done in sectionl4. Finally, in
the appendix Al we present a proof of Theorem 6 on the elimination of non-resonant
modes, using a homotopy method.

2. Continued fractions.

2.1. Gauss map. Consider an irrational number 0 < a = ag < 1 written in its
continued fractions expansion:

1
a=lar,ag,...]= T (1)
a + ——
as + ...
an € N. Its iterates under the Gauss map are a,, = {a;il} = [ant1,.-.], n € N,
that is )
QO = (2)

Ant1 + Qnt1
Let 8, = [[- @i, n € NU{0}. It is a well-known fact (cf. [7]) that

Bn <" v =(VE-1)/2. (3)
Consider the transfer matrices in GL(2,Z):
(n) _ —anp 1
T = [ ) o] . (4)
In addition, define P(®) = I and
—1
P =10 T = {p”—l p”} , neN. (5)
dn—1 dn
This gives the rational approximates p, /g, = [a1,...,a,] € Q with
1 1
< B < ; (6)

2Qn+1 T Qn+1
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with a similar relation for p,.
Finally, define the sequences of vectors in R2:

W™ = oL T =D — (a,,, 1)

Q) = —a;il T~ lﬂ(nfl) = (1, —aw).

2.2. Brjuno condition. An irrational number « is a Brjuno number if

< +00. (8)

T log(qn+1)

n>1 an

The set of all Brjuno numbers is denoted by BC'
2.3. Hyperbolicity of the transfer matrices. As we shall see, a crucial step

in our renormalization scheme is to eliminate all far from resonance modes in the
Fourier series, i.e. all terms labeled by integer vectors outside the cone

Lf={keZ?: |k-o™| < ou|kl} (9)

for a given o, > 0, n € NU {0}. We use the norm in R? given by ||(z1,z2)| =
|z1|+|22| and the matrix norm [|A[| = max; ). |A; ;| for a square matrix A = [A; ;].

Lemma 2. For allk € I | and n € N, we have

1T k| < A [k, (10)
where (n)
- j2)]|
A, 1=0p_ 1HT H—FOén 1”9('”_1)”' (11)
Proof. We write k = k1 + ko, where
k . w(n_l) _ n—
b= @™ Y, ke € spanfQin ), (12)
Firstly,
1 TT(n w(nfl 1
|7 gy = | L o) < o e ey (13)

| (n—1) . y(n— 1)|

since k € I,;}_; and

-1
|| TT(n) w(n—l)” 1+ Qp—1+ Gn n) "L n)~1
WD - oD > R 1T < T (1)
@ w (14 g )T
Secondly, using
)1 12
1770 bl = vyl (15)

we get (10). O
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3. Renormalization of vector fields.

3.1. Definitions. The transformation of a vector field X on a manifold M by a
diffeomorphism : M — M is given by the so-called pull-back of X under :

VX = (DY) X o4

As the tangent bundle of the 2-torus is trivial, TT? ~ T2 x R?, we identify the set
of vector fields on T? with the set of functions from T? to R2, that can be regarded
as maps of R? by lifting to the universal cover. We will make use of the analyticity
to extend to the complex domain, so we will deal with complex analytic functions.

In the following, A < B means ‘there is a constant C' > 0 such that A < CB’.

3.2. Spaces of vector fields. Let p > 0 and consider the domain
D, ={x € C?: |Imz| < p/27}, (16)

for the norm |lu| = >, |u;| on C?. Take a Z*-periodic complex analytic function
f: D, — C? on the form of the Fourier series

f(:l:) — Z fke}rrik:m,
kez?

with fr € C2. The Banach spaces A, and .A;) are the subspaces such that the
respective norms

£l = > I full e, (17)
kez?

£, = > L+ 2alk) [ fi]] ”I*] (18)
kez?

are finite. A similar Banach space is composed by C-valued functions related to the
ones in A,. The norm |- |, on this space is related to || - ||, in the obvious way such

that || f[l, = 332, |fil,, where f = (f1, f2).

Some of the properties of the above spaces are of easy verification. For any
frg€ Ay

o [f-glo < IIfllollgllo:

o /@) < [ fllp < [IF]l, where € D,

o [Fllps < I, with & < p.

Let w € R?2 — {0}. In the following, we will be studying vector fields of the form
X(x) =w+ f(x), z €D, (19)
where f € A,.

