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ABSTRACT. We introduce a renormalization group framework for the study of quasiperi-
odic skew flows on Lie groups of real or complex nxn matrices, for arbitrary Diophantine
frequency vectors in R? and dimensions d,n. In cases where the Lie algebra component of
the vector field is small, it is shown that there exists an analytic manifold of reducible skew
systems, for each Diophantine frequency vector. More general near-linear flows are mapped
to this case by increasing the dimension of the torus. This strategy is applied for the group
of unimodular 2x2 matrices, where the stable manifold is identified with the set of skew
systems having a fixed fibered rotation number. Our results apply to vector fields of class
C7, with v depending on the number of independent frequencies, and on the Diophantine
exponent.
1. Introduction and main results. Let & be a Lie subgroup of GL(n,C) or
GL(n,R), and denote by 2 the corresponding Lie algebra. We consider vector fields

on A =T% x & of the form

X(g,y) = (w, f(@)y), flOeA, (qy) €A. (1)

Here, T? denotes the d-torus, with T = R/(27Z). Such a vector field X determines
a linear flow on the torus, ¢(t) = o + tw, and a linear evolution equation on &,

9(t) = flgo + tw)y(®),  y(0) =y, (2)

whose coefficients are periodic or quasiperiodic functions of ¢, depending on the
frequency vector w. If t — ®%(qg) denotes the solution of (2), for the case where
Yo € ® is the identity, then the flow ¥y associated with the vector field (1) can be
written as

\Il)tf (QOa yO) = (QO + twa q))t( (CIO)QO) 3 (Qano) € A7 teR. (3)
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Such flows are commonly referred to as skew flows. Classical Floquet theory shows
that if ¢t — ¢(¢) is periodic, and in particular if d = 1, then the system is reducible.
To be more precise, the vector field (1) is said to be reducible if there exists a
function V : T — &, such that

Dl(q) =V(g+tw) 'eV(g), teR, gqeT?, (4)

for some constant matrix C' € . If w € R? is fixed, we will also refer to f as being

reducible. Another characterization of reducibility can be given by considering the
map V: A — A, defined by

Vig,y) = (¢.V(9)y) - (5)

The pushforward of X = (w, f.) under this map is given by the equation

VX)) (0,y) = (w, Ve£)(@)y) . Vuf =DV +VHV L, (6)

where D,, = w - V. Modulo smoothness assumptions, (4) is equivalent to V,f = C.

More recent results concern the reducibility of skew systems with rationally inde-
pendent frequencies w1, ... ,wq, where t — ¢(t) is quasiperiodic. For such systems,
solving V, f = C leads to small divisor problems, as in classical KAM theory. Results
based on KAM type methods have been obtained in [26,2] for & = GL(d,R), and
in [12,5,27,6,18,19,20,21,28] for other groups. One case that has been investigated
extensively [5,27,6] motivated by the study of the one-dimensional Schrédinger equa-
tion with quasiperiodic potential, is & = SL(2,R). In particular, Eliasson’s result
[6] guarantees reducibility for analytic vector fields of the form (1), with w Dio-
phantine, and with the fibered rotation number (associated with a rotation in &)
being either rational or Diophantine with respect to w. The vector field is required
to be close to constant, as in all KAM based results, but the smallness condition
does not depend on further arithmetic properties of the rotation number. All of the
work mentioned so far assumes that f is analytic, except for [2], which also covers
differentiable cases. By contrast to these results, there are also generic examples of
non-reducible systems [29,6,7].

Another approach to the reducibility problem involves renormalization methods.
For discrete time cocycles over rotations by an irrational angle «, and for = SU(2),
Rychlik introduced in [29] a renormalization scheme based on a rescaling of first re-
turn maps, using the continued fractions expansion of «.. Later, Krikorian improved
the method in [20,21], where he was able to prove global (non-perturbative) results
for compact C* cocycles. A non-compact case was treated in [1]. In the context
of flows, renormalization techniques were used in [25] to prove a local normal form
theorem for analytic skew systems with a Brjuno base flow. Unlike the KAM meth-
ods, the renormalization approach has so far been restricted to skew systems with
a one-dimensional base map or two-dimensional base flow.

In this paper, we introduce a new renormalization group approach for skew flows,
which allows us to extend the renormalization analysis of skew flows in several direc-
tions, including the case of finite differentiability. One of its characteristics is that
fibered rotation numbers are included in the renormalization procedure. This leads
naturally to multi-frequency problems, and to the analysis of skew systems over tori
of arbitrary dimensions, which we handle by making use of the multidimensional
continued fractions algorithm introduced in [13].
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We focus on cases where w € R? is Diophantine, in the sense that
w-v| = Clv|'~, v ez\{o}, (7)

for some constants 3,C > 0. Our vector fields are assumed to be of class C7, with
~ larger than some constant v,(3) specified below. Given any v > 0, define F., to
be the Banach space of integrable functions f : T — GL(n, C), for which the norm

Il = fol+ D> I, f= (Qﬂ)’d/f(Q)E’”qdq, (8)
’]I‘d,

0#£veZl

is finite. Here, and in what follows, we use the standard ¢ norm on the spaces
C™_ and the corresponding operator norm for m x m matrices. Define Ef to be the
torus-average fo of a function f € F,. The set of functions in F, that take values
in & or 2 will be denoted by G, or A, , respectively.

Our first result describes a class of vector fields X = (w, f.) that are reducible to
the trivial vector field (w,0). In what follows, the Diophantine constants 3,C > 0
are considered fixed. Define

w(8) = @+ ) |1+ 204 2[4 5= 1@+ 9] | - 1. ©)

Theorem 1. Given v > vo > 7,(f8), there exists an open neighborhood B of the
origin in F., , and for each Diophantine unit vector w satistfying (7) a manifold M in
B, such that the following holds. M is the graph of an analytic map M : (I-E)B —
EB, which vanishes together with its derivative at the origin, and which takes values
in A, when restricted to A, . Every function f on M is reducible to zero. The
corresponding change of coordinates V belongs to F. and depends analytically on
f, where € = v — 9. If in addition, f € A, then V belongs to G., and if f is the
restriction to T? of an analytic function, then so is V.

Here, a function ¥ defined on M is said to be analytic if ¢ o M is analytic on
the domain of M. We note that M is obtained in the proof as the stable manifold
under renormalization.

This theorem can also be applied to vector fields Y = (w, g .), whose Lie algebra
component ¢ is close to a constant matrix A, but not necessarily small. But w and
A have to satisfy a certain Diophantine condition. More specifically, assume that
A € 2 admits a spectral decomposition A = k- J = k1J1 + ... + KkeJp, where k is
some vector in R?, and where the Jj are linearly independent mutually commuting
matrices in 2, such that ¢ — exp(t.J;) is 2m-periodic. The vector x will be referred
to as the frequency vector of A.

