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Devwudfw

Wklv sdshu vwxglhv wkh lpsdfw ri sduwlvdq qdwlrqdo �vfdo srolf| rq wkh rswl0

pdo fhqwudo edqn ghvljq ri d wzr0frxqwu| prqhwdu| xqlrq1 Lq hdfk frxqwu| wzr

sduwlhv zlwk gl�huhqw suhihuhqfhv frpshwh iru r!fh/ wkhlu vxffhvvlrq lq srzhu

ehlqj irupdol}hg dv }hur0phdq srolwlfdo vkrfnv1 Wkhvh frqwudvw zlwk vxsso| glv0

wxuedqfhv erwk ehfdxvh srolwlfdo vkrfnv fdoo iru pruh/ udwkhu wkdq ohvv/ fhqwudo

edqn frqvhuydwlvp dqg lqvridu dv furvv0frxqwu| vkrfn dv|pphwu| lv dfwxdoo|

ehqh�fldo wr zhoiduh1 Ixuwkhu/ e| frpelqlqj Urjr�0w|sh *zhljkw0frqvhuydwlvp*

zlwk dq lq dwlrq wdujhw lw lv srvvleoh wr hqvxuh wkdw prqhwdu| ghohjdwlrq dozd|v

ehqh�wv erwk sduwlhv1

MHO fodvvl�fdwlrq= G:5/ H85/ H8;/ H95

Nh|zrugv= srolwlfdo f|fohv/ prqhwdu| xqlrq/ fhqwudo edqn lqghshqghqfh/

dv|pphwulf vkrfnv

�L dp judwhixo wr Plfkdho Duwlv/ Dqwöqlr Fdohlur dqg Dvxqflöq Vrur iru dgylfh dqg vxssruw1 Wkh
xvxdo glvfodlphu dssolhv1

|Wklv sdshu lv sduw ri p| SkG glvvhuwdwlrq/ iru zklfk L ehqh�wwhg iurp d vfkroduvkls mrlqwo|
dzdughg e| wkh Plqlvwìulr grv Qhjöflrv Hvwudqjhlurv ri Sruwxjdo dqg wkh Hxurshdq Xqlyhuvlw|
Lqvwlwxwh1 L wkdqn erwk lqvwlwxwlrqv iru wkhlu �qdqfldo vxssruw1



4 Lqwurgxfwlrq

Wklv sdshu wulhv wr eulqj wrjhwkhu wkh olwhudwxuhv rq fhqwudo edqn lqghshqghqfh dqg

rq sduwlvdq srolwlfdo exvlqhvv f|fohv1 Wkh iruphu kdv sursrvhg lqvwlwxwlrqdo vrox0

wlrqv wr wkh lq dwlrq eldv sureohp/ vxfk dv wkh dssrlqwphqw ri d frqvhuydwlyh fhqwudo

edqnhu +Urjr�/ 4<;8,/ olqhdu lq dwlrq frqwudfwv +Zdovk/ 4<<8, ru lq dwlrq wdujhwv

+Vyhqvvrq/ 4<<:,1 Wkh odwwhu kdv vwxglhg wkh pdfurhfrqrplf  xfwxdwlrqv jhqhudwhg

e| wkh vxffhvvlrq lq r!fh ri sduwlhv zlwk gl�huhqw lghrorjlhv/ dqg wkxv gl�huhqw suhihu0

hqfhv ryhu pdfurhfrqrplf rxwfrphv 0 �uvwo| zlwkrxw/ dqg vxevhtxhqwo| zlwk/ udwlrqdo

h{shfwdwlrqv +vhh Kleev +4<::, dqg Dohvlqd +4<;:,/ uhvshfwlyho|,1

Ghvslwh vkdulqj lq prvw fdvhv d frpprq wkhruhwlfdo iudphzrun 0 wkh vwdqgdug

rqh0shulrg fuhglelolw| prgho 0 wkhvh wzr vwudqgv ri olwhudwxuh kdyh uhpdlqhg idluo|

vhsdudwhg/ sduwlfxoduo| lq wkh vhqvh wkdw wkh lpsdfw ri udwlrqdo sduwlvdq f|fohv rq

rswlpdo prqhwdu| lqvwlwxwlrqv kdv ehhq qhjohfwhg41 Wklv lv odujho| d frqvhtxhqfh ri

wkh idfw wkdw prvw sdshuv frqvlghu d vhwxs zkhuh wkh fhqwudo edqn +FE, lv wkh rqo|

srolf| dxwkrulw|/ dqg khqfh lw lv hlwkhu lqghshqghqw ru frqwuroohg e| wkh sduw| wkdw

zlqv wkh hohfwlrqv/ exw qrw erwk51 Lq vxfk d vhwxs/ wrslfv wkdw kdyh ehhq dqdo|vhg

lqfoxgh dowhuqdwlyh surfhgxuhv iru wkh dssrlqwphqw ri sduwlvdq FE erdug phpehuv

+h1j1 Orkpdqq/ 4<<:, dqg wkh rswlpdo ohqjwk ri wkh fhqwudo edqnhu*v whup lq r!fh

+h1j1 Zdoohu dqg Zdovk/ 4<<9,1

Lqwurgxflqj d vhfrqg srolf| lqvwuxphqw 0 �vfdo srolf| 0 pdnhv lw srvvleoh wr vwxg|

erwk lvvxhv +fhqwudo edqn lqghshqghqfh dqg sduwlvdq f|fohv, wrjhwkhu1 Wklv lv du0

jxdeo| wkh uhohydqw srolf| hqylurqphqw lq wrgd|*v Hxursh/ zkhuh wkh kljko| lqghshq0

ghqw Hxurshdq Fhqwudo Edqn +HFE, frh{lvwv zlwk hohfwhg qdwlrqdo jryhuqphqwv lq

fkdujh ri �vfdo srolf|1 D ihz sdshuv kdyh douhdg| vwxglhg wklv vhwxs1 R}ndq +4<<;,

xvhv d forvhg hfrqrp| prgho vlplodu wr Dohvlqd dqg Wdehoolql +4<;:,> wkh lpsdfw ri

sduwlvdq jryhuqphqwv rq lq dwlrq/ rxwsxw dqg vshqglqj lv ghulyhg/ exw qr qrupdwlyh

4D sduwldo h{fhswlrq lv do0Qrzdlkl dqg Ohylqh +4<<;,/ zkr vkrz wkdw Zdovk frqwudfwv fdq eh
xvhg wr holplqdwh srolwlfdo prqhwdu| f|fohv1 Krzhyhu/ wkhvh f|fohv gr qrw kdyh wkh sduwlvdq qdwxuh
zklfk lv wkh remhfw ri rxu dqdo|vlv1

5Dw prvw/ rqh fdq sdudphwhul}h wkh ghjuhh ri sduwlvdqvkls/ dqg wkxv kdyh lqwhuphgldwh fdvhv
ehwzhhq ixoo lqghshqghqfh dqg ixoo sduwlvdq frqwuro +Zdoohu dqg Zdovk/ 4<<9,1
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lvvxhv duh dgguhvvhg1 Ghphuw}lv hw do1 +4<<<,/ lq dq hyhq pruh vw|ol}hg iudphzrun6/

dqdo|vh lqfhqwlyhv iru srolwlfdo sduwlhv wr dgmxvw wkhlu suhihuhqfhv lq wkh oljkw ri dq

h{rjhqrxv ghjuhh ri fhqwudo edqn frqvhuydwlvp1

Xqolnh wkh deryhphqwlrqhg sdshuv/ rxu irfxv lv rq wkh lpsolfdwlrqv ri sduwlvdq

�vfdo srolf| iru zhoiduh dqg iru wkh ghvljq ri rswlpdo prqhwdu| lqvwlwxwlrqv1 Zh xvh

d vw|olvhg prgho ri d wzr0frxqwu| prqhwdu| xqlrq zlwk dq lqghshqghqw FE dqg qd0

wlrqdo �vfdo dxwkrulwlhv +dorqj wkh olqhv ri h1j1 Ehhwvpd dqg Eryhqehuj/ 4<<;,/ zkhuh

sduwlvdqvkls olhv lq wkh gl�huhqw vshqglqj wdujhwv ri wkh wzr srolwlfdo sduwlhv zklfk lq

hdfk frxqwu| frpshwh iru r!fh1 Vlqfh wkhuh lv xqfhuwdlqw| derxw wkh suhihuhqfhv ri

wkh �vfdo srolf|pdnhu/ lw lv srvvleoh wr gudz d sdudooho zlwk wkh olwhudwxuh rq xqfhuwdlq

FE suhihuhqfhv +h1j1 Ehhwvpd dqg Mhqvhq/ 4<<;/ ru Pxvfdwhool/ 4<<;,/ dqg zh h{soruh

wklv olqn7 erwk dv uhjdugv vlpsoli|lqj dvvxpswlrqv dqg lq whupv ri wkh lpsolfdwlrqv iru

FE ghvljq1 Krzhyhu/ vlqfh wkhuh duh wzr srolwlfdo sduwlhv zlwk gl�huhqw suhihuhqfhv/

prqhwdu| srolf| ghohjdwlrq dftxluhv d qhz glphqvlrq= lw pxvw lpsuryh zhoiduh iru

erwk sduwlhv/ qrw mxvw iru d uhsuhvhqwdwlyh2phgldq yrwhu1 Zh glvfxvv krz dowhuqd0

wlyh irupv ri prqhwdu| ghohjdwlrq 0 lq sduwlfxodu/ Urjr� frqvhuydwlvp dqg lq dwlrq

wdujhwv 0 fdq eh xvhg wr wkdw hqg1

Prghoolqj srolwlfdo f|fohv udlvhv d frqvlghudeoh qxpehu ri lvvxhv dv uhjdugv wkh

wlplqj dqg rxwfrphv ri hohfwlrqv 0 sduwlfxoduo| li/ dv lw lv wkh fdvh/ rqh frqvlghuv

dq rshq hfrqrp| vhwxs1 Zkloh uhwdlqlqj prvw ri wkh vwdqgdug dvvxpswlrqv xvhg lq

wkh olwhudwxuh +vxfk dv hohfwlrq gdwhv dqg ylfwru| suredelolwlhv ri hdfk sduw| zklfk

duh erwk h{rjhqrxv,/ zh zlvk wr vwxg| wkh frqvhtxhqfhv iru zhoiduh dqg iru FE

ghvljq ri wkh ghjuhh ri v|pphwu| ri hohfwlrq uhvxowv dfurvv frxqwulhv 0 dq lvvxh zh

dgguhvv e| frpsdulqj wkh fdvhv ri shuihfw v|pphwu| +l1h1/ wkh vdph sduw| zlqv lq

erwk frxqwulhv, dqg ri furvv0frxqwu| lqghshqghqfh1 Wkrxjk zh ghyhors rxu dqdo|vlv

xqghu wkh dvvxpswlrq ri hohfwlrqv wdnlqj sodfh hyhu| shulrg/ zh dovr fkhfn zkhwkhu

kroglqj hohfwlrqv dw orqjhu lqwhuydov zrxog pdnh d gl�huhqfh iru rxu frqfoxvlrqv1

