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1 Introduction

This paper shows that the behaviour of an otherwise conventional model of real
business cycles (RBCs) in which heterogeneous individual firms are subject to
temporary technology shocks will be characterised by long memory and nonlin-
earity. Hence, two of the most counterfactual aspects of current RBC models, i.e.
the lack of persistence and the need for large aggregate shocks, are successfully
dealt with (inter alia) solely through going beyond the assumption of a represen-
tative firm. Earlier work on the effect on long memory of aggregation over het-
erogeneous entities includes Robinson (1978), Granger (1980), Forni and Reichlin
(1998), Linden (1998), Lippi and Zaffaroni (1998). Furthermore, dissatisfaction
with the simple unit-root hypothesis in Auto-Regressive (AR) macroeconomic
models, and the need for alternatives such as long memory models, has been
highlighted in the work of Diebold and Rudebusch (1989), Rudebusch (1993),
Diebold and Senhadji (1996). In AR models, memory decays exponentially (in-
tegrated of order 0) or is infinite (integrated of order 1), but nothing in between.
Long memory models fill this gap, and our work will give rise to them, from
microfoundations.

Our approach differs from existing studies of long memory in that we start
with a fully specified general equilibrium model, rather than assuming a spe-
cific time series model for the macroeconomy. We then characterize the type of
stochastic process and features that arise from solving the model, and we find
that the result is an unconventional nonlinear time series process.

More specifically, in Section 2, we modify a standard RBC model of monop-
olistic competition of Devereux, Head and Lapham (1993, 1996) in which we
assume that the productivity of firms are subject to AR idiosyncratic as well as
common (economy-wide) shocks. We then derive the fundamental intertemporal
equilibrium path of the economy and we study analytically the time series prop-
erties of GDP. We want to avoid dependence of our result on increasing returns,
as was the case for Devereux et al. (1993, 1996) and pointed out by Bénassy
(1996). For this purpose, our specification for the aggregation of firms’ output
displays no return to variety. We also want to avoid the effect of entry and exit
of firms since these phenomena have already been described. The simplest way
to do it is to fix exogenously the number of firms. Monopoly firms & la Dixit
and Stiglitz (1977) exhibit positive variable profits. Models with an endogenous
number of monopoly firms require the introduction of a fixed set-up cost or some
other feature to prevent infinite entry. With an exogenous number of firms, we

'The internal propagation mechanism of RBCs has been characterised as weak, and they
require unrealistically large economy-wide technology shocks to account for the variations in
the Solow residuals. See for instance Rotemberg and Woodford (1996) and Muellbauer (1997).



can dispense with this fixed cost which also simplifies considerably the analysis.

In Section 3, we show that the resulting stochastic process is radically differ-
ent from the process followed by the firms’ productivities, which are conventional
stable log-linear AR processes. This new process is nonlinear, more persistent
than any stable AR and yet is mean-reverting (unlike unit-root processes). In
our model, small temporary shocks can lead to large fluctuations and/or per-
sistence at the macro level, without requiring large shocks or unit roots at the
microeconomic level. Within our model, common shocks are more potent than
idiosyncratic ones. The process is also characterised by long cycles which have
random lengths and which are asymmetric. Increased monopoly power will tend
to reduce the amplitude and increase the persistence of business cycles.

The derivations of the time series properties are collected in an Appendix,
which also contains solutions to technical problems that are of independent in-
terest.

2 Framework

2.1 Aggregation and derived demand

The productive sector of the economy is composed of N infinitely-lived monop-
olistically competitive firms. Let g,: be the output of firm n at time t. A final
good industry, operating under perfect competition, uses this specialised inputs
to produce a final good according to the standard CES aggregation function, see
for instance Bénassy (1996),

1 N 1/p
i D q:;,t} . P01,
n=1

where Y; is the aggregate output of the final good industry. Since this produc-
tion function exhibits constant returns to scale in the inputs ¢’s, the number of
firms operating in the final good sector is irrelevant by the perfect competition
assumption. Notice that the elasticity of substitution between any two products
is 1/(1 — p). Also notice that our specification of this CES aggregation displays
no return to variety N, see Bénassy (1996).

The aggregate output Y; can be used either for consumption or for investment
purposes. Investment in period ¢ increases the capital stock of period ¢ + 1, i.e.
with a one period lag. In order to be able to derive a closed form solution for the
intertemporal equilibrium of our economy, we need to assume, as in Devereux et
al. (1993, 1996), a 100% depreciation rate on capital. Hence, the stock of capital
in period ¢ + 1 is equal to the investment of period ¢.