3.3. Notion of analyticity. We will be using maps between Banach spaces over
C with a notion of analyticity stated as follows (cf. e.g. [8]): a map F defined
on a domain is analytic if it is locally bounded and Gateaux differentiable. If it
is analytic on a domain, it is continuous and Fréchet differentiable. Moreover, we
have a convergence theorem which is going to be used later on. Let {Fy} be a
sequence of functions analytic and uniformly locally bounded on a domain D. If
limg 400 Fx = F on D, then F is analytic on D.
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3.4. Spatial and time rescalings. The fundamental step of the renormalization
is a rescaling of the domain of definition of our vector fields. This is done by a
linear transformation coming essentially from the continued fraction expansion of
w = w©, In addition, we perform a linear reparametrization of time because the
orbits take longer to cross the new torus.

Let p,—1 > 0 and fix an arbitrary vector field of the form

X(x) = w1 4 f(@), xeD,, ., (20)

with f € A, _,, n € N. Write the constant Fourier terms through the projection

Ef = . flx)dx = fo. (21)
T
We are interested in the following coordinate and time changes:
Lotz T™ 2, e (folt, (22)
where
w® . )
Ta(fo) = and EL*X = o, 0™ +TM f. (23)

w(® . EL:X

The vector field in the new coordinates is the image of the map
X — L,(X)=7.(f0) L} X.
That is, for x € L;'D

ot
Ln(X) = w™ + L, (fo) + La(X) (24)

where

Ln(fo) = mn(fo) (T = Pn) L fo,

Lo(X) = 7a(fo)Li(f = fo),

where IP,, stands for the projection of A, over w(),
Notice that £, (cw™ V) = w™ for any ¢ # 0. Moreover, if the winding ratio
X is o', then the winding ratio of £, (X) is a;; '

n—1»

3.5. Far from resonance modes. Given o, > 0, we define the far from resonance
modes with respect to w(™ to be the ones whose indices are in the cone I, =
Z? — If. Tt is also useful to define the projections I and I, by restricting the
Fourier modes to I and I, respectively. The identity operator is [ =1} + 1.

3.6. Improvement of analyticity. We now restrict the set of f € A, _, such
that
O‘n—lﬂn—l‘w(n) : w(n)|

< . 26
ol < 5 3, ) T 2
So, we can estimate 7,(fo) by
W™ T 17 148,
17 (fo)| < {anl - ‘w(”) e ] S (27)
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Proposition 3. If§ > 0 and

Pn—1
0<pl, < —5 28
<SPSy 0 (28)
then L, as a map from L 1A, into (I— E)A, is continuous with
5 2r\ IT™]
I£a(X)I = 2{1+ = I —=E) X (29)
€ Qp—1

for every X € I | A, |

Proof. With X = w1 4+ f eIt | A, ., the claim follows from

~ n n —1 7 Trp(n) —1
1Za(ll, Il TN S0 (142 T R ) [ fefler ) T

kel —{0}
ey — n =1
<2(1+2me 6 N L 1T ST [l kllexpl(pl, +6)| T k]
kel —{0}
<201+ 2me s N L IT™ ) YT | fkllexpl(p), + 6) An—1lK]]
kel _,—{0}

<21+ 2me” 0 a4y T I~ E) ],y

(30)

where we have used Lemma 2] and the inequality ¢ < (ed) e, ¢t > 0. O

3.7. Estimate on the constant modes.

Proposition 4. Suppose that X = w™ D 4 f € A, with winding ratio oz;il.
Then

1w (fl < 1£n (X)), -

Proof. We are going to show that, under the above hypothesis, Y = £, (X) € A,
with winding ratio a;,! belongs to the subset

Cn={Z €Ay : |(I-Pn)oE(2)| < (T-E)Zl|,, }

A set of vector fields D,, that do not cross the line spanned by w(™ can be of
the form:

Dy={Ze Ay :|Z@x) —EZ| <|(I-P,) ok (Z)|,x €D, }.

The slopes of all the vectors Y (x) are bigger than o, ! or always less than o, !, never
crossing that value (as for their respective winding ratio). Since [|[Y(x) —EY| <
(I —E)Y|,. forevery ® € D, , the complementary set of D,, contained in C,,

includes all (but not only) vector fields with the same winding ratio as w(™. O
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3.8. Cut-off of the analyticity strip. Let 0 < p!! < p!.. Consider the inclusion
operator Z,,: A7, — A7, by restricting X € A}, to a smaller domain X|D,, € A,

Proposition 5. If
0<C<|T™|/(6%an_1) and 0<p” <pl —log(|T™|/Cco?an_1),
then
IZ.(I = E)|| < Copon T,

Proof. The assertion follows immediately. O

3.9. Elimination of far from resonance modes. The theorem below (to be
proven in Section |A.1) states the existence of a nonlinear change of coordinates
isotopic to the identity, that gives a new vector field without far from resonance I,
modes. That is, the vector field contains only resonant modes. The fact that we
are restricting the elimination to the far from resonance modes avoids dealing with
the usual problems related to small divisors.