In order to see how Theorem 1 can be applied to g = A, we start with a skew
system Y = (w, g.) on T™ x &, and then take d = m + £. Clearly, if g= A=k-J,
then the flow for Y is equivalent to the flow for X = (w,0), with w = (w, k). More
generally, if g — A is small but not necessarily zero, we consider the function

flg)=e " g(x)e! —Kk-J, q=(z,r) € T™ x T¢. (10)

If Y is regarded as a vector field on A by identifying w and « with (w,0) and (z,0),
respectively, then the above relation between g and f can be written as

g=06.f, Oy =(g.¢"y). (11)
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In order to simplify the discussion, assume now that w has length one. If w =
(w, k) is Diophantine of type (7) and g belongs to the manifold ©,M, then the
flow for X = (w, f.) can be trivialized with a change of coordinates V, as described
in Theorem 1. The same now holds for g. However, the corresponding change of
variables W (q) = V(g)e™ "7 is not of the desired form, since it still depends on the
coordinates r; . But as we will see,

OL(x) = W(x +tw) ' W(z) = V(e + tw)*letCV(:r) , (12)

for some matrix C' € 2 with frequency vector k, provided that V is differentiable.
What remains to be shown, in specific cases, is that the space of functions of the
type (10) has a reasonable intersection with the manifold M.

This procedure can be characterized as transforming some circular motion on &
into motion on an extended torus. Our motivation for this approach is to renor-
malize all frequencies of the system, and not just those coming from the base flow.
This seems natural, since a reducible system with self-similar frequencies (of the
type described in [15,23]) is self-similar; and according to the general philosophy of
renormalization, such systems should be associated with a renormalization group
fixed point. Our approach does have this property. In the case discussed below, it
also has the advantage that the analysis of near-constant skew flows ¥ = (w,g.)
can be reduced to a purely local analysis near f = 0. A disadvantage related to the
use of (7) is mentioned after Theorem 1.2.

Consider now & = SL(2,R). In this case, there is a natural rotation number that
can be associated with a skew flow, due to the fact that the fundamental group of
® is Z (as for higher dimensional symplectic groups). To this end, consider the flow
for Y = (w, g.) on the product of T¢~! with R? \ {0},

0(t) = g(zo + tw)v(t), v(0) = vp . (13)

Denote by «(t) the angle between v(t) and some fixed unit vector ugp, and let
ap = a(0). Then the lift of this angle to R evolves according to the equation

a(t) = —<67°‘(t)‘]<]g(a:0 + tw)eo‘(t)‘]uo ,u0> , a(0) = ap, (14)

where (.,.) denotes the standard inner product on R?. Here, and in the remaining
part of this section, J = [? 75]. If the components of w are rationally independent,

then we can define the so-called fibered rotation number of Y,

o(Y) = lim ﬂ. (15)

t—oo ¢

As was shown in [11], this limit exists for all zp € T?"! and ap € R, and it is
independent of these initial conditions.

From the definition of O, we see that o(Y') = & if and only if o(X) = 0. Thus, we
may restrict our analysis to skew flows with fibered rotation number zero. Theo-
rem 1 deals with precisely such flows. However, the functions (10) are of a particular
type, and more can be said in this case.

In the following theorem, & = SL(2,R), and 2 is the corresponding Lie algebra
of real traceless 2 x 2 matrices. Denote by A?Y the subspace of functions g in A,
with the property that g(q) = g(x), for all ¢ = (x,r) in T4~ x T*.
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Theorem 2. Given v > 72 > v,(8) and a > 0, the following holds for some R > 0.
Consider a constant skew system (w, A) on T4~ x &, for a matrix A € A that
has purely imaginary eigenvalues, say +tki. Assume that w = (w, k) satisfies the
Diophantine condition (7), and that ||A|| < alk||w||. Then there exists an open
neighborhood By of the constant function x +— A in .Ag , containing a ball of radius
R centered at this function, such that for any g € By, the one-parameter family
A — g + AA contains a unique member in By, say g', whose associated skew flow
has a fibered rotation number k. If v — 5 = ¢ > 1, then ¢’ is reducible to a
constant C € 2, as described by equation (12), via a change of coordinates V € G, .
Furthermore, the function ¢’, and (if ¢ > 1) the quantities C and V, depend real
analytically on g.

We note that the use of the symmetric Diophantine condition (7) for the combined
frequency vector w = (w, k) is clearly non-optimal [12,2]. Our choice of (7) was
motivated by the fact that good bounds are available on a continued fractions
expansion in this case [13]. We also note that Diophantine vectors in R¢ already
constitute a set of full measure [3]. Weakening our assumptions on w to vectors of
the type used in [12,2], or to an even larger class if possible, will require further
progress on multidimensional continued fractions expansions.

Theorem 2 is proved by first performing a simple change of coordinates g —
L~ 'gL with L € &, such that L=' AL = J , followed by a constant scaling ¥ +— cY’
of the resulting skew system, which converts (w, k) to a unit vector. This is where
the condition ||A] < a|k|||w|| comes in. After that, the task is reduced via the map
O to the study of vector fields X = (w, f.) with f of the type (10). Thus, in view of
Theorem 1, it suffices to prove (besides real analyticity) that the family A — f+AJ
intersects the manifold M in exactly one point, that o(X) = 0 implies f € M, and
that (12) holds if f € M.

Our analysis of skew systems near (w,0), including the proof of Theorem 1, is
based on the use of renormalization group (RG) transformations. These transfor-
mations are defined in the next section. As described in more detail in Section 4,
each Diophantine vector w determines, via a multidimensional continued fractions
expansion [13], a sequence of matrices T;, € SL(d,Z). The n-th step RG transfor-
mation N, involves a change of variables (q,y) — (T,.q,y), and another change of
variables of the form (5), which eliminates certain “nonresonant modes”. This is
similar in spirit to the RG transformations used in [25,15,23,24,4,16,9,17,13]. The
details of the elimination procedure can be found in Section 3. Each transformation
N, has f = 0 as a fixed point, and the stable/unstable subspaces of DN,,(0) are the
same for all n. Thus, it is possible to define and construct a “stable manifold” (the
manifold M described in Theorem 1) for the sequence {N,}. This construction
is carried out in Section 5, by extending our RG transformations to parametrized
families. The reducibility of functions f € M is proved in Section 6, by combining
the partial reductions (elimination of nonresonant modes) from the individual RG
steps. The remaining results concerning & = SL(2,R) are proved in Section 7.

2. Renormalization. We start by describing a single RG step. A unit vector
w € RY and a matrix T in SL(d,Z) are assumed to be given, subject to certain
conditions that will be described below. The matrix T' defines a map 7 : A — A,

T(q,y) = (T(a),v) , (16)
and the pushforward of a vector field (1) under this map is given by

(T.X) (¢, 9) = (Tw,(T.f)(@y),  Tf=foT . (17)
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For every positive 7 < 1, define K(7) to be the set of all vectors in R? that are
contracted by a factor < 7 under the action of S = (T*)~!. Here, T* denotes the
transpose of T. Given a fixed value for this contraction factor 7, to be specified
later, the “resonant” part ]I+f of a function f € F,, and its “nonresonant” part

I f, are defined by the equation
+ i
I'fa) =Y fe", (18)

I/EIi

where I = K(r)NZ4and I = Zd\.ﬁ. As one would expect (see the lemma below),
the resonant part of a function f € F, is contracted under the action of 7.

In order to simplify notation, we will drop the subscript v from now on, unless
two different choices of v are being considered at the same time.