6Iru lqvwdqfh/ qr h{solflw jryhuqphqw exgjhw frqvwudlqw h{lvwv1
7Zh duh qrw wkh �uvw wr uhodwh wkhvh wzr irupv ri xqfhuwdlqw|1 Pxvfdwhool +4<<;, kdv douhdg| grqh

lw/ dowkrxjk zlwk d gl�huhqw irfxv +lq d prgho zlwk prqhwdu| srolf| dorqh/ dqdo|vlqj zkhwkhu lw lv
suhihudeoh wr kdyh dq lqghshqghqw FE zlwk xqfhuwdlq suhihuhqfhv ru wr idfh srolwlfdo xqfhuwdlqw| lq
prqhwdu| srolf|,1
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Zh �qg wkdw/ ehvlghv wkh xvxdo lq dwlrq eldv sureohp/ �vfdo srolwlfdo f|fohv dovr

fdoo iru FE frqvhuydwlvp1 Ixuwkhu/ e| frpelqlqj *zhljkw0frqvhuydwlvp* +Urjr�/ 4<;8,

zlwk dq lq dwlrq wdujhw lw lv srvvleoh wr hqvxuh wkdw FE lqghshqghqfh fdq dozd|v

ehqh�w erwk sduwlhv1 Ilqdoo|/ v|pphwu| lq hohfwlrq uhvxowv lv xqdpeljxrxvo| zhoiduh0

lqihulru wr lqghshqghqfh> skudvhg gl�huhqwo|/ lq d prqhwdu| xqlrq zhoiduh lv kljkhu li

dv|pphwulf/ udwkhu wkdq v|pphwulf/ srolwlfdo vkrfnv suhydlo1

Wkh uhpdlqghu ri wklv sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho/

zlwk vshfldo dwwhqwlrq ehlqj sdlg wr wkh irupdol}dwlrq ri sduwlvdq glvdjuhhphqw lq �vfdo

srolf|1 Vhfwlrq 6 ghulyhv wkh htxloleulxp ydoxhv ri lq dwlrq/ rxwsxw dqg vshqglqj

xqghu wkh dowhuqdwlyh dvvxpswlrqv ri v|pphwulf dqg lqghshqghqw hohfwlrq uhvxowv1

Vhfwlrq 7 dqdo|vhv wkhvh wzr fdvhv iurp d qrupdwlyh srlqw ri ylhz> zhoiduh/ krzhyhu/

lv dovr ghshqghqw rq wkh sdudphwhuv fkdudfwhulvlqj FE lqghshqghqfh/ zkrvh rswlpdo

ydoxhv zloo qrw eh wkh vdph xqghu v|pphwulf dqg lqghshqghqw uhvxowv1 Vhfwlrq 8

frpsduhv sduw| suhihuhqfhv dv uhjdugv FE sdudphwhuv/ ghulyhv wkh rswlpdo ydoxhv ri

wkh odwwhu dqg glvfxvvhv krz wr hqvxuh wkdw erwk sduwlhv ehqh�w iurp prqhwdu| srolf|

ghohjdwlrq> wkh zhoiduh dqdo|vlv ri wkh suhfhglqj vhfwlrq lv wkhq uhvxphg1 Vhfwlrq 9

frqfoxghv1

5 Wkh prgho

Wkh prgho*v edvlf vwuxfwxuh lv eruurzhg iurp Dohvlqd dqg Wdehoolql +4<;:,/ jhqhu0

dolvhg wr d prqhwdu| xqlrq frqwh{w dv lq Ehhwvpd dqg Eryhqehuj +4<<;/ 4<<<,1 Zh

frqvlghu d prqhwdu| xqlrq frpsrvhg ri 5 frxqwulhv/ hdfk ri zklfk uhwdlqv lwv rzq �vfdo

dxwkrulw|1 Wkh wzr hfrqrplhv duh v|pphwulf dqg surgxfh rqh dqg wkh vdph jrrg= zh

wkhq devwudfw iurp whupv ri wudgh h{whuqdolwlhv +xqolnh lq Slqd/ 4<<<,1 Sxeolf vshqg0

lqj lv �qdqfhg e| glvwruwlrqdu| wd{dwlrq rq �upv* uhyhqxhv dqg e| vhljqrudjh/ vr wkdw

wkh jryhuqphqw exgjhw lv dozd|v edodqfhg1 Lq hdfk frxqwu| wkhuh duh wzr sduwlhv/

olehudov dqg frqvhuydwlyhv/ zkr glvdjuhh ryhu wkh rswlpdo udwlr ri sxeolf vshqglqj wr

rxwsxw1 Wkh prqhwdu| xqlrq*v fhqwudo edqn lv lqghshqghqw/ udwkhu wkdq srolwlfdoo|

frqwuroohg1
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Wkh vxsso| ixqfwlrq iru frxqwu| � +� ' �c 2, lv

%� ' Z � Ze � � � � 0�c +4,

zkhuh % ghqrwhv rxwsxw/ Z dqg Ze duh dfwxdo dqg h{shfwhg lq dwlrq/ � lv wkh wd{ udwh

rq �upv* uhyhqxhv/ dqg 0 lv d surgxfwlylw| vkrfn1 Zh pdnh wkh vwdqgdug dvvxpswlrq

wkdw qrplqdo zdjhv duh vhw rqh shulrg lq dgydqfh1 Iroorzlqj vhyhudo frqwulexwlrqv

+h1j1 Dohvlqd dqg Jdwwl/ 4<<8> Ehhwvpd dqg Eryhqehuj/ 4<<;, surgxfwlrq ixqfwlrq

hodvwlflwlhv duh fkrvhq vr dv wr |lhog d xqlw frh!flhqw rq lq dwlrq lq wkh htxdwlrq

deryh81

Wkh jryhuqphqw exgjhw frqvwudlqw lq frxqwu| � lv

}� ' � � n &Zc +5,

zkhuh } lv sxeolf vshqglqj +khuhdiwhu uhihuuhg wr vlpso| dv vshqglqj, dqg & : f lv

uhdo prqh| kroglqjv/ erwk dv d vkduh ri rxwsxw91

Wkh remhfwlyh ixqfwlrqv iru wkh FE +vxevfulsw �,/ d olehudo jryhuqphqw lq frxq0

wu| � +vxevfulsw u,/ dqg d frqvhuydwlyh jryhuqphqw lq frxqwu| � +vxevfulsw �, duh/

uhvshfwlyho|=

`� '
�

2

%
EZ � ZA �

2 n k�
2[
�'�
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2 *2

&
+6,

`uc� '
�

2

k
Z2 n k E%� � %A �

2 n q E}� � � � �u�
2
l

+7,

`�c� '
�

2

k
Z2 n k E%� � %A �

2 n q E}� � � n ���
2
l

+8,

8Dv xvxdo/ htxdwlrq +4, iroorzv iurp wkh �uvw0rughu frqglwlrq +IRF, ri d sulfh0wdnlqj �up1
Pd{lpl}lqj sur�wv S +4 � �,\ �ZO zlwk whfkqrorj| \ @ O�h�x +zkhuh O lv oderxu dqg x lv d
glvwxuedqfh, |lhogv/ lq orjv/ wkh IRF | @ �

4��
+orj � . s� z � � � x

�
,1 Wkh qrplqdo zdjh z htxdov

ez +wkh wudgh xqlrq*v wdujhw uhdo zdjh, soxv sh +wkh udwlrqdo h{shfwdwlrq ri s/ iruphg rqh shulrg lq
dgydqfh,1 Holplqdwlqj frqvwdqw whupv iurp wkh IRF/ gh�qlqj % @ x@�/ vhwwlqj � @ 4@5 dqg dgglqj
dqg vxewudfwlqj s

�4/ zh uhdfk +4,1
9Pruh dffxudwho|/ erwk dv d vkduh ri d srolf|0lqghshqghqw phdvxuh ri qrq0glvwruwlrqdu| rxwsxw

0 wkh rxwsxw wkdw zrxog suhydlo lq wkh devhqfh ri vkrfnv dqg wd{ dqg oderxu pdunhw glvwruwlrqv1
Hdfk frxqwu| lv dvvxphg wr uhfhlyh kdoi ri wkh vhljqrudjh uhyhqxhv jhqhudwhg e| wkh frpprq FE=
vhh Ehhwvpd dqg Eryhqehuj +4<<</ s1 653, iru d ghulydwlrq ri wkh exgjhw frqvwudlqw1
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Wkhvh orvv ixqfwlrqv ihdwxuh wkh xvxdo *ryhu0dpelwlrxv* rxwsxw wdujhw/ %A : f/

jlylqj ulvh wr dq lq dwlrq eldv sureohp1 `� doorzv iru erwk zhljkw0frqvhuydwlvp/

fruuhvsrqglqj wr d ydoxh ri k� gl�huhqw iurp +orzhu wkdq, k/ dqg dq lq dwlrq wdujhw

+ZA ,1 Zh wkxv lqfoxgh lq rxu vhwxs wzr ri wkh prvw zlgho| vwxglhg lqvwlwxwlrqdo vrox0

wlrqv wr wkh wlph0frqvlvwhqf| sureohp/ edvhg rq Urjr� +4<;8, dqg Vyhqvvrq +4<<:,/

uhvshfwlyho|1 Wkh devhqfh ri vshqglqj iurp `� lpsolhv qr orvv ri jhqhudolw|/ vlqfh

} lv dvvxphg wr eh wkh �vfdo lqvwuxphqw1 Wkhuh lv sduwlvdq glvdjuhhphqw ryhu wkh

vshqglqj wdujhw +olehudov dlp dw �n �u/ frqvhuydwlyhv dw �� ��/ zlwk �/ �u/ �� : f,/

d ihdwxuh zh zloo vkruwo| uhwxuq wr1

Wkh wlplqj ri hyhqwv lv wkh iroorzlqj=

31 Dw d frqvwlwxwlrqdo vwdjh/ dq lqghshqghqw FE lv dssrlqwhg/ zlwk dq rswlpdoo|

ghvljqhg orvv ixqfwlrq +l1h1/ wkh rswlpdo ydoxhv iru k� dqg ZA duh fkrvhq,1

41 Qrplqdo zdjhv duh vhw rqh shulrg lq dgydqfh e| qdwlrqdo0zlgh wudgh xqlrqv

dlplqj dw suhvhuylqj d fhuwdlq uhdo zdjh1

51 Hohfwlrqv wdnh sodfh lq hdfk frxqwu|1 Olehudov zlq zlwk dq h{rjhqrxv suredelolw|

� / frqvhuydwlyhv zlq zlwk suredelolw| �� � 1

61 Vxsso| vkrfnv 0� rffxu1

71 Wkh FE dqg wkh hohfwhg jryhuqphqwv/ vlpxowdqhrxvo| dqg lq d qrq0frruglqdwhg

idvklrq/ vhw wkhlu srolf| lqvwuxphqwv vr dv wr plqlpl}h wkhlu uhvshfwlyh orvv ixqfwlrqv1

Wkh FE lv dvvxphg wr gluhfwo| vhw Z/ zkhuhdv jryhuqphqwv fkrrvh }> wd{hv duh wkhuh0

iruh uhvlgxdoo| ghwhuplqhg1 Qdvk ehkdylrxu lv dvvxphg iru vlpsolflw| +vhh Ehhwvpd

dqg Eryhqehuj/ 4<<;/ iru dq dqdo|vlv ri �vfdo ohdghuvkls,1

Vwdjhv 51 dqg 61 uhtxluh wkh vshfl�fdwlrq ri wkh mrlqw glvwulexwlrq ri hohfwrudo ylf0

wrulhv dqg surgxfwlylw| glvwxuedqfhv lq wkh wzr frxqwulhv iruplqj wkh prqhwdu| xqlrq1

Dv uhjdugv hohfwlrqv/ zh frqvlghu wzr fdvhv= v|pphwulf hohfwrudo rxwfrphv/ zkhuhe|

wkh vdph sduw| zlqv lq erwk frxqwulhv/ dqg lqghshqghqw hohfwrudo rxwfrphv/ zkhuh

hdfk frxqwu|*v suredelolwlhv gr qrw d�hfw wkh rwkhu*v1 Xqghu wkh iruphu dvvxpswlrq/

wkhuh zloo eh wzr olehudo jryhuqphqwv zlwk suredelolw| � dqg wzr frqvhuydwlyh jry0

huqphqwv zlwk suredelolw| ��� > xqghu lqghshqghqfh/ wkh suredelolwlhv duh � 2 iru wzr

olehudov jryhuqphqwv/ E�� � �2 iru wzr frqvhuydwlyh jryhuqphqwv/ dqg 2� E�� � � iru
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gl�huhqw jryhuqphqwv +rqh olehudo dqg rqh frqvhuydwlyh, lq wkh wzr frxqwulhv1 Vxsso|

vkrfnv duh vshfl�hg dv llg zlwk yduldqfh T E0�� ' j2c � ' �c 2 dqg d furvv0frxqwu|

fruuhodwlrq ri 41 Ilqdoo|/ hohfwlrq uhvxowv dqg surgxfwlylw| glvwxuedqfhv duh dvvxphg

wr eh lqghshqghqw ri hdfk rwkhu1

Wkh dvvxpswlrq ri rqh0shulrg whupv ri r!fh +vlqfh hohfwlrqv duh khog hyhu| shulrg,

lv pdgh iru frqyhqlhqfh dqg zlwkrxw dq| orvv ri jhqhudolw|1 Dqqh{ 6 vkrzv wkdw doo

rxu uhvxowv fduu| ryhu wr pxowl0shulrg whupv ri r!fh1

Wr forvh wklv vhfwlrq zh uhwxuq wr wkh lvvxh ri prghoolqj sduwlvdq glvdjuhhphqw1

Suhylrxv vwxglhv ri sduwlvdq srolwlfdo f|fohv kdyh ihdwxuhg frq lfw ryhu uhodwlyh zhljkwv