For given p,,,e,v > 0, denote by V. the open ball in .A’pn_s_y centred at w™ with
radius €.

Theorem 6. Let o, < ||w™| and

On On
. I 31
ST m“{4 T2 ||} (1)

For all X € V., there exists an isotopy Uy = Id4u.: Dy, — D, 10, t € [0,1], of
analytic diffeomorphisms in A;,n satisfying

LUA(X)=(1-tI X, Up=1d. (32)
This defines the maps
ilt: Vgn - A/pn

33
X — Ut ( )
and
U V., = TFA, & (11—t Ap . (34)
X — U (X)
which are analytic, and satisfy the inequalities
42t
14 (X) = 1d ]|, < o I Xl

(35)

l4:(X) = W™, < (3= D)|X — ™|

pntv”

If X is real-analytic, then 4;(X)(R?) C R2.
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3.10. Renormalization scheme. A convenient choice for the width of the reso-
nance cones I, is

anﬁnllﬂ |
e NU{0}. (36)
T )
Define B,, by the product
B,=Aq... A,, (37)

where Ay < ap(1+6) Q%Y |2®) |~ as in Lemma[2. Hence, we have constants
¢1,¢2 > 0 (independent of n) yielding

_ B.
=B,

Therefore, using (6) and (8), o € BC' iff

ZB 1log<” ”> . (39)

Fix § and v as in Proposition 3l and Theorem (6, respectively. For py > 0 and
some sufficiently small constant C' > 0 (to be chosen later and depending only on §
and v), take the sequence

Al
PO*ZBZ 110g<00_ az L ZBz 1 V+5

Now define the function

H 1+ 6;) < co. (38)

P (40)

\T()He”""‘s
ZBZ 110g< CoZors ) (41)

This means that o € BC iff B(a) < +00. So, if pg > B(«), there exists R > 0 such
that

pn > R (42)

The one-step renormalization operator is
N, =U,o0L,0L,, n €N, (43)

where U, is the full elimination of the modes in I,; as in Theorem [0/ (for ¢ = 1).
The n-th step renormalization operator is thus

Rp=N,o0---0oNy, n €N,

which is analytic in its domain. Notice that N, (w™~ Y + v) = w™ for every
v € C2. Also, in case a vector field X is real-analytic, the same is true for N, (X)
and R, (X).

3.11. Trivial limit of renormalization.

Theorem 7. Let a« € BC and py > B(a). If X € Ij A,, has winding ratio a~!,
then, for alln € N, X is in the domain of R,, and

[Rn(X) = Rn(@)llp, < OnlX =g, (44)
where ©,, = B [T, B2
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Proof. If n =1,
12 £1(X) = w Dl 4y < INT (= B) Ly (X)) 4 + [1£1(X))]

and, using Lemma /4] ||21 X <T@ =E)L(X)|| So, from Proposition [5,

/
p1tv:

1T =B)La ()l p < 67 T = E)E1 () 10mn (45)
where ¢; = |T™M||/(Co?a). Now, Proposition 3l yields that

2 [T
1@ =E) Ly (X)), 40 4108(61) < 2 (1 + e5> o IT=E)Xll5:+5)40-

The estimate (45) and a sufficiently small choice of C' > 0 (depending only on ¢ and
v which are fixed) guarantees 71 L1 (X) to be in the domain of U;. By (35)),

L1 L1 (X) — w D, < 2|Z1L1(X) — D, .

Since (¢1 +0)Ag = po and ||[(I —E)X|,, < | X — w||py, we then get

%) ot BT ]2
) T 2|a?2

IR() - Ra(w)ly <5 (14 X —wll
proving (44) for n = 1 with a choice of a constant C.