Lemma 3. If f € F satisfies | f =Ef =0, then | T.f|| < 77| f]|

The proof follows immediately from the definitions:

1T A=Y Ifdersv < Y Ifderdvi) =11l

0#£vel™ 0#£vel™

The complementary property of the nonresonant modes is that they can easily be
eliminated via a change of variables of the form (5). To be more precise, we assume
that the constant 7 can be (and has been) chosen in such a way that K(7/2) contains
the orthogonal complement of w. Under this assumption, we will show in Section 3
that if f € F is sufficiently close to zero, then it is possible to find U, € F close to
the identity, such that

I (U;)f=0. (19)

By construction, the map f +— U, is analytic, and U, belongs to G whenever f € A.
The renormalized function A'(f) and the renormalized vector field R(X) are now
defined by the equation

N =" TU)f, RX) =0 TUy). X, (20)

where 7 is the norm of Tw, so that the torus component of R(X) is again a unit
vector. The corresponding flow is given by

Shxy = [Us( 17 tw)@% U 0T (21)

In what follows, the RG transformation A is regarded as a map from an open
domain in F to F. But it should be kept in mind that its restriction to A takes
values in 4. An explicit bound on the map f + U, leads to the following.

Theorem 4. Let f = C'+ h, with C constant and Eh = 0. Assume that ||C|| < /6
and ||h|| < 27%, with o satisfying 20||S|| < 7. Then

N =0t e+, B <30k, [BR) < 160 A2 (22)
N is analytic on the region determined by the given bounds on C' and h. Further-
more, if f is real-valued, then so is N'(f).

A proof of this theorem will be given in Section 3. Notice that the zero-average
part h of f gets contracted by roughly a factor 77 relative to the constant part C,
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which is the same factor that appears in Lemma 3. The restriction on the size of
the domain of N, which is of the order of ¢, comes from the solution of equation
(19).

The goal now is to compose RG transformations of this type, as long as the
constant part of f does not become too large. Given a sequence of matrices
Py, Py, Py, ... in SL(d,Z), with P, the identity, and a unit vector wy in R?, we
define

To=PuPly, Su=(T7)7" A=lPawoll, wa=A"Puwo, (23)

forn=1,2,.... The following theorem will be proved in Section 4, using as input
certain estimates from [13].

Theorem 5. Given vy, > v,(f), there exist two sequences n — o, and n — 7, of
positive real numbers less than one, both converging to zero, such that the following
holds. If wg is a unit vector in R™ satisfying the Diophantine condition (7), then
there exists a sequence n +— P, of unimodular integer matrices, such that with S,
and \, as defined in (23),

Tn .
20n1Sull <7y lSnEll < S liEl NI o1 <o, (24)

j=1
whenever w,_1 - £ = 0, for every positive integer n.

In order to simplify the discussion, the quantities described in this theorem are
considered fixed from now on. We also assume that v > ~; . N

The n-th step RG transformation N, and the composed RG transformation N,
are defined by the equation

Nn(f):ngl(/rn)*(uf)*fa /\N/n:NnoNn—lo---oNla (25)

where 1, = An/An—1 for n > 1, with Ay = 1. To be more specific, we choose
T =T, and w = w,_1 in the construction of the map U, that enters the definition
of N =N, .

By Theorem 4, the transformation N,, is well defined on the open ball B,, C F of
radius 27 %0,, , centered at the origin. B,, will be referred to as the domain of A/, .
The domain of N,, is defined recursively as the set of all functions in the domain of
./\/'n 1 that are mapped into B,, by Nn 1. For such a function f, define fy = f and

fn:-/\7n(f0)a fn:Efn; hn:fnff_-n- (26)
By Theorem 4 and Theorem 5, we have
Rl < XTI - ol < 27004 (27)
j=1

This shows e.g. that for f € F close to zero, the question of whether or not f is
infinitely renormalizable depends only on the size of the averages f,, . Consider now
a sequence p of real numbers satisfying

0<pn<2, 1, n=0,1,2,.... (28)
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Given an open set B(y) C By containing zero, define By = B(~) and
Boy1={f€By:|ful <pu}, n=01,2,.... (29)

The bound (27) shows that B, 41 is contained in the domain of N4 .

Theorem 6. If v > ~; then there exists a sequence p satisfying (28), and a non-
empty open neighborhood B(v) of the origin in F, such that M~ = ()2, B, is the
graph of an analytic function M : (I—E)B(v) — EB(y). Both M and its derivative
vanish at the origin.

A proof of this theorem is given in Section 5. The reducibility of functions f
belonging to M = M., will be proved in Section 6, by iterating the identity (21),
and using that f, — 0, in order to estimate the product of the matrices Uy, .

3. Elimination of nonresonant modes. Here we solve equation (19) and prove
Theorem 4. A unit vector w € R? and a matrix T in SL(d,Z) are assumed to
be given. As mentioned in the last section, we also assume that the cone K(7/2)
contains the orthogonal complement of w, and that 20||S|| < 7.

Proposition 7. If v belongs to I then |w-v| > 0.

Proof. Given v € I , consider its decomposition v = V| +v. into a vector v parallel
to w and a vector v; perpendicular to w. By using that ||v||, ||.S]], |w]| > 1, we obtain

17T _
o <ol < SIS v < 1817 (Isvll = [1Svall)
< ISI7HISyl < wll < Jw - v,

as claimed. ]
Given any n x n matrix C, define C'f = fC' — Cf for every function f € F.

Proposition 8. Assume that ||C|| < o/4. Then the linear operators D, = w -V
and D = D,, + C commute with I , have bounded inverses when restricted to I F,
and satisfy

|D;'T | <o, ||DLDTT | < 2. (30)

Proof. Clearly, D,,, C’, and I commute with each other. The first inequality in
(30) follows immediately from Proposition 7. It implies | D;'CI || < 20~ 1|C|| <
1/2, and the indicated bound on D,D~'I" = (I+ D;'C)~I is now obtained via
Neumann series. O

In the rest of this paper, we will frequently use analyticity arguments. Thus, let
us recall at this point some relevant facts [10] about

analytic maps. Let X and ) be Banach spaces over C, and let B C X be open. We
say that G : B — ) is analytic if it is Fréchet differentiable. Thus, sums, products,
and compositions of analytic maps are analytic. Equivalently, G is analytic if it is
locally bounded, and if for all continuous linear maps f : C — X and h: Y — C,
the function h o G o f is analytic. This shows e.g. that uniform limits of analytic
functions are analytic. Assuming that B is a ball of radius r and that I is bounded
on B, a third equivalent condition is that G has derivatives of all orders at the
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center of B, and that the corresponding Taylor series has a radius of convergence
at least r and agrees with G on B.

Another fact that we will use repeatedly is that F is a Banach algebra, i.e., we
have || £l < || flllgll for all £,g € F.

In the remaining part of this section, f € F is fixed but arbitrary, C' = Ef,
and h = f — C. We seek a solution of equation (19) of the form U = exp(D~!u),
with v a function in I F. In order to simplify notation, EF will be identified with
GL(n,C). A short computation shows that

TUSf=u—1p(u), (31)
where B
P(u) = =1 [(DuD ™ ) By + (D, ES)Ey + Ef hEy (32)
+CEy + (D™ 'w)CE; + E; CE] |
and
=1 1k
Eizzﬁ(:ﬂ) tu)”, m=0,1,.... (33)
k=m

Proposition 9. Assume that ||C|| < ¢/6 and ||h|| < 27%. Let r = 2780, and
denote by B, the closed ball of radius r in I F, centered at the origin. Then 1) has
a unique fixed point u, in B, , and

lusll < 151A1- (34)

The map (C,h) — u;, is analytic on the domain defined by the given bounds on
C and h. If f is real-valued, then so is u,. Furthermore, if f belongs to A then
U, = exp(D~1u;) belongs to &.

Proof. First, recall that e* < (1 —z)~! whenever 0 < x < 1. This fact will be used
below and in subsequent proofs.