Cost minimization gives rise to the derived demand for good n, g¢.:, as a

(1) Y, =




function of its own price p,; and of the aggregate price p;

1/(1-p)
Dt Y;
2 Qnt = [—} —, where — = —
@) " | Pn N P «pl,

with v =p/ (1 - p) € Ry.2

2.2 Production sector setting
2.2.1 Cost minimization

We assume that good n is produce according to a standard Cobb-Douglas pro-
duction function which takes capital and labour as inputs

qn,t = en,tK tht 3 i € (07 1)

where, for firm n, 8, is the technical efficiency and K, ;, L, are the inputs of
labour and capital used up by the firm. In contrast to Devereux et al. (1993,
1996), who assumed that all firms use identical technologies, we assume that each
firm n is characterised by its own technology level 0, Individual productivities
follow some autoregressive process to be specified in the next section. An example
of such a process would be a generalization of the geometric AR(1) process in
Devereux et al. (1993, 1996)

log Q'n,,t = Oip, log 9n,t-1 + €nt

where the shocks €, can incorporate a firm-specific component, in addition to
the usual economy-wide component, and can be made to have a nonzero mean.
For more details, see Section 3.

The cost minimization problem of every firm is

min  wy Ly 46 Kny,  subject t0 Ons Ky L177 = gy,
Kn t,Ln i

where w, and i, are the wage rate and rental rate, respectively. Capital fully
depreciates in each period. Cost minimization implies that every firm will chose

?The implication of the CES formula is that the aggregate price (p?) has to be calculated as
a harmonic mean of the individual prices (p}, ;) rather than as the more traditional arithmetic
mean. Suppose there was a sizable variance across prices in one single period. A price index
based on an arithmetic mean would be dominated by the higher prices in that period whereas
a price index based on a harmonic mean is dominated by the low prices. Hence, the harmonic
mean formula simply reflects the fact that firms which charge higher prices have a smaller
market share and contribute less to the aggregate price level than firms which charge a lower
price.



capital and labour to equalise its capital-labour ratio, k;, to the common optimal
factor share ratio

K n,t Yo W
3 k= = = —
) T Ley 1-74
Since the derived demand for labour and capital by an intermediate input firm
producing g, ; is

ky ™ Gng nt
4 K,,= M ANt d L,;= )
W VI
then the firm’s unit-cost z,; is
Wy
5 it = .
5) S (T

2.2.2 Pricing

The productive process implies that, given aggregate demand Y; and the unit
cost given by (5), firm n will chose a price which solves

Dy 1/(1-p) Yt
mMax PntGng — ZntQng, St Qi = |— >
Pn,t,4n,t .t

The optimal price charged by the firm is

Zn,t
D =
p
which implies a constant mark-up of (1— p)/p = v~'. This mark-up is a measure

of the monopoly power of the firm. Hence, from (2),

. Wy 1
Prt = =)0k One’
_ we 1
N R PY %
LN
(6) where 6] = N Z 0y ;.
n=1
Defining the real wage and the real rental as
Wy = iz and 7, = z—t,
Pe o
we have, from (3),
- ~_pl
(7) Wy = (1—7)p0:k/ and ;= ktl_,;



The demand for the intermediate input is, from (2),

en 1/(1-p) Y
(8) Ont = 2t _t
0, N

By (4) and (8), the individual demands for labour are

brs 1Y, 3
(9) Ln,t = W 7{}7 'N = Lt = ZLn’t =
n=1

Y,

gt_kj <:>K=9tk‘z.[/t

The supply of labour is inelastic and equal to L in each period. Because capital
depreciates fully in each period, the supply of capital is given by the savings of
the previous period

Lt = L and Kt = St—1 }/t—l

where K; is both the aggregate investment in period ¢t —1 and the aggregate stock
of capital in period ¢, and s;_; is the savings rate in period ¢t — 1. Hence, the
capital-labour ratio is predetermined as