For n € N, suppose that (44)) is satisfied for n—1 and denote X,,_1 = R,,_1(X) €
I A, .. Then, similarly to the above case, (26) together with Propositions 3, 4
and 5], can be used to estimate Z,, L, (X;,—1) —w™ of the order of ©,,, which implies
that it is inside the domain of U,, (using an appropriate choice of the constant C).
It remains to use (35). O

We can generalize the above result for X sufficiently close to w in A, 1, and not
necessarily with only resonant modes, by using an initial operator Uy and applying
Theorem [7] to Uy (X).

3.12. Small strips. We recover the large strip case by using an initial transforma-
tion Xy =UNLy ... U1 L1(X) so that Xy € IA,, with

_ 1
Bn_1

N
pPo — Z Bi_1(v +9)

i=1

PN

)

and a fixed choice of § and v such that py > 0 for N € N. For that consider a
large enough N and X — w sufficiently small such that Xy verifies the conditions
of Theorem[7, i.e. py = O(ﬁg,l_l) gives a large strip. We need to check that we can
find N such that py > B(ay). This follows from

1
Bn_1

Blay) =

+oo
Bo) - vte) - 3 Bams(sit)].

i=N+1

where By (o) is the sum of the first N terms of B(«). Notice that limy_, 4. By (o) =
B(a) and B(ay) > 0 for all N. Thus, py > B(ay) for N large enough.
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4. Analytic conjugacy to linear flow. As a consequence of Theorem (7, we
obtain an analytic conjugacy between the flow generated by X and the linear flow,
thus proving Theorem [1.

Consider the set A, C HSFAPO inside the domain of R, for all n € N, whose
elements have winding ratio a~!. By taking X € A,, we denote X,, = R, (X) €
It A,, so that

Xn =&n(X) (LroUy--- Ly o Up)*(X), (46)

where Uy, = Up(X) = Up (T Lr(Xk—1)) is given by the analytic map in Theorem [6
for t = 1 at the k-th step, and

En(X) =1 (EXp—1) ... 11 (EX). (47)

Notice that if X,, = w(™ for some n € N, X is analytically conjugated to w™).
Now, for each X, define the isotopic to the identity analytic diffeomorphism

Wo(X) = P 0 U, (X) 0 P™), (48)

on P(7l)71Dp”. If X is real-analytic, then W, (X)(R?) C R2, since this property
holds for U, (X). We also have W,,(w) = Id.

Take a sequence R, > 0 such that R,||P™)| < p,, there exist constants R, R’
satisfying

0<R<R,<R <+o0
and, for some 0 < ¢; < 1 and ¢y > 0,
R, 1—R, > Cg@fll. (49)

Lemma 8. There is an open ball B C A, about w such that, for all n € N,
W, : B — Ag, is analytic, satisfies W, (X): Dg, — Dgr and

n—1
Wo(X) —1d||r, <O |X —w|,, Xe€B, (50)

with some constants ¢, ¢’ > 0.

Proof. For any X € A,, in view of (35), we get

||Wn(X) N Id| R, = ||P(n)71 o [Un(X) _ Id] o P(n)|

R,
— n -1 n
< Un1||P( ) 1 ZnLn(Xpn—1) — w! )Hpn'

We can bound the above as in (50) for some ¢, ¢’ > 0.

We shall choose a small enough open ball B about w in A, such that, for all
n € N and appropriate choices of ¢; and ¢y with ¢ > ¢y,
Rnfl - Rn

X e B.
2108’ <

X — "‘*’Hp <

Therefore, for € € Dg, and X € B,

[ Tm W, (X) ()| < [[Tm(Wo (X)(2) — )| + || Tm ||
< ||Wn(X) = 1d| g, + Ru/27 < Ru_1/2m.

So we have W,,(X): Dg, — Dg,_, and W, (X) € Ag, . From the properties of il,,
W, is analytic. O
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Consider the analytic map H,,: B — Apg, defined by the coordinate transforma-
tion H,(X): Dg, — D,, as

H,(X)=Wi(X)o- o W,(X). (51)
In addition, take the analytic map 7, : B — C given by
M (X) = Br-1&a(X). (52)
Lemma 9. There exists ¢,c’ > 0 such that for X € B and n > 1,
[ H (X) = Ho 1 (X) g, < 051X —wll,
7 (X) = Nn—1(X)| < eBp—1.
Proof. For each k=1,...,n — 1, consider the transformations
Gi(z, X) =(Wi(X) —1d) o (Id+Gk11(z, X)) + Grt1(2, X),
Gn(z,X) =2(W,(X) —1d),

with (2, X) € {z € C: |2| < 1+ d,} x B, where we have constants ¢/, ¢” > 0 such
that

(53)

C//

BICHESP
If the image of Dg,, under Id +Gj,11(z, X) is inside the domain of W (X), or simply
1Grs1(z, X) R, < (R — Rn)/2m,

then Gy, is well-defined as an analytic map into Ag, , and
1Gr(z, X) R, < [We(X) —1d||r, + |Gr+1(2, X)| g,

An inductive scheme shows that

dp, —1>0.