A straightforward estimate, using Proposition 8 and the Banach algebra property
of F, shows that 1 is an analytic map from the space I F to itself, satisfying the
bound )

o) < e 1I(A] + 100~ ju]?). (35)

Notice that 1/(0) = —I h has norm < r/2. Thus, if we prove that || D (u)|| < 1/2
for all u € B, , then the existence and uniqueness of a fixed point u; € B, follows
from the contraction mapping principle.

Let u € B, and g € F be fixed but arbitrary, with ||g|| = 1. Define ¢ : C — F
by the equation ¢(z) = ¥(u + 2g). If |2] < R = 27 %, then u + zg is bounded in
norm by 0/48, and by using (35), we find that

le)ll < 1R+ 1107 u + 29]* < R/2. (36)
Thus, by Cauchy’s formula,

1Dy (u)gll = [l (0)I| < R sup lp(z)Il < 1/2. (37)
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As mentioned above, this proves the existence and uniqueness of the fixed point u;
in B, . By equation (35), this fixed point satisfies

gl < G5 (Rl + g5 lu) (38)

which implies the bound (34).

The analyticity of the map (C,h) — u, follows from the uniform convergence of
the series (33) and of the sequence ™(0) — wu;, together with the chain rule. If
f is real-valued, then the equation (32) shows that ¢™(0), and thus u, as well, is
real-valued. Similarly, if f belongs to A then so does u; , implying that U, € G. O

For reference later on, we note that Proposition 9 and Proposition 8 imply the
bound
1U; =1l < exp(30 ™ |(T - E)fIl) — 1. (39)

Lemma 10. If f = C + h, with ||C|| < ¢/6 and ||h|| < 27 %, then
+ _
U)o f =T f|| < 1607 |A]1%. (40)

Proof. An explicit computation shows that

U)uf —T f =T [(DuD W) E; + (DuES)Ey +hEy + EfhEy

(41)
+CEy + (D™ 'w)CE; + E; CE; .
Using Proposition 8 and the Banach algebra property of F, we find that
-1
W) f =T £ < e Tl (4o uy[|[I] + 100~ u,|?) (42)

The estimate (40) is now obtained by substituting the bound on ||u;|| from Propo-
sition 9. g

Proof of Theorem 4. Using the definition (20) of A, the function A in equation
(22) is given by
h=T[Ih+U)f-Tf].

The given bounds in (22) now follow from Lemma 10 and Lemma 3. In particular,
we have ~
[5[ < 7 (IRl + 160 [A]*) < 577l (43)

as claimed. The analyticity of A follows from the analyticity of the map f +— u;,
the uniform convergence of (33), and the chain rule. If f is real-valued, then so is
u; by Proposition 9, and thus N(f) is real-valued as well. ]

The following facts about torus-translations will be used later on. If f is a
function on T¢ and p a point on this torus, define (R,f)(¢) = f(q + p) for all
q € T?. These translation operators R, commute with the projections I" defined
in (18). As a result, they also commute with f — U, , as can be seen from our
construction of this map. A straightforward computation now shows that

NoR,=RrpolN, peT. (44)



RENORMALIZATION AND REDUCIBILITY OF SKEW FLOWS 487

4. Choice of integer matrices. We give a brief description of the the multi-
dimensional continued fractions expansion of [13], which is based on the work of
[22,14] on geodesic flows on homogeneous spaces. Then we use the estimates from
[13] on the resulting integer matrices P, to prove Theorem 5.

Let F be a fundamental domain for the left action of I' = SL(d,Z) on G =
SL(d,R). Consider the one-parameter subgroup of G, generated by the matrices

E' =diag(e™",... e, e(dfl)t) , teR, (45)

and the corresponding flow on the quotient space T'\G, defined by T'W — T'W E".
Given a vector w € R? of the form w = (w, 1), define W € G to be the matrix
obtained from the d x d identity matrix by replacing its last column vector by w.
Then, for every ¢t € R, there exists a unique matrix P(¢) € T' such that P(t)W E?
belongs to F'. To a given sequence of “stopping times” ¢,, > 0 we can now associate
a sequence of matrices P, = P(t,). The corresponding matrices T;, and S,, are
defined as in (23).
Let 8 = 3/(d+ B).

Theorem 11. ([13]) There are constants ci,ce,c3 > 0, such that the following
holds. If w = (w, 1) is any vector of length less than d, satisfying the Diophantine
condition (7), and if n — t, is any sequence of stopping times, with to = 0 and
0ty =t, —t,_1 > 0, then the bounds

1P < erexp{(d — 1+ 0)tn},
|Snll < caexp{(d —1)(1 — 0)dt, + dOt,}, (46)
1S:€|| < czexp{—(1 — 0)dt, +dOt,_1},

hold for all integers n > 0, and for all unit vectors & € R?% that are perpendicular
to Pn_lw.

Remark. The condition ||w|| < d was added in this theorem to have constants cj
that do not depend on the length of w. For an arbitrary Diophantine w € R?, it is
always possible to permute basis vectors in R%, and to rescale w, in such a way that
the last component is equal to 1 and |lw|| less than d.

Define now
o = oge” Pt Tn = Toexp{—[(d — 1)0 + 1]6t,, + dbt,,}, (47)

with o9 = 79/(3c2) and 79 = 2¢3. Then the first two inequalities in (24) are an
immediate consequence of the last two bounds in (46). In addition, we have

TiTo T < T8 exp{—(1 — O)t,, +dOs,_1}, (48)

where sy =t; +t3 +...t. Define p = (y+1)(1 — 6) — d. Consider the constants
A defined in (23). By using the trivial estimate \,! < || P, !||, together with the
first bound in (46), we obtain

At H (47',3)000;i1 < 14" 7" exp{—put, +vd0s,—1 + ddtpi1}. (49)
k=1
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This implies the third inequality in (24), provided that the sequence {t,} can be
chosen in such a way that the right hand side of (49) is less than 1. To this end, let

tn =c(1+a), n=12,...,

with ¢, @ > 0 to be determined. By using that 6t,,1 = at, and s,_1 < a”'t,, we
find that

At H (47'13)000;}& < 4"7)" exp{—ec(l + )"}, (50)
k=1

where ¢ = y — ydfa~! — da. The goal is to choose « in such a way that ¢ > 0.
Then by taking ¢ > 0 sufficiently large, the right hand side of (50) is less than one,
for all positive integers n, and the third bound in (24) follows. The condition € > 0
is a quadratic inequality for «, which is satisfied by o = p/(2d), provided that
1?2 > 4v0d?. An explicit computation shows that p? is larger than 4v0d?, whenever

v 4 2[(1—9+2d9)+2\/é\/d2—(1—0)(d2—d+1—9)}—1. (51)

(1-9)

The same condition also guarantees that p, and thus «, is positive. Substituting
0 = 3/(d+ pB) into the inequality (51), one gets the equivalent condition v > ~,(3),
with v,(8) as defined in equation (9). Finally, substituting the bound (51) on ~
into the definition of y yields oo = p/(2d) > df/(1 — 0), which shows that 7,41 =
To exp{[—(1 — @) + db]t,, } tends to zero as n — oo. Taking ¢ > 0 sufficiently large
ensures that 7, < 1 for all n. The analogous property 1 > ¢, — 0 follows now from
the first inequality in (24). This completes the proof of Theorem 5.