+h1j1 Dohvlqd dqg Jdwwl/ 4<<8/ zkhuh olehudov dwwdfk d kljkhu zhljkw wr rxwsxw uhodwlyh

wr lq dwlrq,/ ryhu wdujhwv +h1j1 Vdslu dqg Vhnndw/ 4<<</ zkhuh frqvhuydwlyhv dlp dw

d orzhu lq dwlrq wdujhw,/ ru erwk +dv lq wkh sdwk0euhdnlqj frqwulexwlrq ri Dohvlqd/

4<;:/ dqg lq R}ndq/ 4<<;,1 Iru wkh vdnh ri dqdo|wlfdo wudfwdelolw|/ wklv sdshu prghov

wkh vshqglqj wdujhw dv wkh rqo| erqh ri frqwhqwlrq ehwzhhq sduwlhv1 Ixuwkhupruh/ zh

lpsrvh rqh dgglwlrqdo vlpsoli|lqj dvvxpswlrq/

��u � E�� � � �� ' fc +9,

iru zklfk zh r�hu wkuhh olqhv ri ghihqfh1 Iluvw/ dv zloo ehfrph dssduhqw lq wkh

qh{w vhfwlrq/ lw juhdwo| vlpsol�hv wkh dqdo|vlv/ pdnlqj lw srvvleoh wr uhdfk dqdo|wlfdo

uhvxowv lqvwhdg ri ehlqj irufhg wr uhvruw wr qxphulfdo vlpxodwlrqv +d sureohp idfhg e|

R}ndq/ 4<<;,1 Vhfrqg/ wkrxjk lw pd| vhhp ryhu0uhvwulfwlyh/ +l, lw ohdyhv wkh gl�huhqfhv

ehwzhhq pdfurhfrqrplf rxwfrphv xqghu olehudo dqg frqvhuydwlyh uxoh txdolwdwlyho|

xqd�hfwhg +uhodwlyh wr wkh pruh frpsoh{ vshfl�fdwlrq ri R}ndq/ 4<<;, dqg +ll, lw

grhv qrw hqwdlo orvlqj wkh srvvlelolw| ri glvwlqjxlvklqj ehwzhhq fkdqjhv lq wkh ylfwru|

suredelolwlhv +� , dqg fkdqjhv lq wkh ghjuhh ri srolwlfdo srodulvdwlrq +wkh gl�huhqfh

ehwzhhq wkh vshqglqj wdujhwv ri olehudov dqg frqvhuydwlyhv/ l1h1/ �u n ��,
:1 Odvw exw

qrw ohdvw/ li rqh uhjdugv wkh duulydo wr srzhu ri d jlyhq sduw| dv d vkrfn wr wkh vshqglqj

:Iru jlyhq S / srolwlfdo srodulvdwlrq +�
O
. �

F
, fdq eh fkdqjhg e| pdqlsxodwlrq ri �

O
dqg �

F

xqghu wkh frqwudlqw ri d frqvwdqw udwlr �O@�F 1 Iru d jlyhq ghjuhh ri srodulvdwlrq/ S fdq dovr eh
fkdqjhg/ wkrxjk dgmxvwphqwv pxvw eh pdgh lq �O dqg �F dv zhoo= ghqrwlqj �O . �F e| d frqvwdqw
�/ rqh pxvw kdyh �

O
@ +4� S , �> �

F
@ S�1

9



wdujhw ri wkh �vfdo dxwkrulw|/ wkhq htxdwlrq +9, phuho| vwdwhv wkdw vxfk d glvwxuedqfh

kdv d }hur phdq/ zkloh dw wkh vdph wlph hqvxulqj +dv vkrzq lq odwhu vhfwlrqv, wkdw

xqfhuwdlqw| derxw �vfdo suhihuhqfhv grhv qrw d�hfw wkh �uvw prphqwv/ exw rqo| wkh

vhfrqg prphqwv/ ri pdfurhfrqrplf yduldeohv1 Wklv lqvxodwlrq ri �uvw prphqwv iurp

vkrfnv wr wkh wdvwhv ri wkh srolf|pdnhu fdq dovr eh irxqg lq wkh olwhudwxuh rq xqfhuwdlq

FE suhihuhqfhv/ dv d frqvhtxhqfh ri sduwlfxodu prghoolqj vshfl�fdwlrqv +vhh Ehhwvpd

dqg Mhqvhq/ 4<<;/ ru Pxvfdwhool/ 4<<;/ dqg frqvwudvw zlwk Qrodq dqg Vfkdolqj/ 4<<9/

zkhuh vxfk vshfl�fdwlrqv zhuh vwloo devhqw,1

6 Htxloleulxp pdfurhfrqrplf rxwfrphv

Lq wklv vhfwlrq zh ghulyh wkh htxloleulxp ydoxhv ri lq dwlrq/ rxwsxw dqg vshqglqj/ dqg

frpsduh vxfk pdfurhfrqrplf rxwfrphv xqghu olehudo dqg frqvhuydwlyh uxoh1

Wkh �uvw0rughu frqglwlrqv +IRFv, iru wkh FE/ d olehudo jryhuqphqw lq frxqwu| �/

dqg d frqvhuydwlyh jryhuqphqw lq frxqwu| � +� ' �c 2, duh/ uhvshfwlyho|/

Z � ZA n
�

2
k�> E%� � %A � n

�

2
k�> E%2 � %A � ' fc +:,

�k E%� � %A � n q E}� � � � �u� ' f +;,

dqg

�k E%� � %A � n q E}� � � n ��� ' fc +<,

zkhuh > ' & n �1 Qrwlfh wkdw lqvhuwlqj wkh exgjhw frqvwudlqw lqwr wkh rxwsxw vxsso|

ixqfwlrq |lhogv

%� ' >Z � Ze � }� � 0�c +43,

zklfk lv wkhq soxjjhg lqwr htxdwlrqv +:, wr +<,1

Wkh �uvw vwhs wr vroyh wkh prgho lv wr �qg Ze/ zklfk uhtxluhv frqvlghudwlrq ri wkh

vhyhudo srvvleoh lq dwlrq rxwfrphv lq wkh zdnh ri hohfwlrqv1 Li olehudov zlq lq erwk

frxqwulhv/ wkh wkuhh0htxdwlrq v|vwhp iruphg e| +:, dqg yhuvlrqv ri +;, iru frxqwulhv

4 dqg 5 |lhogv

:



Z '
k�>q

�
Ze n � n %A n �u n 0�n02

2

�
n Ekn q�ZA

k�>2q n kn q
� +44,

Li frqvhuydwlyhv zlq lq erwk frxqwulhv/ d vlplodu surfhvv 0 wkrxjk ri frxuvh xvlqj +<,

lqvwhdg ri +;, 0 jlyhv

Z '
k�>q

�
Ze n � n %A � �� n 0�n02

2

�
n Ekn q� ZA

k�>2q n kn q
� +45,

Ilqdoo|/ li olehudov zlq lq rqh ri wkh frxqwulhv dqg frqvhuydwlyhv duh wkh ylfwruv lq wkh

rwkhu/ wkhq/ iurp htxdwlrqv +:, wr +<,/ rqh rewdlqv

Z '
k�>q

�
Ze n � n %A n �u3��

2
n 0�n02

2

�
n Ekn q�ZA

k�>2q n kn q
� +46,

Zhljklqj wkhvh wkuhh srvvleoh lq dwlrq rxwfrphv e| wkhlu uhvshfwlyh suredelolwlhv

xqghu hdfk ri wkh wzr fdvhv frqvlghuhg +lqghshqghqfh yhuvxv v|pphwu| lq hohfwlrq

uhvxowv, |lhogv Ze1

Zkhq hohfwrudo uhvxowv duh lqghshqghqw dfurvv frxqwulhv/ wkh suredelolwlhv phq0

wlrqhg deryh duh/ uhvshfwlyho|/ � 2/ E� � � �2 dqg 2� E� � � �1 Lq wkh v|pphwu| vfh0

qdulr/ wkh fruuhvsrqglqj �jxuhv duh vlpso| � / ��� / dqg f1 Vrph dojheud vkrzv wkdw

h{shfwhg lq dwlrq lv wkh vdph lq erwk fdvhv=

Ze '
Ekn q� ZA n k�>q E%A n �� n k�>q E��u � E�� � � ���

kn q n k�>2q � k�>q
c +47,

zklfk vlpsol�hv wr

Ze '
Ekn q� ZA n k�>q E%A n ��

kn q n k�>2q � k�>q
+48,

rqfh dffrxqw lv wdnhq ri htxdwlrq +9,1 Dv fodlphg lq wkh suhylrxv vhfwlrq/ wklv vlpsol0

i|lqj dvvxpswlrq hqvxuhv wkdw sduwlvdq gl�huhqfhv lq vshqglqj wdujhwv gr qrw lq xhqfh

wkh �uvw prphqwv ri pdfurhfrqrplf yduldeohv1

Wr rewdlq dfwxdo pdfurhfrqrplf rxwfrphv/ lqvhuw +48, lq +43,/ dqg wkh odwwhu lq

wkh IRFv1 Iru hdfk srvvleoh frq�jxudwlrq ri hohfwrudo uhvxowv/ rqh fkrrvhv zklfk

IRFv wr xvh lq h{dfwo| wkh vdph zd| dv zkhq ghwhuplqlqj Ze1 Wkh hqvxlqj htxloleuld

fdq eh suhvhqwhg lq d v|qwkhwlf zd| e| uhjduglqj sduwlvdq vshqglqj wdujhwv dv }hur0

phdq srolwlfdo vkrfnv= iru hdfk frxqwu| d udqgrp yduldeoh #� lv gh�qhg/ wdnlqj wkh

;



ydoxh �u zkhq wkh olehudo sduw| lv lq srzhu +suredelolw| � ,/ dqg wkh ydoxh ��� zkhq

frqvhuydwlyhv zlq wkh hohfwlrqv +suredelolw| � � � ,1 Ixuwkhu/ zh ghqrwh wkh dyhudjh

srolwlfdo vkrfn E#� n #2� *2 e| #�/ dqg frxqwu| �*v lglrv|qfudwlf srolwlfdo glvwxuedqfh

#��#� +'
�
#� � #�

�
*2, e| #Uc�> dqg olnhzlvh iru wkh dyhudjh dqg lglrv|qfudwlf hfrqrplf

+surgxfwlylw|, vkrfnv 0� dqg 0Uc�1 Xvlqj wklv qrwdwlrq/ rqh kdv/ zlwk � ' k�>
2q n

kn q=

Z '
k�>q E%A n �� n Ekn q� ZA

�� k�>q
n
k�>q

�
#� n

k�>q

�
0� +49,

%� � %A '
�q E%A n �� n q E>� ��ZA

�� k�>q
�
q

�
#� �

q

kn q
#Uc� �

q

�
0� �

q

kn q
0Uc� +4:,

}�� � '
�k E%A n �� n k E>� �� ZA

�� k�>q
n
�� k

�
#�n

q

kn q
#Uc��

k

�
0��

k

kn q
0Uc� +4;,

Iurp wkhvh htxdwlrqv rqh fdq lqihu wkdw d olehudo jryhuqphqw jlyhv ulvh wr pdfurh0

frqrplf frqglwlrqv fkdudfwhul}hg e| kljkhu lq dwlrq/ orzhu rxwsxw dqg kljkhu vshqg0

lqj wkdq xqghu frqvhuydwlyh uxoh;1 Wkhvh �qglqjv/ dv zhoo dv wkh xqghuo|lqj phfkd0

qlvpv/ duh vlplodu wr R}ndq*v +4<<;,= wkh olehudov* kljkhu vshqglqj wdujhw ohdgv wkhp

wr vhw kljkhu wd{hv/ zlwk frqwudfwlrqdu| frqvhtxhqfhv iru rxwsxw> lq wxuq/ orzhu rxw0

sxw udlvhv wkh fhqwudo edqn*v lqfhqwlyhv wr jhqhudwh lq dwlrq +zklfk plwljdwhv/ exw

grhv qrw uhyhuvh/ wkh dgyhuvh lpsdfw ri kljkhu wd{hv rq rxwsxw,1

7 Zhoiduh dqg dv|pphwulf vkrfnv

Wkh remhfw ri wklv vhfwlrq lv wr vwxg| krz zhoiduh lv d�hfwhg e| wkh ghjuhh ri furvv0

frxqwu| v|pphwu| lq hohfwlrq uhvxowv 0 ru/ sxw gl�huhqwo|/ lq srolwlfdo vkrfnv1 Zh frp0

sduh hfrqrplf dqg srolwlfdo glvwxuedqfhv dv idu dv wkh frqvhtxhqfhv ri dv|pphwu| duh

frqfhuqhg1 Wkurxjkrxw zh wuhdw wkh sdudphwhu fkdudfwhulqj FE zhljkw0frqvhuydwlvp/

k� / dv h{rjhqrxv1 Diwhu ghwhuplqlqj lwv rswlpdo ydoxhv lq wkh iroorzlqj vhfwlrq/ zh

zloo uhwxuq wr wkh zhoiduh frpsdulvrqv qrz xqghuwdnhq1

;Qdwxudoo|/ gl�huhqw jryhuqphqwv jlyh ulvh wr gl�huhqw ydoxhv ri �D dqg �L>l= iru lqvwdqfh/ zkhq

olehudov zlq lq erwk frxqwulhv �D @ �O dqg �L>l @ 31

<



Dv xvxdo lq vwdwlf fuhglelolw| prghov/ wkh h{shfwhg zhoiduh orvv lv d ixqfwlrq ri wkh