HGn(ZaX)| R, S(Rn—l - Rn)/2ﬂ-7
n—1

Gk (2 X)|[r, <D IWilX) =1d ||, + |2| [Wa(X) —1d g,
i=k

<(Rp-1— Ry)/2m.
By Cauchy’s formula
[Hn(X) = Hnt(X) R, = 1G1(1, X) = G1(0, X) | &,

1 % Gl(Z,X) d
|z

% |=14d, /2 Z(Z — 1) R
and
2
1Hn(X) = Hno1(X)l|r, < o= sup - [[Gi(z, X)),
n |z|=1+d, /2

CHEE w/[p-
Finally, we have
12 (X) = -1 (X)] = Br—2lan—17n(EXn—1) — 1| [&n—1(X))]

< Br-1 H(l + Bic1) <€ Br-1.
i=1
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Denote by Diff,,., the set of Z2-periodic diffeomorphisms and consider the same
norm as || - ||,

Lemma 10. There ezist an open ball B' C B about w, H: B’ — Diffp.,.(Dg, C?)
and n: B — C such that for X € B', H(X) = lim,t0 Hpo(X), n(X)
= limy,— 400 M (X) and

[H(X) —1d[|r < | X —wl,,  [n(X) =1] < ¢ X = wl|,, (55)

for some ¢ > 0. If X € B’ is real-analytic, then H(X) € Diff;,, (R* R?) and
n(X) e R.

Proof. Lemma [9 implies the existence of the limit H,(X) — H(X) as n — 400,
for each X in a sufficiently small ball B, in the space Diff e, (Dg, C?) which is
closed when restricting to sufficiently close to identity diffeomorphisms. Moreover,
|H(X)—-1d|gr < || X —wl,. The same can be said about n(X). The convergence
of H, and 7, is uniform in B’ so H and 7 are analytic. The fact that, for real-
analytic X, H(X) and n(X) take real values for real arguments, follows from the
same property of each W,,(X) and 7,,(EX). O

Lemma 11. For every X € B', n(X) H(X)*(X) = w on Dg.
Proof. For each n € N the definition of H, (X) and (46) imply that
Hy(X)*(X) = £(X) 7 PO (Xn). (56)
Since §n(X)‘1P(")_1w(") = nn(X) " lw, the r.h.s. of (56) can be written as
1 (X) 7w + £,(X) TP (X, — w™). (57)
The second term can be estimated by
sup [[,(X) " LP™" (X, — w™) (@) < €0 (X) 1P X - w ™,

x€DR (58)
L O,[|X — wl,.

Using the convergence of H, and 7,, we complete the proof. O

Appendix A. Elimination of modes.

A.1. Homotopy method. In this section we prove Theorem (6l using a homotopy
method. The proof is essentially the same of [13], we include it here for complete-
ness.

As n is fixed, we will drop it from our notations. Also, write p’ = p, and
p = p' + v. First, we include a technical lemma that will be used below.

Lemma 12. Let f € A). If U = Id+u where u: Dy — D(,_py 2 is in Ay and
lully < (o — o)/, then

1 o Ullp < 1Nl (p+pry 25

1D o Ul < flps pry2r

LFoU = Fllor < WFWpg pry 2 el

IDfoU = DfIl < 2SI lull,-

= p—p
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The proof of these inequalities is straightforward and thus will be omitted. Now,
assume that

§ =42/ < 1/2.