5. The stable manifold. In this section, we define RG transformations for families
of functions in A, parametrized by 2. These transformations 9,, are then used to
prove Theorem 6 and some other estimates that are needed later on. 91, acts on
a family ' : 24 — A by composing it from the left with A, , and from the right
with a reparametrization map on 2 that depends on F'. Recall that A, is naturally
defined on an open domain in F, but that its restriction to A takes values in A.
The situation is analogous for 9, , since, as will be clear from the construction,
the reparametrization map takes real values for real arguments, whenever F is real.
Thus, no generality is lost by assuming that & = GL(n,C). We will do this in the
remaining part of this paper, unless specified otherwise.

We start with a preliminary estimate on inverses of some simple maps. Denote
by b the open unit ball in 2, centered at the origin. Consider the space U of analytic
functions U : b — 2, equipped with the sup-norm.

Proposition 12. Let 0 < A < %, and let U € U with |U| < 1. Define A(A) = AA
for every A € A. Then A~! 4+ U has a unique right inverse A +V on b, with V
belonging to U and satisfying ||V|| < A|U||. The map U — V is analytic on the
domain in U defined by the given condition on U.

Proof. If A is a matrix in 2 of norm less than 2/3, and C a matrix in 2 of norm
one, then from Cauchy’s formula, we obtain

[DU(A)C|| <3 sup [[U(A+=zC)| <3[|U[ < 3/2. (52)
|z|=1/3
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Now consider the equation for V', which can be written as ¢ (V) = V, with ¢ defined
by (V) = =AU o (A + V). Denote by B the closed ball of radius r = 1/3 in U,
centered at the origin. Then 1) is analytic on B, with derivative given by

DY(V)H = —A\((DU) o (A +V))H. (53)

By equation (52), we see that ||[Dy(V)|| < 1/2, for all V' € B. Since ||(0)| < r/2,
the map ¢ is a contraction on B, and thus has a (unique) fixed point in B. This
fixed point V satisfies ||[V|| = ||[# (V)] < A|U||. The analyticity of U — V follows
form the uniform convergence of ¥™(0) — V for |U|| < 1/2. O

Next, let pg = 2710y and
n
Pnzx\;147"7r;{1p0, ﬂ-":HTj’ 7’7,21,27... . (54)
j=1

For every integer n > 0, define 2,, to be the vector space 2, equipped with the
norm |s||, = p;;}|s|l. Denote by b, the open unit ball in 2, , centered at the
origin. Define BB,, to be the space of analytic families F' : b, — A, equipped with
the norm

1Pl = sup 175 (55)
The inclusion map from 2l,, into EA will be denoted by FP. In other words, FY(s) =
s. Notice that F° has norm one in B, .

Let n > 1. By Theorem 5, we have p,, 1 < 274" =S¢, . Thus, if |[F||,_1 < 273,
then F'(s) belongs to the domain of AV, , for all s € b, . We can associate to each
such F' an analytic map

Yor =EWN,oF) (56)

from b,,—1 to %, . Notice that, by Theorem 4, if F' takes real values for real argu-
ments, then so does Y,, . On the space of analytic maps b,_; — 2, we will use
the topology of uniform convergence (sup-norm).

Proposition 13. Assume that F € B,,_ satisfies |[F — F°||,,_1 <1 and EF = F°.
Then Y,, r : bp—1 — 2, has a unique right inverse Ynjfl, :by = byp—1. BothY,
and its right inverse depend analytically on F', on the domain defined by the given
condition on F. Furthermore,

HYn,F(S) - 777:15”71 < 2_4n€7'7’z_’h | F— FO”nfl ) §E€bnp-1,
DY, p(s) —n || <27 Cer)™ " ||F = FOll,m1, s€bu, (57)
||Yn_,1{“(5) - 77n3||n—1 < 274717157'77”1:1 - FO”n—l ) s€by.

Here, T denotes the inclusion map from 21,,_1 into24,, , and e = 24765 -1||F - FO| <
1.

Proof. By Theorem 4, the map Y =Y, ¢ satisfies the bound

1Y (s) = 5]l = [[mm BN (F(s)) — ]|
< [EF(s) — sl + 160, 7 [|(L - E)F ()|
=160, 7] [[F(s) — s|* < 27" Zer]||F — F°||

= 2_4n€7'77_7177nanF - FOHn—l ’

(58)
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with € as defined above, for all s € b,,_;. Dividing both sides by 7, p, yields the
first inequality in (57). The inequality € < 1 follows from the fact that ||F — F9| <
Pr1 < 2—471—60.” .

Consider C' € 2 of norm one, and z € C of absolute value < 2°. Given the
allowed size of ||C|| in Theorem 4, the bound (58) still holds if s is replaced by
s+ zC. Thus, the second inequality in (57) is obtained from the first, using a
Cauchy estimate with contour |z| = 26.

In order to simplify notation, if A is a scalar, then the map s — As will be
denoted by A as well. Let now A = n,p,/pn—1. Consider the space U introduced
before Proposition 12. Then U = p, (Y — 7, })pn_1 belongs to U. By using the
first inequality in (57), we obtain

U< Y = 1) (pn-18) <277, (59)

for all s € A of norm less than 1. Notice also that A\ = 7)*/4 < 1/4. Thus,
Proposition 12 guarantees the existence of a unique right inverse A4V for A= + U,
with V belonging to . This yields the right inverse Y = = n,, + p,_1Vp, ! for Y
on b, . The bound on V from Proposition 12, together with the first inequality in
(57), implies that

1Y =1 (s) = sl = pa—1llV (05, )| < 20npnllU|| < 20p0llY — 07 1

60
< 2 er g L |F = POy, (%0)

for all s € b, . Dividing both sides by p,_1 yields the third inequality in (57).
The analytic dependence on F', of the function Y,, r and its right inverse, follows
from Theorem 4, Proposition 12, and the chain rule. O

This proposition allows us to define the n-th step RG transformation 9,, and the
composed RG transformation 9, for families by

‘ﬁn(F)ZNnoFanT}ﬂ, N, =N,oN,,_10...0M;. (61)

Notice that EM,, (F) = F°. In particular, since A; maps constant functions to
constant functions, F© is a fixed point for M, . The domain of N, is the set of all
F € B, satisfying ||F — F°|,—1 < 1 and EF = F°. Clearly, O, is analytic on
this domain.

In what follows, we assume that v > ~9 > ;. Let K < 1 be a fixed positive real
number satisfying

8t MK < 1/16, (62)

for all integers n > 0. Such a number K exists by Theorem 5.

Lemma 14. If Fy € By satisfies ||[Fy — FO|lo < K and EFy = FY, then N, (Fy) is
well defined for all n > 1, and satisfies

|9, (Fo) — F°|| < 8"m) =" || Fy — F°lo . (63)

Proof. Let m > 1, and let F' be an arbitrary family in the domain of 9,,. Fix
s € by, , and define s’ = Yn:,lF(s). By Theorem 4 and Proposition 13, we have
P 1M (F)(s) = FO(s)]| = p | (T = )N (F ()]
< 205 (L= E)F ()| (64)

= 87 oy | F(s) = FO(s)]I-
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Consider now Fy in the domain of 91y, and assume that the claim of Lemma 14
holds for all n < m. By setting F' = N,,,_1(Fp) in inequality (64), we obtain

|9t (Fo) — FO||, < 87777 || (Fo) — FO|,,, < 8™ | F = FOllo.  (65)

This proves (63) for n = m. Under the given assumptions on Fy , the right hand side

of this inequality is less than 1, which shows that ‘JNTm(FO) belongs to the domain of
Nont1 - O

In what follows, the set of families satisfying the assumptions of Lemma 14 will
be referred to as the “domain of M”. If Fy is any family in this domain, define

F, =M (Fy), Yo=Yup ., Zmn=Y,j10...0Y, KoY '  (66)
for all integers 0 < m < n.