8t_1 Y1
1 kp = ————=,
(10) p=

2.3 Consumer optimization

There is a representative agent who inelastically supplies labour in quantity L,
owns all the firms and all of the outstanding capital. The consumer’s problem is

max & [Z 8 log C,

t=0

3 s.t. At+1 :”I;At + @tL — Ct

where &, [.] is the expectation operator taken with respect to the information
available at time 7, A, are the assets in period 7 consisting of the stock of capital
K; and of firms’ ownership. Firm’s ownership is valuable as profits are strictly
positive in each period. When all shocks are idiosyncratic, it is customary to
assume that the number of firms is large enough to justify valuation by means
of the present value of future expected profits. When there is a common shock,
the value of a firm will be given by the stock market equilibrium. In any case,
the assumption of a fixed number of firms implies that firms’ ownership does not
affect aggregate output, and the representative consumer specification enables us
to compute the equilibrium path of GDP from the Euler equation without having
to calculate share prices.

In each period t, the prevailing national income identity implies that the
capital stock in the next period is predetermined, and (9) implies that

th = et k"ZL = Ct + Kt+1 EESA Kt+1 = Ht K;YLl—’Y — Ct-



So, we have

ye = Ok
k"t—{-l = Ht k;}’ — Ct = S Ht k':/
C = (1 — St) 9t k:;y

where y; = Y;/L and ¢ = C;/L are output per capita and consumption per
capita, respectively. The Euler equation is

(11) g [5““} I B Svp

Cii1 (1 s St) 9,5 k}z 9t (1 — 8t+1) St k}z

2.4 Dynamic equilibrium

From (11), an equilibrium associated with a deterministic savings rate exists
which will be referred to as the fundamental path of the economy. It is given by
1 B Syp 1—s

= 1— =4
0 (1 - St) kZ 0, (1 - 5t+1) St k‘;’ = S s S¢

This last difference equation corresponds to the unstable dynamics
* S* *
Sgp1 — 8¢ = 1+ 8* — — — 54, where s* =6y p,
St
so the unique savings rate associated with the fundamental path is constant over
time
s = 8%, Vt=0,...,00.
The dynamic equations of the economy are
kivi = 8"y
Yt 0 ki
¢ = (1—s)u

I

which yields the dynamic equation for GDP per capita
(12) g = 0; (s") ¥/ 1.

The dynamic properties of the process {y;} will be determined by those of {6,},
where 0, is defined in (6). We now turn to the derivation of the implied time
series properties of GNP.



3 The effect of heterogeneity on the Time Series
properties

In AR models, memory decays exponentially or is infinite, but nothing in between.
Macroeconomic processes require a more elaborate characterization, and we shall
show that the economic model outlined in the previous section gives rise to a
process which is very different from ARs.

Why are the published results in the time series literature on aggregation not
applicable here? There are a number of complications that our economic model
gives rise to:

1. The aggregation is not linear (arithmetic mean) or log-linear (geometric
mean), either of which could be handled by current techniques. Here, we
have a hybrid made of the arithmetic sum of geometric (not arithmetic)
ARs. This results in a highly nonlinear process, for which linear models
(e.g. ARIMA; see Abadir and Taylor (1999) for precise definitions) will not
capture all the salient features.

2. Dependence between the various firms (hence AR components of the aggre-
gate) complicates the setup, and the time series properties have not been
worked out in the general case, except in Granger (1980) where the setup
is linear.

3. Due to the new results of Abadir and Talmain (1998) on nonlinear trans-
formations of time series, we are able to characterize our nonlinear process.

These complications are not avoided by non-CES aggregation. Any other method
which sums geometric ARs (i.e. which sums the levels of technology shocks
whose logarithms follow a linear process) will run into similar nonlinearities. This
aggregation is essential in economics, where one often aggregates levels of variates
which are strictly positive (hence not representable by ARs in levels which are
unrestricted and can become negative).

Let the individual sequence {,:},_, be generated by the geometric AR pro-
cess

(13) 10g en,t = Oy ]-Og 0n,t—1 + €nty

where |a,] < 1 and {e,;} ~ IN(g,0?) is a sequence of Independent Normal
variates with mean p and variance 0. We condition upon 6,0 = 1, since the

model is unaffected by the value of 8, 9. To see this, rewrite the process as

gn,t—l

Or
log "% = o, log == + (0 — 1) 10g 0 + €ns)

n,0 n,0



where {¢,;} = {(ctn — 1)10g0n0 + €1t} ~ IN( + (s, — 1) 10g b0, 0%) = IN(f2, 02),
so that any other value of 6, ¢ can be absorbed into redefined {¢,,} and . without
changing the structure of (13).