�uvw dqg vhfrqg prphqwv ri wkh uhohydqw pdfurhfrqrplf yduldeohv +lq dwlrq/ rxwsxw

dqg vshqglqj/ lq rxu fdvh,1 Ljqrulqj wkh lqlwldo �*2 lq wkh remhfwlyh ixqfwlrqv ri

vhfwlrq 5/ zh fdq wkhuhiruh zulwh wkh h{shfwhg orvv ri wkh olehudo sduw| lq frxqwu| � dv

.E`uc�� ' E. EZ��2nk E. E%� � %A ��
2nq E. E}� � � � �u��

2nT EZ�nkT E%��nqT E}�� c

+4<,

zkloh wkh frxqwhusduw iru wkh frqvhuydwlyh sduw| uhsodfhv �u e| ���1 Rqh fdq lp0

phgldwho| frqfoxgh wkdw/ gxh wr rxu zd| ri prghoolqj sduwlvdq glvdjuhhphqw/ wkh wzr

sduwlhv vx�hu gl�huhqw orvvhv dv uhjdugv wkh dyhudjh ydoxhv ri pdfurhfrqrplf yduldeohv

+lq sduwlfxodu/ vshqglqj,/ exw duh htxdoo| d�hfwhg e| hfrqrplf yrodwlolw|1 Wklv zloo

kdyh lpsruwdqw frqvhtxhqfhv iru wkh uhpdlqghu ri rxu dqdo|vlv1

Zh qrz lqwurgxfh vrph whuplqrorjlfdo dqg qrwdwlrqdo frqyhqwlrqv1 Wkh vxp ri

wkh �uvw wkuhh whupv lq wkh deryh htxdwlrq zloo eh uhihuuhg wr dv wkh v|vwhpdwlf +ru

ghwhuplqlvwlf, zhoiduh orvv/ dqg ghqrwhg e| ` 1 Zh zloo fdoo vwrfkdvwlf zhoiduh orvv 0ì 0 wr wkh vxp ri wkh wkuhh �qdo whupv1 Vxevfulswv u dqg � lghqwli| srolwlfdo sduwlhv/

zkloh vxshuvfulswv 7 dqg U ghqrwh wkh fdvhv ri v|pphwulf dqg lqghshqghqw hohfwlrq

uhvxowv/ uhvshfwlyho|1 Wkh devhqfh ri vxevfulswv dqg2ru vxshuvfulswv lq d yduldeoh ru

h{suhvvlrq lqglfdwhv wkdw wkh odwwhu krogv lq erwk ri wkh fdvhv wkdw vxfk orzhu dqg

xsshu lqglfhv duh vxssrvhg wr glvwlqjxlvk1

Wkh dyhudjhv ri Z/ % � %A dqg } � � duh jlyhq e| wkh �uvw whup rq wkh uljkw0

kdqg vlgh ri htxdwlrqv +49, wr +4;,/ uhvshfwlyho|/ dqg gr qrw ghshqg rq wkh ghjuhh ri

furvv0frxqwu| v|pphwu| lq hohfwlrq uhvxowv1 Khqfh/ v|pphwu| yhuvxv lqghshqghqfh

rqo| pdwwhuv iru pdfurhfrqrplf yrodwlolw|1 Dqg vlqfh wkh odwwhu d�hfwv olehudov dqg

frqvhuydwlyhv lq wkh vdph zd|/ wkh zhoiduh frpsdulvrqv ri wklv vhfwlrq dsso| wr erwk

sduwlhv1

Iurp htxdwlrqv +49, wr +4;,/ wkh mrlqw glvwulexwlrq ri surgxfwlylw| vkrfnv vshf0

l�hg lq vhfwlrq 5 dqg wkh lqghshqghqfh ri hfrqrplf dqg srolwlfdo glvwxuedqfhv +e|

dvvxpswlrq, dqg ri dyhudjh dqg lglrv|qfudwlf vkrfnv +e| frqvwuxfwlrq,/ rqh kdv=
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zkhuh � ' 7c U dqg
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+56,

Lw lv vwudljkwiruzdug wr vkrz wkdw lq dwlrq lv ohvv yrodwloh xqghu lqghshqghqfh ri

hohfwrudo rxwfrphv +vlqfh T UE#�� 	 T 7E#��,= zkhq gl�huhqw sduwlhv duh lq r!fh/ wkh

lpsdfw ri sduwlvdq vshqglqj wdujhwv rq wkh prqhwdu| xqlrq*v dyhudjh rxwsxw +wr zklfk

wkh FE uhvsrqgv, fdqfhov rxw wr vrph h{whqw/ vprrwklqj lq dwlrq yrodwlolw|1 Wkh

lpsdfw ri lqghshqghqfh yhuvxv v|pphwu| rq wkh yduldqfhv ri rxwsxw dqg vshqglqj lv

dw �uvw vljkw dpeljxrxv/ vlqfh xqghu lqghshqghqfh wkh yrodwlolw| ri wkh dyhudjh vkrfn

#� lv vprrwkhg exw lglrv|qfudwlf yduldelolw| lqfuhdvhv +T UE#Uc�� : T 7E#Uc��,= dqqh{ 4

vkrzv wkdw rxwsxw lv dfwxdoo| pruh yrodwloh xqghu lqghshqghqfh/ wkh rssrvlwh wdnlqj

sodfh dv uhjdugv vshqglqj1

Dv iru ryhudoo zhoiduh/ wkh gl�huhqfh ehwzhhq frxqwu| �*v orvvhv xqghu v|pphwu|

dqg xqghu lqghshqghqfh lv jlyhq e|

ì7
� �

ì U
� '

Ek�>q�
2 Ek>2q n kn q�

Ekn q� Ek�>2q n kn q�2
T UE#Uc��c +57,
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zklfk lv xqdpeljxrxvo| qrq0qhjdwlyh1 Wkhuhiruh/ rqh frqfoxghv wkdw/ iru d jlyhq

ydoxh ri k� / lqghshqghqfh lv zhoiduh0lpsurylqj +xqohvv k� ' f/ lq zklfk fdvh wkh

ghjuhh ri v|pphwu| ri hohfwrudo rxwfrphv grhv qrw pdnh d gl�huhqfh iru zhoiduh,1

Wkh h{sodqdwlrq olhv lq wkh idfw wkdw/ zkhq wkh wzr prqhwdu| xqlrq phpehuv kdyh

gl�huhqw jryhuqphqwv/ wkh ghvwdelol}lqj lpsdfw ri sduwlvdq vshqglqj rq krph rxwsxw

lv kljkhu wkdq xqghu vlplodu jryhuqphqwv/ vlqfh prqhwdu| vwdelol}dwlrq lv zhdnhu +dv

qdwlrqdo srolwlfdo vkrfnv fdqfho rxw wr vrph h{whqw,1 Wkhq jryhuqphqwv/ zkhq wudglqj

r� rxwsxw djdlqvw vshqglqj lq wkhlu IRFv 0 vhh +;, dqg +<, 0 rsw iru pruh prghudwlrq

lq sduwlvdq �vfdo srolf|<1 Wkh xsvkrw lv wkdw kdylqj wzr gl�huhqw jryhuqphqwv ohdgv

wr d ploghu sduwlvdq ehkdylrxu/ dqg wkhuhiruh doohyldwhv wkh glvwruwlrq zklfk olhv dw

wkh urrw ri srolwlfdoo|0lqgxfhg pdfurhfrqrplf lqvwdelolw|1

Lw lv lqwhuhvwlqj wr frpsduh srolwlfdo dqg hfrqrplf vkrfnv dv idu dv wkh frqvh0

txhqfhv ri furvv0frxqwu| dv|pphwu| duh frqfhuqhg1 Lq olqh zlwk wkh wkhru| ri rswl0

pxp fxuuhqf| duhdv +lqlwldwhg e| Pxqghoo/ 4<94,/ lw krogv lq rxu prgho wkdw dv|p0

phwulf surgxfwlylw| vkrfnv kdyh lq jhqhudo zruvh frqvhtxhqfhv iru zhoiduh wkdq v|p0

phwulf glvwxuedqfhv/ suhflvho| ehfdxvh ri wkh lqdelolw| ri prqhwdu| srolf| wr vwdelol}h

qdwlrqdo glvwxuedqfhv wkdw fdqfho hdfk rwkhu rxw +vhh dqqh{ 4 iru ghwdlov,1 Zkhq lw

frphv wr srolwlfdo vkrfnv/ krzhyhu/ wkh kljkhu dv|pphwu| wkdw xqghuolhv lqghshqghqw

+dv rssrvhg wr v|pphwulf, hohfwlrq uhvxowv wxuqv rxw wr eh zhoiduh0lpsurylqj/ iru wkh

uhdvrqv h{soruhg lq wkh suhylrxv sdudjudsk1

8 Wkh rswlpdo ghvljq ri wkh Fhqwudo Edqn

Zh qrz wdfnoh wkh lvvxh ri prqhwdu| srolf| ghohjdwlrq 0 wkh fkrlfh ri sdudphwhuv

k� dqg ZA vr dv wr plqlpl}h h{0dqwh zhoiduh orvvhv1 Dv dfnqrzohgjhg e| suhylrxv

vwxglhv +h1j1 Dohvlqd dqg Jdwwl/ 4<<8/ ru Pxvfdwhool/ 4<<;,/ wkh h{lvwhqfh ri sduwlvdq

glvdjuhhphqw lq vrflhw| jlyhv dq h{wud glphqvlrq wr ghohjdwlrq= wkh odwwhu pxvw |lhog

<Iurp htxdwlrqv +4:, dqg +4;,/ rqh fdq fkhfn wkhvh vwdwhphqwv1 Iru lqvwdqfh/ d olehudo jryhuqphqw
lq frxqwu| l zloo vshqg ohvv zkhq frxqwu| m*v jryhuqphqw lv frqvhuydwlyh wkdq zkhq lw lv dovr olehudo=
!��
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jdlqv wr erwk srolwlfdo sduwlhv1 Rwkhuzlvh/ dq| sduw| zklfk vwdqgv wr orvh iurp wkh

fkrvhq prqhwdu| duudqjhphqwv zloo kdyh qr lqfhqwlyh wr uhvshfw wkh lqghshqghqfh

ri wkh FE zkhq lw frphv wr srzhu431 Wkh dowhuqdwlyh wr dq lqghshqghqw FE lv wkh

gluhfw frqgxfw ri prqhwdu| srolf| e| wkh �vfdo dxwkrulwlhv> vlqfh lq rxu prgho rqo|