For vector fields in the form X = w + f, consider f to be in the open ball £ in .A;)
centred at the origin with radius €. The coordinate transformation U is written as
U = Id +u, with « in

B={uel A, :u: Dy — D,,|ul, <35}.
Notice that we have
I"U*(X) = I (DU) Hw+ fol)
I (I + Du) *(w+ fol).
Define the operator F': B—1"A,,
F(u) =1 (I +Du)"Hw+ foU). (59)

F(u) takes real values for real arguments whenever u has that property. It is easy
to see that the derivative of F' at w is the linear map from ]I’A;)/ to I" Ay

DF()h = T-(I+Du)[DfoUh (60)
—Dh (I +Du)™' (w+ foU).
We want to find a solution of
F(uy) = (1 —t)F(uo), (61)

with 0 <t < 1 and “initial” condition uy = 0. Differentiating the above equation
with respect to ¢, we get
d
DF(u) 2 = —F(0). (62)
dt
Proposition 13. Ifu € B, then DF(u)~! is a bounded linear operator from 1~ A,
to 17 A, and
|DF(u)~Y < §/e.
From the above proposition (to be proved in Section A.2) we integrate (62) with
respect to t, obtaining the integral equation:

Uy = — /t DF(us)~! F(0) ds. (63)
0

In order to check that u; € B for any 0 < ¢t < 1, we estimate its norm:
[l < tsup [|DEF(v) " F(0)]],
vEB
< tSlelgHDF(v)*lH NI fllpr < 811 f1lp /e,
80, [lutllj, < &. Therefore, the solution of (61) exists in B and is given by (63).

Moreover, if X is real-analytic, then u; takes real values for real arguments.
It is now easy to see that

U (X) —w=1") (-D(U; —1d))"w + I'U; f + (1 = t)I" f.

n>2
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So, using Lemma 12|

. 1
1UF(X) = wlly

2
T, ol luelly ™+ 171le) + (1= )17l
o’

A

75 @lwlllifllo/e* + 1) L1l + (1 =)l fll

L (&)l /
[15( - +1>+1—t]||f||p.

Moreover, [|Uf(X) —w =TT f — (1 = t)I" fll,, = O(||f]|2), hence the derivative of
X Uf(X)at wisT—¢I".

A.2. Proof of Proposition 13l
Lemma 14. If || f||}, <& < o /4, then

DF(0) ™" : 1" Ay — 1" A,
1s continuous and )

IDE©0)~H| < UTHJCH;'
Proof. From (60) one has

DF(0)h =1"(f—Duy)h
- (11 - I[‘fD;l) Do h,

where fh =Dfh—Dhf and D, h = Dhw. Thus, the inverse of this operator, if
it exists, is given by

DF(0)~' = —D_! (11 - H—fD;l)_
The inverse of D,, is the linear map from I~ A, to H_.A'p,:
_ 9k 2rik-x
D! = —
Se@ =) omi(k-w).
kel—
and is well-defined by the definition of I~. So,

_ 1 +27F||k7|| Nk
DS gl < giel|e? ¥
>l Z “Smollk] |

< — ’.
< Zlall,

Hence, ||[D_'|| < 2/0. Tt is possible to bound from above the norm of Iz CA, —
Ay by [ < 2| f]l%y. Therefore,

~ 4
- -1
PG < Sl <1

and
o

o —4|fll,

The statement of the lemma is now immediate. O

H(H—prwl)lH <
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Lemma 15. Given u € B, the linear operator DF(u) — DF(0) mapping I~ A7, into
I~ A, is bounded and

[l dr 4= 2|ully 2 — |ully,
IDF(u) = DFQO)]| < . + =LA + ~llewll] -
L=l [\p=p" 1—=lull, 7 = ully,

Proof. The formula (60) gives
[DF(u) — DF(0)] h

I7(I+ Du)"*[DfoUh— (I +Du)Dfh
~Dh(I+Du) Hw+ f)oU

+(I + Du)Dh (w + f)]

[~ (I+Du)"*{A+B+C},

where
A=[DfoU—-Df—DuDf] h
B =DuDh(w+ f)
C=—-Dh(I+Du)'[foU—f—Du(w+f)].
Using Lemma 12|

47
lAl, < (p_p/llfILIIUIIp/ i ||f||;,||u;,) il
1Bl < (ol + 11 llly 1A
1
101 < = [yl + bally (ol + 171,)] el
p

To conclude the proof of Proposition [13, notice that

IDF@)~"| < (IDF©™" = |DF(u) = DFO)]])

_ o, 0 dr 4-28Y L 2-4, -
2 T s |\p—py "1 ) 15
5
< -
e

The last inequality is true if

o 28 52 Ar 4—26\1"
c<o g gl [1ra e 15 (G20 25 )]

with a positive numerator N and denominator D in the r.h.s. This is true for our
choices of € and § < %, by observing that

20 | o
(1-19) 4’

so that N > do /4, D < 7 and finally ¢ < WZH < % < N/D.

|w|| < 120||w] <
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