Let 7 € N'U {0} and v € R... Then, the autocorrelation function of {67 ,}
for any given n is

Ut 1+
(14) Tt,t+1 i
VUtV T it

245247 (1—a2t

veo —a,z,(H'T) ’
o (252572) -1 s (60)

where v; 11 is the autocovariance function of {6}, ,}; see the Appendix for details.
For large t (or small o), this function behaves as

2 .2
exp (1”_‘;% a;) -1

Ttper = —
exp(”” )—1

2
l—af

which does not depend on t, because the process is asymptotically stationary.
At least three comments are in order for this function, comparing it to that of
the well-known asymptotic autocorrelation function of, of {log (6..)} (i.e. the
autocorrelation function of an arithmetic AR):

1. As 7 — oo, this function declines exponentially as o, (by expanding the
exponential in the numerator).

2. More generally, a small-o expansion (expanding exp|.] for & — 0) of the
function will reproduce the asymptotic autocorrelation function o, of {log (6,,+)}.
The same is true for v — 0. The general rule that gives rise to such results
is derived in Abadir and Talmain (1998).

3. For non-trivial o, the autocorrelation function depends on ¢, which actu-
ally carries the same weight as v, in contrast to the usual arithmetic AR
where ¢ has no effect at all on autocorrelations. This will have important
implications for the effect of o on autocorrelation functions when analysing
the nonlinear CES aggregation. It is a feature that does not arise in the
traditional literature on aggregation in time series.

3The chosen definition of the autocorrelation function is preferred to the more common one
Vt,t4r/ Ve, which is less transparent for the nonstationary series to be dealt with here.



Now, recall that the aggregate 6, is given by (6). Suppose that

1
(15) Xt = _]V Z ez,ta
n=1
where {9n,t}31=1 are generated by
(16) IOg en,t = Op log H'n,t—l + Un, ¢ + ﬁnet)

with

loy,| < 1,
{tn:} ~ IN (,u,wi) and & (uns (ups — p)] =0, Vk #n,
{e:} ~ IN(0,1) and & [unes]=0.

The w’s are idiosyncratic shocks, whereas the e’s are common shocks whose impact
is transmitted to individual series via the scaling parameters given by the 8’s. By
definition and without loss of generality, the two types of shocks are independent
of each other. Furthermore, there is no loss of generality in assuming a unit
variance for e;, since any other shock Bnét where {&;} ~ IN (0, wz) can be written
as

(17) Bnét = anet = 6t

It is also assumed that the common drift of the AR processes is u € R,..

The underlying probability measure is defined over time (¢) and space (n),
and in the latter case, it is the one from which the individual parameters o, w?
and 3, are drawn. One may specify a joint density for o, w? and 3, but there is
no reason to believe that they interact in a systematic way: ., is independent of
the errors, with the idiosyncratic and common errors being mutually independent
by definition. It is therefore enough to specify the marginal densities of o, w? and
B. For simplicity, we will assume that o € (0,1), £ = w? € Ry and 8 € R, are
continuous variates with density functions f, (@), fe (§) and f; (), respectively.
We will further assume that:

1. the variate o € (0, 1) is distributed according to the Beta density f, () =
afet (1 - O‘)ha_l /B(ga ha);

2. the variate ¢ = w? € R is distributed according to a special (the power in
the exponential is 2) generalized Gamma density f; (£) = 2h8 €% " exp [—hu€?] /T (g.);
and

3. the variate ¢ = 3% € R is distributed according to a special (the power in
the exponential is 2) generalized Gamma density f (¢) = 2h%’ (*%* " exp [—hg?] /T (95);

10



where I (.) is the Gamma (generalized factorial) function, B(g,h) =T'(g) ' (k) /T (9 + h)
is the Beta function, the parameters g,, h, are all positive and further:

e h, € (0,1], such that we exclude the unrealistic case of h, > 1 where AR
roots close to unity are almost ruled out; and

® g.,98 € (3,00), such that we exclude the unrealistic case of g., g5 < §

where w = 0 and 8 = 0 are the most ‘likely’ values (mode of the density).