�vfdo srolf| kdv d sduwlvdq glphqvlrq44/ wklv dowhuqdwlyh vlpso| fruuhvsrqgv wr vhwwlqj

k� ' k dqg ZA ' f1

Rqh fdq revhuyh wkdw zkloh wkh �uvw prphqwv ri lq dwlrq/ vshqglqj dqg rxwsxw duh

d�hfwhg e| erwk wkh zhljkw k� dqg wkh wdujhw ZA / wkh vhfrqg prphqwv rqo| ghshqg

rq k� 1 Ixuwkhu/ dv qrwhg ehiruh/ sduwlhv gl�hu dv idu dv v|vwhpdwlf zhoiduh orvvhv duh

frqfhuqhg/ exw qrw dv uhjdugv vwrfkdvwlf orvvhv= sduwlvdq glvdjuhhphqw rq wkh rswlpdo

prqhwdu| duudqjhphqwv lv wkhuhiruh frq�qhg wr wkh iruphu zhoiduh frpsrqhqw1 Zkloh

rxu jrdo lv wr ghwhuplqh wkh orvv0plqlpl}lqj ydoxhv ri k� dqg ZA / zh wdnh dgydqwdjh

ri wkh suhylrxv revhuydwlrqv wr surfhhg lq wkuhh vwhsv1 Iluvw/ zh ghulyh wkh rswlpdo

zhljkw k� iru vwrfkdvwlf orvvhv dorqh/ glvfxvvlqj wkh rssrvlwh lpsdfwv ri hfrqrplf dqg

srolwlfdo vkrfnv1 Vhfrqg/ zh irfxv rq v|vwhpdwlf orvvhv dqg fkdudfwhul}h wkh sduwlvdq

frq lfw lq wkh fkrlfh ri hdfk ri wkh wzr ghohjdwlrq sdudphwhuv +k� dqg ZA , wdnhq

vhsdudwho|1 Ilqdoo|/ frqvlghulqj ryhudoo zhoiduh dqg erwk ghohjdwlrq sdudphwhuv/ zh

ghulyh dq h!flhqw iurqwlhu ri ydoxhv iru k� dqg ZA / dqg vkrz wkdw/ wr hqvxuh wkdw

ghohjdwlrq ehqh�wv erwk sduwlhv +dqg lv wkxv ihdvleoh,/ wkh zhljkw dqg wkh wdujhw pxvw

eh frpelqhg/ udwkhu wkdq xvhg lq lvrodwlrq1

Dv vkrzq lq Vhfwlrq 7/ wkh yduldqfhv ri lq dwlrq/ rxwsxw dqg vshqglqj fdq eh

ghfrpsrvhg lqwr wzr sduwv/ rqh gxh wr srolwlfdo vkrfnv dqg wkh rwkhu wr surgxfwlylw|

glvwxuedqfhv1 Li rqh plqlpl}hv ì� z1u1w1 k� frqvlghulqj rqo| wkh whupv gxh wr wkh

odwwhu w|sh ri vkrfnv/ wkh rswlpxp zhljkw lv k� ' k/ zkhuhdv li dwwhqwlrq lv uhvwulfwhg

wr wkh yrodwlolw| frpsrqhqwv dvvrfldwhg wr srolwlfdo glvwxuedqfhv/ wkh plqlpl}hu wxuqv

rxw wr eh k� ' f iru erwk v|pphwulf dqg lqghshqghqw hohfwrudo uhvxowv +uhihu wr

43Zh dvvxph wkurxjkrxw wkdw/ surylghg erwk sduwlhv ghulyh h{0dqwh jdlqv iurp prqhwdu| srolf|
ghohjdwlrq/ fhqwudo edqn lqghshqghqfh zloo eh uhvshfwhg 0 l1h1/ jryhuqphqwv zloo uhvlvw wkh whpswdwlrq
wr ryhuulgh wkh prqhwdu| dxwkrulw| rqfh qrplqdo frqwudfwv kdyh ehhq vljqhg1 Vhh Orkpdqq +4<<9,
iru dq dqdo|vlv ri wklv dvvxpswlrq1

44Wklv lv gxh erwk wr wkh idfw wkdw glvdjuhhphqw rqo| frqfhuqv vshqglqj wdujhwv dqg wr wkh
dvvxpswlrq ri vshqglqj +udwkhu wkdq wd{hv, dv wkh �vfdo lqvwuxphqw1
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Dqqh{ 5 iru ghwdlov,1

Wkhuhiruh/ wkh wzr nlqgv ri vkrfnv h{huw rssrvlwh lpsdfwv rq wkh rswlpdo ghjuhh ri

frqvhuydwlvp= zkloh vxsso| vkrfnv duh ehvw ghdow zlwk e| d uhsuhvhqwdwlyh FE +k� '

k/ d zhoo0nqrzq uhvxow,/ xqfhuwdlqw| lq �vfdo srolf| fdoov iru pd{lpxp frqvhuydwlvp

+k� ' f,1 Wklv odwwhu �qglqj fdq eh xqghuvwrrg dv iroorzv1 D vpdoohu zhljkw

ghfuhdvhv wkh srolwlfdoo|0lqgxfhg yduldelolw| ri lq dwlrq dw wkh frvw ri d pruh yrodwloh

rxwsxw/ dqg li wkhuh zhuh qr rwkhu idfwruv wr frqvlghu wkh rswlpdo k� zrxog wkhq

eh srvlwlyh1 Krzhyhu/ wkh lqfuhdvhg yxoqhudelolw| ri rxwsxw prghudwhv wkh sduwlvdq

pdqlsxodwlrq ri vshqglqj 0 wkh yhu| vrxufh ri lqvwdelolw| 0 dqg khqfh frqvhuydwlvp

dovr pdnhv vshqglqj ohvv yrodwloh1 Ixoo frqvhuydwlvp +k� ' f� lv wkxv rswlpdo= wkh

nqrzohgjh wkdw wkh FE zloo gr qrwklqj wr vklhog rxwsxw iurp wkh frqvhtxhqfhv ri

�vfdo srolf| gdpshqv wkh sxuvxlw ri sduwlvdq wdujhwv1

Rxu �qglqj wkdw xqfhuwdlqw| derxw wkh suhihuhqfhv ri �vfdo dxwkrulwlhv fdoov iru d

pruh frqvhuydwlyh FE fdq eh uhodwhg wr Ehhwvpd dqg Mhqvhq*v +4<<;, frqfoxvlrq wkdw

rswlpdo frqvhuydwlvp lqfuhdvhv lq wkh suhvhqfh ri xqfhuwdlq FE suhihuhqfhv1 Krzhyhu/

wkhlu uhvxow/ xqolnh rxuv/ lv jurxqghg rq wkh lqwhudfwlrq ri xqfhuwdlq suhihuhqfhv zlwk

vxsso| vkrfnv1 Rqh fdq dovr gudz d sdudooho ehwzhhq rxu zrun dqg Dohvlqd dqg Jdwwl

+4<<8,/ wr wkh h{whqw wkdw lq erwk sduwlvdq srolf| hqkdqfhv wkh qhw dgydqwdjhv ri

FE frqvhuydwlvp1 Wklv odwwhu sdshu/ qrqhwkhohvv/ frqvlghuv d forvhg hfrqrp| zlwkrxw

�vfdo srolf|/ dqg wkxv sduwlvdq srolf| dqg prqhwdu| ghohjdwlrq duh frpsduhg udwkhu

wkdq mrlqwo| dqdo|vhg1

Wkh rswlpdo k� iru ryhudoo vwrfkdvwlf orvvhv zloo olh vrphzkhuh ehwzhhq wkh rswlpd

iru hdfk nlqg ri vkrfnv1 Dqqh{ 5 suryhv wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4 Iru hdfk ghjuhh ri furvv0frxqwu| v|pphwu| lq hohfwlrq uhvxowv/ wkh
ydoxh ri k� wkdw plqlpl}hv vwrfkdvwlf zhoiduh orvvhv lv xqltxh dqg lw krogv wkdw f 	
k� 	 k/ Yk�*YT E0�� : f/ Yk�*YT E#�� 	 f1

Zh qrz wxuq wr wkh ghwhuplqdwlrq ri wkh ydoxhv ri k� dqg2ru ZA wkdw plqlpl}h

v|vwhpdwlf zhoiduh orvvhv +l1h1/ wkrvh dvvrfldwhg zlwk wkh �uvw prphqwv ri pdfurhfr0

qrplf yduldeohv,1 Vxfk ydoxhv duh vxemhfw wr sduwlvdq glvdjuhhphqw/ exw lqghshqghqw
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ri wkh ghjuhh ri v|pphwu| lq hohfwlrq uhvxowv1 Irfxvvlqj rq wkh fkrlfhv ri hdfk gho0

hjdwlrq ghylfh zkhq wkh rwkhu lv qrw dydlodeoh/ l1h1/ rq k� zkhq ZA ' f/ dqg rq ZA

zkhq k� ' k/ zh rewdlq/ iru olehudov/

k� ' k
>� �

>

Ekn q� E%A n �� n Ekn q� �u
Ekn q� E%A n ��� kq E>� ��2 �u

+58,

dqg

ZA ' kq
E>� �� Ekq> E>� �� n kn q� �u � Ekn q� E%A n ��

Ekn q�
�
kq E>� ��2 n kn q

� c +59,

zkhuhdv iru frqvhuydwlyhv rqh phuho| uhsodfhv lq wkh h{suhvvlrqv deryh �u e| ���1

Xqvxusulvlqjo|/ wkh frqvhuydwlyh sduw| dozd|v idyrxuv d pruh frqvhuydwlyh FE 0

wkurxjk orzhu ydoxhv ri hlwkhu k� ru ZA 0 wkdq wkh olehudov1 Wkh uhdvrq olhv lq wkh flu0

fxpvwdqfh wkdw olehudov kdyh d pruh dpelwlrxv vshqglqj wdujhw/ dqg wkhuhiruh dwwdfk

d kljkhu lpsruwdqfh wr vhljqrudjh uhyhqxhv1 Zkloh wkh rswlpdo FE iru frqvhuydwlyhv

lv xqdpeljxrxvo| frqvhuydwlyh +l1h1/ k� 	 k ru ZA 	 f,/ wkh rswlpdo FE iru olehudov

fdq hlwkhu eh frqvhuydwlyh ru dqwl0frqvhuydwlyh +lq wkh odwwhu fdvh/ k� : k ru ZA : f,1

Dv d frqvhtxhqfh/ wkhuh pd| eh fdvhv zkhuh pxwxdoo| dgydqwdjhrxv ghohjdwlrq lv lp0

srvvleoh1 Zkhqhyhu olehudov zdqw ZA : f/ ghsduwlqj iurp wkh qrq0ghohjdwlrq ydoxh ri

ZA ' f lqhylwdeo| pdnhv rqh ri wkh sduwlhv zruvh r� +dv ghprqvwudwhg lq Dqqh{ 5,>

dqg d vlplodu sureohp wdnhv sodfh li olehudov zrxog olnh wr vhw k� : k1

Zh kdyh qrz sdyhg wkh zd| wr dqdo|vh ghohjdwlrq wdnlqj lqwr dffrxqw ryhudoo

zhoiduh dqg erwk sdudphwhuv k� dqg ZA 1 Rxu dlp lv wr ghulyh dq h!flhqw iurqwlhu ri

ydoxhv iru wkhvh sdudphwhuv e| plqlpl}lqj d zhljkwhg dyhudjh ri erwk sduwlhv* zhoiduh

orvvhv/ vxemhfw wr wkh frqvwudlqwv wkdw hdfk sduw| lv ohiw dw ohdvw dv zhoo r� dv zlwkrxw

ghohjdwlrq +sduwlflsdwlrq frqvwudlqwv,1 Irupdoo|=

4�?
k� cZA

w.E`uc�Ek� c ZA �� n E�� w�.E`�c�Ek� c ZA ��

r�|�

.E`uc�Ek� c ZA �� � .E`uc�Ekc f��

.E`�c�Ek� c ZA �� � .E`�c�Ekc f��c

+5:,
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zkhuh f � w � �1

Ehdulqj lq plqg wkdw h{shfwhg zhoiduh fruuhvsrqgv wr wkh vxp ri ` � dqg ì�/ wkh

odwwhu ehlqj frpprq wr erwk sduwlhv dqg d�hfwhg e| k� dorqh/ wkh remhfwlyh ixqfwlrq

deryh fdq eh uhzulwwhq dv w`uc�Ek� c ZA � n E�� w�`�c�Ek� c ZA � n ì
�Ek��1 Vrph

dojheud vkrzv wkdw wkh IRFv ri plqlpl}lqj wkh wzr �uvw whupv ri wklv h{suhvvlrq

z1u1w1 k� dqg ZA duh irupdoo| lghqwlfdo1 Wkh IRF z1u1w1 ZA |lhogv

ZA '
>q
�
kq E>� ��2 / � Ekn q� E%A n ��

�
k� n kq E>� �� Ekn q� E%A n � n /�

Ekn q�
�
kq E>� ��2 n kn q

� c

+5;,

zlwk / ' w�u�E�� w� ��1 Lqvhuwlqj wklv h{suhvvlrq lqwr wkh IRFz1u1w1 k� pdnhv wkh

odwwhu vlpsoli| wr _ì�*_k� ' f/ wkh vroxwlrq ri zklfk kdv douhdg| ehhq fkdudfwhul}hg

lq Sursrvlwlrq 41 Wkh hqvxlqj ydoxh iru k� lv wkhq soxjjhg edfn lqwr htxdwlrq

+5;, wr ghulyh wkh rswlpdo lq dwlrq wdujhw1 Sduwlflsdwlrq frqvwudlqwv wudqvodwh lqwr

uhvwulfwlrqv rq w +vhh Sursrvlwlrq 5 ehorz,1

Lw lv vwudljkwiruzdug wkdw wkh rswlpdo frpelqdwlrq +k� c ZA , rxwshuirupv dq| ri

wkhvh wzr ghohjdwlrq sdudphwhuv xvhg lqglylgxdoo|451 Shukdsv pruh lpsruwdqwo|/ wkh

dydlodelolw| ri erwk zhljkw0frqvhuydwlvp dqg dq lq dwlrq wdujhw dozd|v pdnhv lw srvvl0

eoh wr dssrlqw dq lqghshqghqw FE zklfk ehqh�wv erwk sduwlhv1 Pruh irupdoo|/ dqqh{