Proposition 15. Suppose that F' belongs to the domain of M. Then there exists a
unique sequence m +— 2, € by, satisfying

Zmo1 =Y, (2m), m=1,2,..., (67)

and this sequence is given by the limits z,, = lim, oo Zmn(0). The maps F — z,
are analytic on the domain of M. Furthermore, if F' takes real values for real
arguments, then z,, is real.

Proof. Let Fy = F. We start by establishing a contraction property for Y, *. Let
s € b,. By using Proposition 13, and the fact that ||9,s|l,—1 = 372%(s|., we
obtain

Y () -1 < lnslln—1 + V7 (5) = nnslln—r < 9/32. (68)

Thus, Y, ! maps b,, into b,,_1/3. Furthermore, by Cauchy’s formula, the derivative
of Y,~! on the closure of b, /3 is bounded in norm (as an operator from 2, to A, _1)
by 1/2.

Consider now an arbitrary sequence n +— s, € b,, with the property that s,
belongs to the closure of b,,/3 for n > 1. Notice that if a sequence n — z, € b,
satisfies (67), then it automatically has this property. Define sy, = Z n(sy) for
all integers 0 < m < n. By the contraction property of the maps Yi_l7 we have
ISm.e — Smonlln < 2™ whenever 1 < m < n < k. This shows that n — sy,
converges as n — 00, and that the limit §,, is independent of the sequence {s,}. In
particular, we see that §,, = z,, by choosing s, = 0 for all n. The identities (67)
are obtained by choosing s,, = z, for all n.

By Proposition 13, the maps F +— S, , = Z,,(0) are analytic on the domain
of M. The analyticity of F' — z,, now follows from the uniform convergence of
Smn — Zm . I Fy_1 is real (takes real values for real arguments) for some n > 0,
then so is Y,,, as mentioned earlier, and thus also Y, ! and F,,. By induction, we
see that all matrices s, ,, are real whenever F' is, and the same holds for the limits
Zm, - |

Denote by B’(v) the ball in (I — E).A, of radius Kpo, centered at the origin.
Define B(y) = bo © B'(7), that is, f € A, belongs to B(y) if and only if f € by and
h = f — f belongs to B'(v).
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Consider now the set M., defined in Theorem 6, with B(v) as described above.

Corollary 16. Let F be a family in the domain of M, and let s € by. Then F(s)
belongs to M., if and only if s = zy(F).

Proof. Consider first f = F(zg). Set f,, = F,(2,) for each n > 0. By the definition
of M,,, and by Proposition 15, we have f,, = N,(fn_1) for n = 1,2,..., and
fn =EF,(2,) = 2, belongs to b, . This shows that f € M, .

Consider now a fixed s = s in by, and assume that fy = F/(sg) belongs M., .
Then we can define f,, = ‘ﬁn(f) for all n > 0, and s, = f, belongs to b, . Set
Fy = F. Proceeding by induction, let n > 0, and assume f,_1 = F,_1(s,—1). Since
$n = Yn(8n—1), and since Y,, has a unique right inverse on b,, by Proposition 13, we
have s,_1 = Y, !(s,). As a result, f, = F,(s,). This shows that s, = Y,,(s,_1)
holds for all n > 0, and thus s,, = z, by Proposition 15. |

Proof of Theorem 6. To a function h € B'(y) we associate the family F' : s —
s 4 h. This family belongs to the domain of M. Now define M(h) = z(F). By
Corollary 16, h+s = F(s) belongs to M, if and only if s = M (h). This shows that
M., is the graph of M over B’(y).

The analyticity of M follows from the analyticity of zy. Furthermore, we have
M(0) = 20(F°) = 0. The identity DM (0) = 0 follows from the fact that, by
Proposition 13, the derivative of F Yn*;ﬂ vanishes at FO, for each n > 0. ([l

The following estimate will be used in the next section. Denote by 1, ,, the
inclusion map from 2, into 2, .

Proposition 17. Let F' be in the domain of 9N. Then the map Z!, =Y,o0---0Y)
satisfies

IDZ5,(s) = A ol < 271N, ool (69)
for all s in the image of b,_1 under Zy 1 .
Proof. Define sp_1 = Yk_l(sk) for k = n—1,...2,1, starting with a fixed but

arbitrary s,_1 € b,_1. By using Proposition 13, and the fact that the inclusion
map from 2j_; into A, has norm py_1/pr = 4nk7, ', we obtain

IDYi(sw—1)ll < (1 + 27 Bep) lm T [l (70)

with ¢, = 7||Fy—1 — F°||x—1 < 1. Taking products, the norm of DZj(sq) can
be bounded by twice the norm of )\,;11;@70 . Thus,

1D Z;,(s0) = Ay ' Tnoll = [IDYn(sp-1) - - - DYa(s1) DY1(s0) = Ay, Lol

n

<t m Tk [DYa(sk—1) =y Tek—1] DZ1 1 (s0) |
k=1

n
<D 27 e A gl
k=1
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and the inequality (69) follows. O

6. Reducibility. The main goal in this section is to prove Theorem 1.
Consider first the flow @y for a general vector field X = (w, f.) The identity

Bl(g) =1+ / Fla+ sw)®2(q) ds. (71)

can be used to construct and estimate ®5. By applying first the contraction mapping
principle, and then the cocycle identity for ®y to improve the result, we obtain

Jof —1||, < elltflly — 1 (72)

This bound holds for any v > 0, provided that f € A, .
Consider now fo € M, and the corresponding renormalized functions f, =

./\7"( fo). In order to simplify notation, the transformation Uy, and the flow ®(,,, f, )
will be denoted by U,, and ®,, , respectively.

Lemma 18. Let fy € M, . For each n > 0 there exists V,, € Gy such that
0! (q) = Valg+twn) 'Valg), teER. (73)
These function V,, satisfy the relations V11 = (V;, 0 Tj,+1)U,, and the bounds
Ve =Tllo <2477 o | foll - (74)
Furthermore, the maps fy — V,, are analytic.
Proof. By equation (21), we have
®7,(9) = Vi (g + twn) 1@ (T o T19) Vin,n(9) (75)
for m > n > 0, where
V(@) = Unot (Tt -~ Tos1) - Unss (T 1)U (0) (76)

For convenience later on, we also define V,, ,, = I. Using the notation of Section 5,
we have f,, € 2b,, and thus

Hnm e '77n+1tfn||7 < 2)‘;1)‘mpm|t‘ <2 4_m)\’r_LlpO|t| . (77)
If m is sufficiently large, then (72) leads to the bound

[ (D e (78)

Thus, /""" converges in Go to the identity, as m — oo, uniformly in ¢ on
compact subsets of R.
Consider now the factors U; in the product (76). By Theorem 4 and Theorem 5,

U;—&l-thnHv < 2_n_97";:_%5a €= 29‘71_1Hf0||v <1 (79)



494 HANS KOCH AND JOAO LOPES DIAS

Combining this with the estimate (39), we obtain
Un =Ty <2777y e, |Unlly <%, (80)

Notice that [|[UoT|o = ||[U|lo < ||U]|y for any matrix T" in SL(d,Z), and any U in
F, with v > 0. Thus, the bounds (80) can be used to estimate the product (76) in
Go . We have

m—1
—n—6
Vinnllo < T 1051 <€ "%, (81)
j=n
and as a result,
k—1
HVk,n - meHO < Z H(Uj - I)ijH,Y < 2_m_57rg_715> (82)
j=m

for £ > m > n > 0. This shows that the limits V}, = lim,, oo Vin » exist in Gy, and
that they have the properties described in Lemma 18. The analyticity of fo — Vi,
follows from the uniform convergence of V,,, ,, — V,,, combined with the fact that
the map M defining the manifold M., , the RG transformations N, , and the map
f +— Uy described in Proposition 9, are all analytic. O

Proposition 19. The manifold M., is invariant under the torus-translations R, ,
and the map fy — V commutes with these translations.