The first assumed density is typical in the literature on aggregation; e.g. see
Granger (1980). The next two assumptions are required because of the relevance
of the variance in our geometric AR setting (unlike in the literature on arithmetic
AR’s). They are reasonable, because one would expect the average variance of
idiosyncratic shocks (w?2) and/or of the amplification of common shocks (32) to
be finite, and that the likelihood of survival (existence) of firms to decline rapidly
(e.g. exponentially) as the size of the risk they are exposed to becomes larger;
both after a possible mode of the density near (but not at) zero. In a model of
economic equilibrium, x should be fixed over n, as assumed. Otherwise the firm
with the largest u,, would grow to the extent of taking over the economy.

To illustrate that the Generalized Gamma is not an unreasonable assumption,
we include Figures 1 and 2 where we plot f (£) and f; (¢) for some parameters
values and compare them to the histograms for the published data. The source
is the Risk Measurement Services of LBS (1988), where a listing of the 2,150 UK
corporations’ beta and specific risk for 1988 is found. The standard deviation of
the idiosyncratic risk is simply the product of the published specific risk and of
the standard deviation of the common risk.

The way we have defined £, in (16)-(17) shows that the variance 1* of the
economy-wide shock need not be forced to take unrealistically large levels in prac-
tice. Representative-firm models force 3, = 8 for all firms n (i.e. no variance), so
that the variance + has to do all the work of accounting for the variance in Ge; (or
(&,), while in reality the existing heterogeneity of firms will already contribute
to the variance of our factor G,¢, (or 3,é:).4

Now, the question of interest is whether the autocorrelation function of the
aggregate series {X;} = {N-13N 0.} decays more slowly than the rate in
(14) belonging to any of its typical components 6, ;,, and by how much. Here, we
depart from the proofs used in the literature on the aggregation of time series.
The standard approach has so far been to derive the spectrum of {9,’;’,:} for the
special case v = 1, then approximating the spectrum of the aggregate series, from
which one finally approximates its autocorrelation function. Instead, we take the

4Tt can be shown that the variance of 8, is inversely proportional to +/hg, namely

VhaVar(8,) = (U (g5 +4) /T (99)) — (T (96 + }) /T (98))"

11



more direct approach of deriving the autocorrelation function of {X:} from those
of {67 ,}, and this for any v € R,.5

Theorem 1 The autocovariance function of {X,} is

V;f,t+T = ¢ [XtXt+T] —-& [Xt] g [Xt+'r]

~ 167 ( I (9o + ha) )2
=D+~ )2t + 7)) \T(9) T (g.) T (g5)
Vi (E+7)\ T (o ()| 2t
) ()
oo e een (o) (o () )

and its corresponding autocorrelation function is

1/41/ T
exp (—-—t il )> -1

4h
Vitir s

\/ Vit Vetr,tr

Ry, = :
t,t+ / A ) / VA (147)>? 1
oo (5) —1yfe (555) -

The approximations that are reported in this theorem are known as leading-
term approximations. They give the dominant term in the expansions of func-
tions. For more details on such issues, see Abadir (1995). For the other terms,
it is possible to obtain infinite series from the Appendix, but these do not affect
the analysis to follow in the body of this paper. By a standard lag-polynomial
factorization in time series analysis, the leading-term approximations given in
the previous section are unaffected if the microeconomic processes followed by
the technology shocks are higher-order stable ARMA processes, as long as the
absolute value of the largest AR root is not too close to the next largest one.

It is possible to use spectral analysis, which is in a one-to-one relation with
autocovariances, subject to extra caution since the spectra of nonstationary series
are not time-invariant. Here, we simply infer the amplitude of cycles from the
autocovariance function, and the frequency of cycles from the autocorrelation
function. Cycles arise because some of the shocks (¢'s) are negative, while others
are positive.

Recalling that X; = 6, with v = p/ (1 — p) € R, the inverse of mark-up
(monopoly power), we have the following remarks on the theorem:

SWe needed a general result for any such ». The cost of such a generalization is that we
assumed Normality of e, ; (but not of the aggregate shock) as opposed to a general distribution
with finite first four moments (which is required for the standard analysis of spectral estimation
to go through).

12



. Clearly, the (autoco)variance of the series changes over time, as the long-
memory process that we have for {X;} is not strictly stationary. One can
only talk about ‘the’ (autoco)variance of the series with reference to some
point in time. The remarks to follow will either presume conditioning on a
fixed point in time, or tracing the evolution as time passes.