5 hvwdeolvkhv wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 5 Iru hdfk ghjuhh ri furvv0frxqwu| v|pphwu| lq hohfwlrq uhvxowv/ lw lv
dozd|v srvvleoh wr �qg ydoxhv ri w vxfk wkdw ZA dqg k� jlyhq e| htxdwlrq +5;, dqg
Sursrvlwlrq 4/ uhvshfwlyho|/ vroyh sureohp +5:,1 Li/ krzhyhu/ rqh dggv hlwkhu wkh frq0
vwudlqw k� ' k ru wkh frqvwudlqw ZA ' f/ lw pd| eh wkh fdvh wkdw/ zkdwhyhu w/ wkh
rqo| vroxwlrq wr sureohp +5:, lv Ek� c ZA � ' Ekc f�1

Wkh lqwxlwlrq ehklqg wkh vhfrqg sduw ri wklv sursrvlwlrq +pxwxdoo| dgydqwdjhrxv

ghohjdwlrq pd| eh lpsrvvleoh zkhq wkhuh lv rqo| rqh ghohjdwlrq sdudphwhu, kdv do0

uhdg| ehhq suhvhqwhg1 Dv iru wkh �uvw sduw/ wkh dydlodelolw| ri erwk k� dqg ZA pdnhv

45Kdylqj mxvw rqh ghohjdwlrq sdudphwhu fruuhvsrqgv wr wkh suhylrxv sureohp xqghu rqh dgglwlrqdo

frqvwudlqw= �W @ 3 li zh duh ohiw zlwk �P / ru �P @ � li �W fdq eh iuhho| vhw1
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lw srvvleoh wr doorfdwh wkh iruphu wr wkh *frqvhqvxv duhd* ri ghohjdwlrq +j̀�,/ zkloh wkh

odwwhu lv ghyrwhg wr dwwdlqlqj d pxwxdoo| dffhswdeoh vroxwlrq lq wkh *frq lfw duhd* +`�,1

Wkh idfw wkdw vxfk d vroxwlrq fdq dozd|v eh irxqg klqjhv rq wkh lqwhufkdqjhdelolw|

ri k� dqg ZA dv uhjdugv v|vwhpdwlf orvvhv/ dqg/ pruh vshfl�fdoo|/ rq wkh srvvlelolw|

ri/ iru dq| ydoxh ri k� / �qglqj d ZA vxfk wkdw ` �c�Ek� c ZA � ' ` �c�Ekc f�c � ' uc�

0 lpso|lqj wkdw/ dw wkh ydu| ohdvw/ rqh fdq dozd|v hpxodwh qrq0ghohjdwlrq dv uhjdugv

`�/ zkloh uhdslqj wkh ehqh�wv ri dq rswlpdo k� lq whupv ri j̀� +vhh dqqh{ 5 iru

ghwdlov,1

Sursrvlwlrq 5 dggv wr wkh olwhudwxuh wkdw glvfxvvhv wkh uhodwlyh vwuhqjwkv ri gl�hu0

hqw irupv ri prqhwdu| ghohjdwlrq1 Wkh nh| �qglqj ri wklv olqh ri uhvhdufk kdv ehhq

wkh uhvwrudwlrq ri d xvhixo uroh iru zhljkw0lqghshqghqfh +Urjr�*v frqvhuydwlyh FE,

0 lqvwhdg ri/ ru dorqjvlgh/ qrq0vwdwh0frqwlqjhqw lq dwlrq wdujhwv ru frqwudfwv 0 zkhq

vkrfn vwdelol}dwlrq xqghu d uhsuhvhqwdwlyh +l1h1/ qrq0lqghshqghqw, FE lv vxerswlpdo

+vhh Khuuhqgrui dqg Orfnzrrg/ 4<<:/ Ehhwvpd dqg Mhqvhq/ 4<<; ru Slqd/ 4<<</ zkhuh

pruh uhihuhqfhv fdq eh irxqg,1 Wklv sdshu uhlqirufhv wkh uroh ri zhljkw0lqghshqghqfh

dv sduw ri wkh rswlpdo ghohjdwlrq duudqjhphqwv= qrw rqo| grhv wkh rswlpdo frpelqd0

wlrq ri k� dqg ZA rxwshuirup dq| ri wkh wzr ghohjdwlrq ghylfhv xvhg lqglylgxdoo|/

exw lw dovr hqvxuhv wkh srolwlfdo ihdvlelolw| ri FE lqghshqghqfh1

Zh forvh wklv vhfwlrq e| uhylvlwlqj rxu uhvxowv derxw wkh zhoiduh frqvhtxhqfhv ri

gl�huhqw hohfwrudo dvvxpswlrqv lq wkh oljkw ri wkh rswlpdo FE duudqjhphqwv1 Zh

kdg frqfoxghg wkdw/ iru dq| jlyhq k� : f/ furvv0frxqwu| lqghshqghqfh ri hohfwlrq

uhvxowv |lhogv kljkhu zhoiduh +vpdoohu orvvhv, wkdq v|pphwu|1 Dffrxqw pxvw eh wdnhq/

krzhyhu/ ri wkh idfw wkdw wkh rswlpdo ydoxh ri k� zloo qrw eh wkh vdph lq wkh wzr

fdvhv= wkh yduldqfh ri wkh dyhudjh srolwlfdo vkrfn zloo eh kljkhu xqghu v|pphwu|

+T 7E#�� : T UE#��,/ wkxv lqgxflqj d pruh frqvhuydwlyh FE +k7� 	 kU�,1 Qrqhwkhohvv/

wkh dgydqwdjh ri lqghshqghqfh +pruh dv|pphwu| lq srolwlfdo glvwxuedqfhv, vwloo krogv=

li vhwwlqj lq wkh lqghshqghqfh fdvh d ydoxh ri k� htxdo wr wkh ehvw fkrlfh xqghu

v|pphwu| +l1h1/ htxdo wr k7�, lv hqrxjk wr hqvxuh vpdoohu orvvhv/ wkhq wkh jdlq fdq

rqo| eh lqfuhdvhg zkhq k� lv fkrvhq rswlpdoo|1

4:



9 Frqfoxglqj uhpdunv

Lq wklv sdshu zh kdyh shuiruphg d mrlqw dqdo|vlv ri sduwlvdq srolwlfdo f|fohv dqg

fhqwudo edqn lqghshqghqfh1 Zh kdyh prghoohg qdwlrqdo �vfdo srolf| dv wkh orfxv ri

sduwlvdq frq lfw/ dqg/ qrwlqj wkdw srolwlfdo xqfhuwdlqw| erlov grzq wr vkrfnv wr wkh

suhihuhqfhv ri wkh �vfdo dxwkrulw|/ zh kdyh dgrswhg vshfl�fdwlrqv zklfk hqvxuh wkdw/

olnh lq wkh olwhudwxuh rq xqfhuwdlq fhqwudo edqnhu suhihuhqfhv/ wkh lpsdfw ri xqfhuwdlqw|

lv uhvwulfwhg wr wkh vhfrqg prphqwv ri pdfurhfrqrplf yduldeohv/ �uvw prphqwv ehlqj

wkh vdph dv li �vfdo srolf| glg qrw kdyh d sduwlvdq fkdudfwhu1 Wklv prghoolqj vwudwhj|

kdv pdgh lw srvvleoh wr uho| h{foxvlyho| rq dqdo|wlfdo uhvxowv/ udwkhu wkdq qxphulfdo

vlpxodwlrqv1

Rxu yduldqw ri wkh rqh0shulrg fuhglelolw| prgho ihdwxuhv erwk srolwlfdo dqg hfr0

qrplf vkrfnv/ zklfk duh frpsduhg rq wzr frxqwv= frqvhtxhqfhv iru wkh rswlpdo

ghjuhh ri FE frqvhuydwlvp/ dqg zhoiduh lpsdfw ri gl�huhqw ghjuhhv ri vkrfn dv|p0

phwu|1 Zh kdyh frqfoxghg wkdw/ xqolnh surgxfwlylw| glvwxuedqfhv/ srolwlfdo vkrfnv

fdoo iru pruh zhljkw0frqvhuydwlvp/ dqg furvv0frxqwu| dv|pphwu| lq vxfk vkrfnv lv

zhoiduh0lpsurylqj1 Ehklqg wkhvh wzr uhvxowv olh vlplodu phfkdqlvpv1 Erwk frqvhu0

ydwlvp dqg dv|pphwulf vkrfnv olplw wkh vwdelol}dwlrq uroh ri prqhwdu| srolf|/ zklfk

ohdyhv rxwsxw pruh yxoqhudeoh wr glvwxuedqfhv> lq wxuq/ wkh shufhswlrq ri wklv lq0

fuhdvhg yxoqhudelolw| h{huwv d prghudwlqj lq xhqfh rq wkh sduwlvdq pdqlsxodwlrq ri

jryhuqphqw vshqglqj 0 wkh yhu| vrxufh ri srolwlfdo vkrfnv1

Zh kdyh dovr lqyhvwljdwhg wkh srolwlfdo yldelolw| ri FE lqghshqghqfh 0 qrw lq wkh

vhqvh ri dgguhvvlqj wkh lqfhqwlyhv wr ryhuulgh wkh prqhwdu| dxwkrulw| rqfh lq dwlrq

h{shfwdwlrqv kdyh ehhq iruphg dqg qrplqdo frqwudfwv vljqhg/ exw udwkhu lq whupv ri

vwxg|lqj zklfk lqvwlwxwlrqdo duudqjhphqwv hqvxuh wkdw erwk srolwlfdo sduwlhv ehqh�w

iurp wkh ghohjdwlrq ri prqhwdu| srolf|1 Rxu �qglqjv uhlqirufh suhylrxv frqwulexwlrqv

lq xqghuolqlqj wkh xvhixoqhvv ri Urjr�0w|sh frqvhuydwlvp dv sduw ri wkh rswlpdo FE

ghvljq= frpelqlqj frqvhuydwlvp zlwk dq lq dwlrq wdujhw qrw rqo| lpsuryhv rq wkh

vhsdudwh xvh ri hdfk ri wkh wzr/ exw dovr jxdudqwhhv wkdw d ghohjdwlrq vfkhph zklfk

lv lq wkh lqwhuhvw ri erwk sduwlhv fdq dozd|v eh irxqg1

4;