Proof. First, we note that the translations R, are isometries on F and commute
with E. This shows in particular that B(vy) is invariant under R, .

The identity (44) shows that R, fo belongs to the domain of ./\7n whenever f; does,
and that N, (fo) and N, (R, fo) have the same torus-average. From the definition

(29) of the sets B,, whose intersection is M., it is now clear that M, is invariant
under torus-translations.
The fact that fo — Vi commutes with R, follows from an explicit computation,

using the identities (44) and (76). O

Lemma 20. Let v > 72 > v and e = v — 2. If fo € M., then Vi belongs to
G. and has a directional derivative D, Vy in F.. As elements of F., both V,, and
D, Vo depend analytically on fq. Furthermore, if fy is the restriction to T¢ of an
analytic function, then so is Vj .

Proof. In order to avoid possible ambiguities, assume first that v = ~5. Denote
by H and H the maps that associate to each f € B'(y2) via fo = f + M(f) the
corresponding function Vj and the value V;(0), respectively. Proposition 19 implies
that R,Vo = H(R,f), and thus

Vo(p) = H(R,f),  peT”. (83)

By Lemma 18 the function H is bounded and analytic on B’(vs). Consider its
Taylor series at zero,

H(f) =D Halfs-- s ), (84)
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where H,, = D"H(0)/n!. Let r be a fixed but arbitrary positive real number less
than K po. Then the series (84) converges absolutely in the ball || f||,, < r, and the

derivatives of M satisfy a bound [|Hy|| < cr™" as n-linear functionals on A" .

Next, we allow v > 72 but keep H as a function on B’(7y2). Concerning the
condition fo € M, in Lemma 20, we note that M, = M., N B(y), which follows
from the definition (29) of the sets B, , and from the fact that B(y) is a subset of

B(72).
Assume now that f belongs to B’(y) and satisfies || f||, < r. If we use the
expansion

Rof =Y RE®, F@)=FB), BEl)=c"", (8
vezad

where f, are the Fourier coefficients of f, then V[ can be represented as follows:

Vo)=Y > HulFu,...,F)E, () By, (p). (86)

n=0 Vlyeee Vn €22

By using the bound

[Hn(Foy,. .. Fy)

< TLIE, e = TT 1AL B, e, (87)
j=1 j=1

and the fact that || E, ||, ||E.| = [|Ev|ly , we obtain

ol <>> > e [T lIE, I,

n=0 vy,... v, €24 Jj=1

N ) (88)
_ -1 ILE, S S—
Z( pyigl ) Ty

This shows that Vj € G., as claimed. From the identities (71) and (73), we see
that D,,,Vp belongs to F.. The analytic dependence of V4 (and thus D,,, V) on f
follows from the uniform convergence (88) of the Taylor expansion for f — V; on
any ball ||f|, < ' with ' <7 < Kpg. Finally, if f is the restriction to T¢ of an
analytic function, then due to the exponential decay of the Fourier coefficients f, ,
we have

7S B e < 1, (89)

vezd

for 6 > 0 sufficiently small. By using this bound to estimate the sum (86), one
finds that the sum is absolutely convergent in the region |Im (p;)| < §/2. Thus, V}
extends analytically to this region. O

The following lemma concerns the situation described in the introduction, where
f = fo is of the form (10). These functions f define a closed linear subspace .A# of
A, which can also be characterized by the identity

fla+ ) =e"f(g)e"’, qeT!, reR’. (90)
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Lemma 21. Let v > 2+ 1 with v2 > 1, and assume that fo belongs to M, ﬂA}Y .
Set f = fo and V = Vy. If g = O, f, then the flow for Y = (w,g.) is given by
equation (12), for some C € . The corresponding map fo — C' is analytic.

Proof. The first equality in (12) follows from Lemma 18 and the definition (11).
Define
¢'(z) = V(2 + tw) P (2)V(2) ", (91)

for t € R and = € T™. Notice that ¢ is the flow for a skew system Z = (w,h.) on
T™ x &, and since V' € G; by Lemma 20, the function h belongs to Ajg .
From the first equality in (12), we have

Pt (z) = V(x + tw)et 2V (z + tw) L. (92)

Consider now an arbitrary sequence {t;} such that t;x — 0 on the torus T, as
j — oo. Then exp(tjr - J) — L. Furthermore, dist(¢;w,t;w) — 0 on the torus T
and since V is of class C', we have ¢'*% (x) — ¢! (z) uniformly in , if t = 0. By the
cocycle identity for the flow ¢, the same holds for any ¢ € R, and the convergence
is uniform in ¢. This implies (see e.g. [8]) that the function t — ¢!(z) is periodic or
quasiperiodic, with frequencies in K = {k1,...,x¢}. As a result,

h(z + tw) = ¢ (x)¢" (x) ! (93)

is also periodic or quasiperiodic in ¢, with frequencies in K. But the frequency
module of ¢ — h(z+tw) is clearly a subset of W = {w1,... ,wn,}, and since WNK
is empty, h has to be constant. Setting C' = h, we obtain ¢*(z) = €!“, and the
identity (12) now follows from (91). A computation of h(x) from the equations (93)
and (92) yields C = VAV~ — (D, V)V~ evaluated at z. This identity (between
matrices, if z is fixed), together with Lemma 20, shows that C' depends analytically
on f. O

In order to complete the proof of Theorem 1, consider now the case where &
is a proper Lie subgroup of GL(n,C). By Proposition 9, the restrictions to A of
the transformations N,, take again values in 4, and so the transformations N,
preserves the subspace of families taking values in A. Thus, the map M described
in Theorem 6 takes values in A when restricted to A, as claimed in Theorem 1.
Similarly, the fact that U, € G whenever f = f; € A implies that the matrices
(76) belong to &, and so the same is true for the limit V' = Vy(g). The same
arguments apply to the case where & is a Lie subgroup of GL(n, R), if we use that
by Proposition 15, the parameter values zg defining the map M are all real in this
case. The remaining claims of Theorem 1 now follow from Theorem 6, Lemma 18,
and Lemma 20.

7. The special case &=SL(2,R). In this section, & is the group of unimodular
2 x 2 matrices over R, and 2 is the corresponding Lie algebra of real traceless 2 x 2
matrices. As explained in the introduction, our approach to skew flows with nonzero
fibered rotation number is to convert them to skew flows with zero (or near-zero)
rotation number, which involves increasing the dimension of the torus. As far as
renormalization is concerned, the main difficulty with this approach is that the
space A! of functions f of the form (10) is not invariant under renormalization.
Superficially, the fact that the torus-average of f € A' is necessarily a constant
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multiple of J may seem to explain the statement about one-parameter families in
Theorem 2. However, this property is neither invariant under renormalization, nor
does is guarantee that the flow for X = (w, f.) remains bounded. Below we will
introduce an alternative property, that is more closely linked to hyperbolicity, and
invariant.