Zlwklq wkh iudphzrun ri srolwlfdo �vfdo f|fohv dqg dq lqghshqghqw FE 0 zklfk

zh eholhyh wr eh uhohydqw lq wkh fxuuhqw Hxurshdq frqwh{w 0 pdq| gl�huhqw prgho

vshfl�fdwlrqv duh srvvleoh1 Zh kdyh fkhfnhg wkdw grlqj dzd| zlwk wkh dvvxpswlrq ri

rqh0shulrg whupv ri r!fh ohdyhv doo rxu �qglqjv xqd�hfwhg1 Ghhshu fkdqjhv lq wkh

prgho frqvwlwxwh dq dyhqxh iru ixwxuh zrun= iru lqvwdqfh/ prghoolqj rssruwxqlvwlf/

udwkhu wkdq sduwlvdq/ srolwlfdo f|fohv +Urjr�/ 4<<3, pd| eh dq lqwhuhvwlqj srvvlelolw|1

4<



Dqqh{ 4
Zh vwduw e| frpsdulqj wkh yduldqfhv ri % dqg } lq wkh lqghshqghqfh dqg v|pphwu|

fdvhv1 Rqh kdv

T 7 E%��� T U E%�� '

3C# q

k�>2q n kn q

$
2

�

#
q

kn q

$
2
4DT UE#Uc�� 	 f

dqg

T 7 E}��� T U E}�� '

3C# k�>
2q n q

k�>2q n kn q

$
2

�

#
q

kn q

$
2
4DT UE#Uc�� : fc

frq�uplqj rxu fodlp wkdw +surylghg k� : f, rxwsxw lv pruh yrodwloh xqghu lqghshq0

ghqfh/ dqg vshqglqj xqghu v|pphwu|1

Zh qrz frqvlghu wkh frqvhtxhqfhv ri dv|pphwu| lq surgxfwlylw| vkrfnv e| vwxg|0

lqj krz yrodwlolwlhv duh d�hfwhg zkhq 4 +wkh furvv0frxqwu| fruuhodwlrq ri vxfk vkrfnv,

ydulhv1 Lw iroorzv iurp htxdwlrqv +53, wr +56, wkdw YT EZ�*Y4 : f/ YT E%��*Y4 	 f

dqg YT E}��*Y4 	 f +xqohvv k� ' f/ lq zklfk fdvh wkh wkuhh suhylrxv ghulydwlyhv duh

}hur,1 Dv iru ryhudoo zhoiduh/ rqh kdv

Y.E`��

Y4
'

Y ì�

Y4
' �

Ek�>
2kq n E2k� k�� Ekn q��k�>

2q2

Ekn q� Ek�>2q n kn q�2
j2

2
�

D vx!flhqw frqglwlrq iru wklv h{suhvvlrq wr eh qhjdwlyh lv f 	 k� 	 2k/ zklfk

Vhfwlrq 8 dqg Dqqh{ 5 vkrz wr krog dw wkh rswlpxp1 Wkhuhiruh/ dv fodlphg/ vkrfn

dv|pphwu| +orz 4, lqgxfhv kljkhu zhoiduh orvvhv461

Dqqh{ 5
Iluvw/ zh suryh Sursrvlwlrq 41 Wkh sureohp lv

4�?
k�

ì
�Ek�� '

Ek�>q�
2 n kq2 n qk2

Ek�>2q n kn q�2
T E0��nq

2
k2

�>
2 n kn q Ek�>

2 n ��
2

Ek�>2q n kn q�2
T �E#��c � ' Uc 7

zkrvh IRF fdq eh uhduudqjhg dv

k� k�
k�

'
kn q n kq>2

kn q

T �E#��

T E0��
c � ' Uc 7�

46Dq dssolfdwlrq ri wkh hqyhorsh wkhruhp/ dv wkh rswlpdo �P zloo ghshqg rq �1
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Vlqfh wkh uljkw0kdqg vlgh ri wklv htxdwlrq lv srvlwlyh/ lw krogv wkdw f 	 k� 	

k471 Ixuwkhu/ dv wkh ohiw0kdqg vlgh lv vwulfwo| ghfuhdvlqj lq k� +zkhuhdv wkh uljkw0

kdqg vlgh grhv qrw ghshqg rq k�,/ xqltxhqhvv hqvxhv/ dv zhoo dv Yk�*YT E0�� : f/

Yk�*YT E#�� 	 f1

Vhfrqg/ zh vwxg| wkh prqrwrqlflw| ri `uc� +dqg/ vlploduo|/ ri `�c�, zkhq hdfk ri

wkh ghohjdwlrq sdudphwhuv k� dqg ZA lv frqvlghuhg vhsdudwho|1

Zkhq ZA ' f/ vrph dojheud vkrzv wkdw

Y`uc�

Yk�
'

2>2q2 E%A n ��
�
Ekn q� E%A n ��� kq E>� ��2 �u

�
Ek�>2q n kn q � k�>q�

�
Ek� � k�cu� c

zkhuh k�cu lv wkh ydoxh ri k� jlyhq e| htxdwlrq +58,1 Wkhq `uc�Ek�� ghfuhdvhv

iru k� 	 k�cu/ uhdfkhv d plqlpxp dw k� ' k�cu/ dqg lqfuhdvhv iru k� : k�cu1

Wkh orvv `�c�Ek�� kdv d vlplodu ehkdylrxu/ dowkrxjk zlwk d gl�huhqw plqlpl}hu481

Lw iroorzv wkdw/ li k�cu : k/ qr ydoxh ri k� fdq ehqh�w erwk sduwlhv uhodwlyh wr wkh

qr0ghohjdwlrq vfhqdulr +k� ' k,= vhwwlqj k� : k ghfuhdvhv olehudov* orvvhv dw wkh

h{shqvh ri frqvhuydwlyhv +vlqfh lw lv dozd|v wkh fdvh wkdw k�c� 	 k,/ wkh rssrvlwh

wdnlqj sodfh li k� 	 k1

Zkhq k� ' k +ru/ lqghhg/ iru dq| ydoxh ri k�,/ `uc�EZA � dqg `�c�EZA � duh

txdgudwlf lq ZA / zlwk plqlpl}huv jlyhq e| htxdwlrq +59, dqg lwv frxqwhusduw iru

frqvhuydwlyhv/ uhvshfwlyho|1 Iurp wkh hqvxlqj sdwwhuqv ri prqrwrqlflw| lw lv dovr fohdu

wkdw/ zkhqhyhu olehudov zrxog olnh ZA : f/ ghsduwlqj iurp ZA ' f lqhylwdeo| pdnhv

rqh ri wkh sduwlhv zruvh r�1

Ilqdoo|/ wkh surri ri Sursrvlwlrq 5 lv suhvhqwhg1 Rqh fdq vkrz wkdw vhwwlqj

ZA '
kq> E%A n ��� k�q> E%A n ��

kq> E>� �� n kn q

pdnhv dyhudjh lq dwlrq/ rxwsxw dqg vshqglqj h{dfwo| wkh vdph dv lq wkh devhqfh ri

ghohjdwlrq +l1h1/ zlwk k� ' k dqg ZA ' f,491 Ghqrwlqj wkh deryh lq dwlrq wdujhw e|

eZA / lw iroorzv wkdw/ iru dq| k� / ` �c�Ek� c eZA � ' ` �c�Ekc f�c � ' uc�1
47Dowkrxjk d forvhg irup fdq eh rewdlqhg iru �P / lw lv qrw sduwlfxoduo| looxplqdwlqj1
48Zh dvvxph sdudphwhu frq�jxudwlrqv wkdw hqvxuh d srvlwlyh �P lq htxdwlrq +58,/ dv zhoo dv lq

lwv frqvhuydwlyh frxqwhusduw1
49Wklv uhvxow iroorzv iurp htxdwlqj wkh �uvw prphqwv ri lq dwlrq/ rxwsxw dqg vshqglqj +jlyhq e|

wkh �uvw uljkw0kdqg0vlgh whupv ri htxdwlrqv +49,/ +4:, ru +4;,/ uhvshfwlyho|, zlwk jhqhulf �P dqg �W
wr vlplodu h{suhvvlrqv zlwk �P @ � dqg �W @ 3/ dqg vroylqj iru �W 1
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Wkh qh{w vwhs frqvlvwv lq frpsdulqj eZA zlwk wkh suhihuuhg wdujhwv ri hdfk sduw|/

jlyhq e| +5;, zlwk w ' � +iru olehudov, dqg w ' f +iru frqvhuydwlyhv,/ dqg uhduudqjhg

ehorz iru frqyhqlhqfh=

ZAcu '
k�q> E>� �� n Ekn q�

Ekn q�
�
kq E>� ��2 n kn q

�kq E>� �� �un
kq E>� �� E%A n ��� k�>q E%A n ��

kq E>� ��2 n kn q

ZAc� ' �
k�q> E>� �� n Ekn q�

Ekn q�
�
kq E>� ��2 n kn q

�kq E>� �� ��n
kq E>� �� E%A n ��� k�>q E%A n ��

kq E>� ��2 n kn q

Lw lv fohdu wkdw ZAc� 	 ZAcu/ dqg lw dovr krogv wkdw ZAc� 	 eZA / zkhuhdv erwk ZAcu 	 eZA
dqg ZAcu � eZA duh srvvleoh1

Frqvlghu �uvw wkh fdvh ri ZAc� 	 ZAcu 	 eZA 1 Ehdulqj lq plqg rxu suhylrxv vwxg|

ri wkh prqrwrqlflw| ri`uc�EZA � dqg`�c�EZA �/ rqh vhhv wkdw dq| w 5 dfc �o 0 l1h1/ xvlqj

htxdwlrq +5;,/ dq| ZA 5 dZAc�c ZAcuo 0 lv ehwwhu iru frqvhuydwlyhv wkdq wkh htxlydohqw

ri qr ghohjdwlrq +eZA ,1 Dv iru olehudov/ wkhuh dovr h{lvwv d udqjh ri w ydoxhv zklfk

pdnh ghohjdwlrq dgydqwdjhrxv= vxfk udqjh frqwdlqv dwuc �o/ zkhuh wu lv wkh ydoxh ri w

zklfk/ rqfh lqvhuwhg lq htxdwlrq +5;,/ |lhogv ZA vxfk wkdw mZA � ZAcum ' mZAcu � eZA m4:1
Wkhuhiruh/ dq h{dpsoh ri d pxwxdoo| dgydqwdjhrxv w lv vlpso| w ' �1

Frqvlghu qrz ZAc� 	 eZA � ZAcu1 Lq wklv fdvh/ ghsduwlqj iurp wkh htxlydohqw

ri qr ghohjdwlrq +eZA , dozd|v lqfuhdvhv wkh v|vwhpdwlf orvvhv ri +dw ohdvw, rqh ri wkh
sduwlhv1 Wkhq/ d pxwxdoo| dffhswdeoh vroxwlrq lv wkh ydoxh ri w/ zklfk/ rqfh lqvhuwhg

lq htxdwlrq +5;,/ |lhogv ZA ' eZA 4;1 Wklv hvwdeolvkhv wkh �uvw sduw ri Sursrvlwlrq 51

Dv iru wkh vhfrqg sduw/ lw vlpso| iroorzv iurp rxu dqdo|vlv ri wkh prqrwrqlflw| ri

` � zkhq rqo| rqh ri wkh ghohjdwlrq sdudphwhuv k� dqg ZA lv dydlodeoh1 Lq wkh fdvh

ri ZA ' f/ wkh idfw wkdw k� dovr d�hfwv ì� lv qrw hqrxjk wr hqvxuh wkdw d pxwxdoo|

dgydqwdjhrxv k� 9' k dozd|v h{lvwv= li k�cu : k dqg T E#�� lv vpdoo/ zkdw olehudov

jdlq iurp k� 	 k lq whupv ri ì� pd| qrw frpshqvdwh zkdw wkh| orvh lq whupv ri

` �1
4:Ehfdxvh v|vwhpdwlf orvvhv duh txdgudwlf/ �W vkrxog qrw eh *wrr idu dzd|* iurp �W>O= pruh

vshfl�fdoo|/ lw vkrxog qrw eh ixuwkhu dzd| wkdq e�W lv1 Zh kdyh vwuhvvhg wkh zrug *frqwdlqv* ehfdxvh
olehudov pd| dffhsw ghohjdwlrq hyhq li � ? �O/ surylghg wkdw wkh jdlqv iurp wkh rswlpdo �P dv
uhjdugv iZl rxwzhljk wkh orvvhv iurp wkh *wrr frqvhuydwlyh* lq dwlrq wdujhw1

4;Djdlq/ ydoxhv ri � lq wkh ylflqlw| ri wklv rqh zloo dovr hqvxuh pxwxdoo| dgydqwdjhrxv ghohjdwlrq/
surylghg wkdw jdlqv lq iZl rxwzhljk orvvhv lq Z l1

55



Dqqh{ 6

Khuh zh vkrz wkdw rxu pdlq �qglqjv fduu| ryhu wr d vlwxdwlrq ri pxowl0shulrg

jryhuqphqwv1 Frqvlghu wkdw wkh wzr frxqwulhv vlpxowdqhrxvo| krog hohfwlrqv hyhu|

? shulrgv4<= wkhuhiruh/ wkhuh lv d sursruwlrq �*? ri shulrgv zlwk hohfwlrqv/ dqg d

sursruwlrq E? � ��*? ri shulrgv zlwkrxw1 Lq wkh odwwhu/ wkh suhihuhqfhv ri wkh �vfdo

dxwkrulw| duh nqrzq zlwk fhuwdlqw| dw wkh prphqw ri vhwwlqj qrplqdo zdjhv/ zklfk

doorzv xv wr e|sdvv htxdwlrqv +44, wr +46, zkhq vroylqj wkh prgho1 Lq d qrq0hohfwlrq

shulrg/ zh rewdlq +djdlq/ zlwk � ' k�>
2q n kn q,=

Z '
k�>q E%A n �� n Ekn q�ZA

�� k�>q
n

k�>q

�� k�>q
#� n
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�
0�

%�� %A '
�q E%A n �� n q E>� �� ZA

�� k�>q
�

q

�� k�>q
#��

q

kn q
#Uc��

q

�
0��

q

kn q
0Uc�

}��� '
�k E%A n �� n k E>� �� ZA

�� k�>q
n
�� k� k�>q

�� k�>q
#�n

q

kn q
#Uc��

k

�
0��

k

kn q
0Uc�

Rqh revhuyhv wkdw/ zkloh dyhudjhv duh wkh vdph dv lq dq hohfwlrq shulrg/ wkh

uhvsrqvh wr srolwlfdo vkrfnv53 lv qrz gl�huhqw/ jlylqj ulvh wr wkh iroorzlqj h{suhvvlrqv

iru yduldqfhv +vxshuvfulsw �. ghqrwhv d qrq0hohfwlrq shulrg/ vkrfn yduldqfhv duh wkh

vdph dv lq htxdwlrq +56,/ dqg � ' Uc 7,=
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T E0U�
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kn q
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T E0U�

Vrph dojheud vkrzv wkdw

4<Vhh Vdslu dqg Vhnndw +4<<<, iru dq dqdo|vlv ri wkh furvv0frxqwu| v|qfkurql}dwlrq ri hohfwlrq gdwhv
+vlpxowdqhrxv yhuvxv vwdjjhuhg hohfwlrqv,1

53Hyhq zlwkrxw hohfwrudo xqfhuwdlqw|/ wkhuh lv vwloo srolwlfdo yduldelolw|/ vlqfh sduwlhv dowhuqdwh lq
srzhu dffruglqj wr wkhlu suredelolwlhv ri hohfwrudo vxffhvv1
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ì7c�.
� � ì Uc�.

� '
Ek�>q�

2
�
kq E>� ��2 n kn q

�
Ekn q� Ek�>2q n kn q � k�>q�

2
T E#Uc�� � fc

zklfk frq�upv wkh dgydqwdjh ri dv|pphwu| lq srolwlfdo vkrfnv1

Sursrvlwlrq 4 frqwlqxhv wr krog1 Wkh sureohp lv qrz

4�?
k�

ì �
� '

�

?
ì �c.
� n

?� �

?
ì �c�.
� c � ' Uc 7

zkhuh vxshuvfulsw . uhihuv wr hohfwlrq shulrgv +ì �c.
� wkxv fruuhvsrqglqj wr wkh h{0

suhvvlrq dw wkh ehjlqqlqj ri Dqqh{ 5,1 Wkh hqvxlqj IRF fdq eh suhvhqwhg dv

k� k�
k�

57�
?

kn q n kq>2

kn q
n
?� �

?

kn q n kq E>� ��2

kn q

#
�

�� k�>q

$�
683� ' T �E#��

T E0��
c

zkhuh wkh h{suhvvlrq zlwklq vtxduh eudfnhwv lv srvlwlyh +zklfk hqvxuhv f 	 k� 	 k,

dqg lqfuhdvlqj lq k� 1 Wkxv wkh zkroh ri wkh ohiw0kdqg vlgh lv ghfuhdvlqj lq k� +dw

ohdvw lq wkh uhohydqw lqwhuydo f 	 k� 	 k,/ jxdudqwhhlqj xqltxhqhvv/ Yk�*YT E0�� :

f dqg Yk�*YT E#�� 	 f1

Sursrvlwlrq 5 dovr uhpdlqv ydolg/ vlqfh doo rxu dqdo|vlv ri v|vwhpdwlf zhoiduh orvvhv

dqg rswlpdo lq dwlrq wdujhwv fduulhv ryhu zlwkrxw dq| fkdqjhv wr qrq0hohfwlrq shulrgv

+wkh uhdvrq ehlqj wkdw`
.

� ' `
�.

� ,1 Wkh rqo| dgdswdwlrq wr pdnh lv/ qdwxudoo|/ wkdw

wkh rswlpdo zhljkw k� lv qrz lpsolflwo| gh�qhg e| wkh IRF deryh udwkhu wkdq e|

wkdw dw wkh ehjlqqlqj ri Dqqh{ 51

Uhihuhqfhv

^4` Dohvlqd/ D1 +4<;:,/ *Pdfurhfrqrplf Srolf| lq d Wzr0Sduw| V|vwhp dv d Uhshdwhg
Jdph*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 435/ ss1 9840:;1

^5` Dohvlqd/ D1 dqg J1 Wdehoolql +4<;:,/ *Uxohv dqg Glvfuhwlrq zlwk Qrq0Frruglqdwhg
Prqhwdu| dqg Ilvfdo Srolflhv*/ Hfrqrplf Lqtxlu|/ 58/ ss1 94<0631

^6` Dohvlqd/ D1 dqg U1 Jdwwl +4<<8,/ *Lqghshqghqw Fhqwudo Edqnv= Orz Lq dwlrq dw
Qr FrvwB*/ Dphulfdq Hfrqrplf Uhylhz/ ;8/ ss1 4<905331

^7` do0Qrzdlkl/ D1 dqg S1 Ohylqh +4<<;,/ *Fdq Srolwlfdo Prqhwdu| F|fohv Eh
DyrlghgB*/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 75/ ss1 8580781
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^8` Ehhwvpd/ U1 dqg D1 Eryhqehuj +4<<;,/ *Prqhwdu| Xqlrq Zlwkrxw Ilvfdo Frru0
glqdwlrq Pd| Glvflsolqh Srolf|pdnhuv*/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 78/
ss1 56<08;1

^9` Ehhwvpd/ U1 dqg D1 Eryhqehuj +4<<<,/ *Grhv Prqhwdu| Xql�fdwlrq Ohdg wr
H{fhvvlyh Ghew DffxpxodwlrqB*/ Mrxuqdo ri Sxeolf Hfrqrplfv/ :7/ ss1 5<<06581

^:` Ehhwvpd/ U1 dqg K1 Mhqvhq +4<<;,/ *Lq dwlrq Wdujhwv dqg Frqwudfwv zlwk Xqfhu0
wdlq Fhqwudo Edqnhu Suhihuhqfhv*/ Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj/ 63+6,/
ss1 6;707361

^;` Ghphuw}lv/ P1/ D1 Kxjkhv0Kdoohww dqg Q1 Ylhjl +4<<<,/ *Dq Lqghshqghqw Fhqwudo
Edqn Idfhg zlwk Hohfwhg Jryhuqphqwv*/ FHSU Glvfxvvlrq Sdshu 554<1

^<` Khuuhqgrui/ E1 dqg E1 Orfnzrrg +4<<:,/ *Urjr�*v *Frqvhuydwlyh* Fhqwudo Edqnhu
Uhvwruhg*/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 5</ ss1 7:907<81

^43` Kleev/ G1 +4<::,/ *Srolwlfdo Sduwlhv dqg Pdfurhfrqrplf Srolf|*/ Wkh Dphulfdq
Srolwlfdo Vflhqfh Uhylhz/ :4/ ss1 479:0;:1

^44` Orkpdqq/ V1 +4<<9,/ �Txlv Fxvwrglhw Lsvrv FxvwrghvB Qhfhvvdu| Frqglwlrqv iru
Sulfh Vwdelolw| lq Hxursh�/ lq Vlhehuw/ K1 +hg1,/ Prqhwdu| Srolf| lq dq Lqwhjudwhg
Zruog Hfrqrp|= V|psrvlxp 4<<8/ Wxelqjhq/ Prku1

^45` Orkpdqq/ V1 +4<<:,/ *Sduwlvdq Frqwuro ri wkh Prqh| Vxsso| dqg Ghfhqwudol}hg
Dssrlqwphqw Srzhuv*/ Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp|/ 46/ ss1 5580791

^46` Pxqghoo/ U1 +4<94,/ *D Wkhru| ri Rswlpxp Fxuuhqf| Duhdv*/ Dphulfdq Hfr0
qrplf Uhylhz/ 84/ ss1 98:0981

^47` Pxvfdwhool/ Y1 +4<<;,/ *Srolwlfdo Frqvhqvxv/ Xqfhuwdlq Suhihuhqfhv/ dqg Fhqwudo
Edqn Lqghshqghqfh*/ R{irug Hfrqrplf Sdshuv/ 83/ ss1 7450631

^48` Qrodq/ F1 dqg H1 Vfkdolqj +4<<9,/ *Prqhwdu| Srolf| Xqfhuwdlqw| dqg Fhqwudo
Edqn Dffrxqwdelolw|*/ Edqn ri Hqjodqg Zrunlqj Sdshu Vhulhv Qr1 871

^49` R}ndq/ I1 +4<<;,/ *Sduwlvdq Exvlqhvv dqg Exgjhw F|fohv zlwk Vhsdudwh Ilvfdo
dqg Prqhwdu| Dxwkrulwlhv*/ Wkh Pdqfkhvwhu Vfkrro/ 99+5,/ ss1 4:;0<81

^4:` Slqd/ D1 +4<<<,/ *Fdq Frqvhuydwlvp Eh FrxqwhusurgxfwlyhB Ghohjdwlrq dqg
Ilvfdo Srolf| lq d Prqhwdu| Xqlrq*/ Wkh Pdqfkhvwhu Vfkrro/ Vxssohphqw/ ss1
;;04481

^4;` Urjr�/ N1 +4<;8,/ *Wkh Rswlpdo Ghjuhh ri Frpplwphqw wr dq Lqwhuphgldwh
Prqhwdu| Wdujhw*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 433/ ss1 449<0;<1

^4<` Urjr�/ N1 +4<<3,/ *Htxloleulxp Srolwlfdo Exgjhw F|fohv*/ Dphulfdq Hfrqrplf
Uhylhz/ ;3/ ss1 540691
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^53` Vdslu/ D1 dqg N1 Vhnndw +4<<<,/ *Rswlpxp Hohfwrudo Duhdv= Vkrxog Hxursh
Dgrsw d Vlqjoh Hohfwlrq Gd|B*/ Hxurshdq Hfrqrplf Uhylhz/ 76+;,/ ss1 48<80
494<1

^54` Vyhqvvrq/ O1 +4<<:,/ *Rswlpdo Lq dwlrq Wdujhwv/ �Frqvhuydwlyh� Fhqwudo Edqnv/
dqg Olqhdu Lq dwlrq Frqwudfwv*/ Dphulfdq Hfrqrplf Uhylhz/ ;:/ ss1 <;04471

^55` Zdoohu/ F1 dqg F1 Zdovk +4<<9,/ *Fhqwudo0Edqn Lqghshqghqfh/ Hfrqrplf Eh0
kdylrxu/ dqg Rswlpdo Whup Ohqjwkv*/ Dphulfdq Hfrqrplf Uhylhz/ ;9+8,/ ss1
446<0861

^56` Zdovk/ F1 +4<<8,/ *Rswlpdo Frqwudfwv iru Fhqwudo Edqnhuv*/ Dphulfdq Hfrqrplf
Uhylhz/ ;8+4,/ ss1 48309:1
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