First, we give a simple sufficient condition for a skew system to have nonzero
fibered rotation number.

Proposition 22. If det(f(q)) > 0 for all ¢ € T¢, then o(X) # 0.

Proof. If we set 7(t) = tr(Jf(q)) and d(¢) = det(f(q)), with ¢ = go + tw, then an
explicit calculation shows that (14) can be written as

2& = —7 + psin(2a + §) p=/12 45, (94)

for some angle 3 depending on f(q) and on ug. Notice that 72 > 44, since f(q) is
traceless. Thus, if f(q) is always elliptic (§ > 0), then ¢ is bounded away from zero
and the rotation number cannot vanish. O

One of our goals is to show that a vector field X = (w, f.) with f € A! close
to zero cannot generate a hyperbolic flow, by excluding the possibility that the
renormalized functions f, have the following property.

Definition 23. Let S' be the set of unit vectors in R2. We say that a vector field
X = (w, f.) has the expanding cone property if for every q € T?, there exists an open
cone C(q) in R? not intersecting its negative, with vertex at zero, and a unit vector
u(q) in this cone, such that the following holds. The map q — S*NC(q) defines two
continuous functions from T¢ to S'. The function q — u(q) is continuous as well,
and homotopic to a constant. Furthermore, for every q € T?, the cone ®% (q)C(q) is
contained in C(q+ tw) for all t > 0, and the length of ®! (q)u(q) tends to infinity as
t — oo.

We note that the expanding cone property is invariant under coordinate changes
of the form (16) or (5), with V' continuous and homotopic to the identity. A simple
condition that implies this property is given in the following proposition.

Proposition 24. Assume that f : T — 2 is continuous and of the form f = C'+h,
with C' € 2 symmetric and ||h(q)|| < ||C||/4 for all ¢ € T¢. Then X = (w, f.) has
the expanding cone property.

Proof. Our assumptions imply that the eigenvalues of C' are £||C||. Let ug be a unit
eigenvector of C for the eigenvalue |C||, and define Cy to be the set of all nonzero
vectors in R? whose angle with ug is less than 7/4. Consider first the case f = C.
Then for every nonzero v on the boundary of Cy , the vector fv points to the interior
of the cone Cy. Thus, the solutions of equation (13), with initial condition vy in
Co, remains in Cy for all times t > 0. A straightforward computation shows that
under the given assumptions of h, the same remains true for f = C'+ h. Thus, X
has the expanding cone property, with the family of cones being ¢ — Cy, and with
u(q) = ug for all ¢q. Notice that no condition on w is needed. ]

Lemma 25. If f belongs to A' then X = (w, f.) cannot have the expanding cone
property.
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Proof. Consider first an arbitrary f € A such that X = (w, f.) has the expanding
cone property. Let ¢ € T¢ be fixed. Using the notation of Definition 23, denote by
A(q) the set of all nonzero vy € R? such that v(t) = ®L (g)vg belongs to C(q+tw) for
some (and thus each sufficiently large) positive ¢. This set is clearly open. Notice
that if vg is any nonzero vector in R?, with the property that v(t) = ®L(¢)vy tends
to infinity as ¢ — oo, then vy belongs to either A(q) or —A(q). This follows from
the fact that ®%(q) is area-preserving (so the angle between v(t) and ®% (q)u(q) has
to approach zero), and that the opening angles of our cones are bounded away from
zero. Thus, given that the two disjoint open sets +A4(g) cannot cover all of R?\ {0},
it is not possible that |v(t)| — oo as t — oo, for every nonzero vy € R2.

Assume now for contradiction that f belongs to A'. Define z,.(x) = ™ u(q),
with u as described in Definition 23. Then ®f(z)z,(z) = et/ ®L (¢)u(q) tends
to infinity as ¢ — oo. But as r increases from 0 to 2w, the vectors z,.(z) cover
all of S1, since u is homotopic to a constant function. This implies that ®L (z)vg
tends to infinity (in length) for each nonzero vy € R?, which was shown above to
be impossible. (|

Now we are ready to renormalize. Denote by J the one-dimensional subspace of
2A, consisting of real multiples of the matrix J.

Lemma 26. Let h € A' N B/(y), and define F(s) = h+ s for s € by. Then the
(unique) value s = zo(F') where the family F' intersects M. belongs to J, and it is
the unique matrix in by N J for which F(s) has a zero fibered rotation number.

Proof. Recall that zg = 2¢(F) is real, by Proposition 15. Assume for contradiction
that zy does not belong to J. Then for sufficiently large m, the sets Zg ., (bn/3)
have an empty intersection with J. Denote by n the smallest value of m for which
this intersection is empty, and define Jp = Zo n—1(bn-1/k) N J.

Let 7 = ||, Ls,n—1]. The bound (70) shows that the image under Y;, of 1b,_1
is contained in 5b, , and that the image of b, 1 contains 2—;1)” . The first property
implies that Z, (J3) intersects 5b, at some point s outside %bn. Now consider
the connected component of Z/(J;) containing s. By Proposition 17, this curve
is sufficiently “parallel” to J in order to intersect the subspace tr(J*s) = 0 at
some point s, = Z/ (sg) that lies inside 23—’”bn, but outside ibn. The matrix s, is
symmetric with norm > p,, /4, and by Lemma 14, we have || F},(s5) — sn|| < pn/16.
Thus, by Proposition 24, the vector field for Fj,(s,,) has the expanding cone property.
Given that this property is invariant under coordinate changes of the form (16) or
(5), with V' continuous and homotopic to the identity, F'(sg) has the same property.
But since s € J, the function F(sg) belongs to A!, and we get a contradiction with
Lemma 25. This shows that zy belongs to J.

Lemma 18 shows that o(F(z9)) = 0. Consider now so € by N J different from
zo . Then there exists n > 0 such that sg lies in Zg y, (by,) for all m < n, but not in
Zo,n(bn), so the norm of s, = Z (so) is at least p,, . On the other hand, z, = Z/,(2¢)
has norm less than p,/3, as was shown in the proof of Proposition 15. Thus,
s — znl|l > 2||2n||. Denote by B and C' the symmetric and antisymmetric parts
of s, — 2z, respectively. By Proposition 17, we have ||C|| > 10||B||. In addition,
|1En(sn) — snl|l < pn/16 by Lemma 14. As a result, ||C| > ||Fn(s,) — C||, which
by Proposition 22 implies that F),(s,) cannot have a vanishing fibered rotation
number. Thus, we cannot have o(F(sg)) = 0, since this property is preserved under
renormalization. O
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Proof of Theorem 2. We can follow the sketch given after the statement of this
theorem. A straightforward computation shows that ||L|| and || L~!|| can be bounded
by 2||x = A[|*/? Thus, the indicated map g — f = (0,) " (cL~'gL), with ¢ = [jw| "1,
admits the bound

£l < 2*74c- 4]|x7" Alllg — Al < 2*716allg — A . (95)

This shows that the image By under f — g, of the domain B = B(«y) for which
Theorem 1 holds, contains a ball of radius R = Kro/(22716a), centered at the
constant function A. The remaining claims of Theorem 2 are now an immediate
consequence of Theorem 1, Lemma 26, and Lemma 21. (]
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