. What are the effects of u, v, g» and h, on the amplitude of the series?
Here, u affects the leading term of the autocovariance in an exponential
manner. This means that economies which are growing faster than others
will experience an amplification of their business cycles. The parameters
v~ ! (mark-up, or degree of monopoly power), hgl (extent of common shock
and heterogeneity of firms) and h;' (extent of idiosyncratic shock) have an
important influence. The effect of hgl and k' on the diffusion (amplifi-
cation) of common shocks is similar to »*. Finally, of the two shocks in
our model, the common shock is the more potent, as is seen from the last
exponential term of V;;;, in the theorem. The spread of the two shocks is
also positively related to gs and g, with both increasing the autocovari-
ance of the series albeit in a weaker way than the scaling parameters hEl
and hJ 1. Notice that the parameters of the distribution of o, have little
relative impact, so long as roots close to unity are not excluded (i.e. given
our earlier assumption of h, € (0, 1]), with the impact of roots close to zero
(i.e. go) being virtually non-existent.

. What are the effects of u, v, g, and h, on the memory of the series? Sur-
prisingly, x does not affect the leading term of the autocorrelation, whereas
v~ ! (mark-up, or degree of monopoly power) and hEl (extent of common
shock and heterogeneity of firms) have an important influence. The effect of
hgl on the persistence of common shocks is similar to v*. Other parameters
have a lesser effect on memory, if at all.

. We have talked about the effect of parameters in our setting of heteroge-
neous firms. Now we need to compare our theorem’s result with representative-
firm models. When the latter is hit by stable technology shocks, we can use
(14). When it faces a geometric random walk (unit root)

log z; = log 241 + €,

the procedure leading to (14) and given in the first part of the Appendix
would yield

(ny va’ 2_2
Viipr = €XD |V ,u+7 (2t + 1) (exp[yat]—l),

e | exp [202%t] — 1
s \r exp [V20?2(t+ 1) -1’

13



where the superscript o'" refers to the unit root case. Note the linearity of

the exponentials in v? and ¢, and the absence of a t + 7 term in the numer-
ator’s exponential. Exponential terms appear, because we are dealing with
a geometric random walk instead of an arithmetic one. We now compare
our theorem to representative-firm models.

. Ast — oo or ¥ — 0o, the binomial expansion gives

so that

vt (37
Rt,t+7 >~ exp —% ?—‘—t T

2 .2
1 o _
Tt,t—l—T =~ exp T,

where the decay rate of our theorem’s Ry .., is faster than the one for the
unit-root process, T‘,S)_(_T, as either ¢,7 or v increase.®

. As 7 — 00, one may analyse the memory features of the process as we
consider points that are further apart in time, and we have

442 -3 4 |
Riyir ™~ (exp [IZLTg] - 1) exp [—Sih; ((t +7)° =2/t (t+ T)):l

2,2
/ v
T,S’lt)_FT ~ /1 —exp[—v2c?]exp [— 20 T]

where the decay rate of Ry, in terms of 7 is again faster than for r&)w.

. As v — 0, the rate of decay of the memory of {X;} is slower than the
corresponding o of the stable (Ja,| < 1) AR of (14), whatever measure of
autocorrelation is adopted, as we have

[t
Rt,t—l—'r = \t+T

(1) [t

Tttt \/ PRI

12

Direct comparison of the nonstationary’s Ry .4+, with the stationary’s r¢:., of (14) for
extreme values requires writing |a|” = exp|[rlog|e|] then doing some manipulations. Long-

memory processes like {X;} = {N71}

N

n=1 On ¢} Will have more memory than the stable com-

ponents {917/»,15} anyway, and looking at autocovariances (amplitudes) or V; 14, /V; ;: may be more
instructive when comparing across the stationarity divide.

14



Notice that we recover the behaviour of the arithmetic random walk in both
cases, even though there are no unit roots in any of the components of the
aggregate X;. The resulting effect is that our model will generate seemingly
random-walk behaviour when v — 0, though the model has generally less
memory than a random walk. This may help interpret the findings of a
near-unit-root in some macroeconomic series when (log-)linear models are
fitted.

8. The parameter v = p/ (1 — p) € R, is the inverse of the mark-up, and
is inversely related to monopoly power. The case v — 0 where monopoly
power increases leads to the aggregate series having very long memory, to
the point of being confounded with a unit root (Remark 7). This contrasts
with perfect competition where v — oo (Remark 5) leading to less memory
in the aggregate series, and a clear distinction from the permanent memory
of a unit root. Unlike (log-)linear models, our nonlinear model can generate
both types of behaviour, depending on v, and provides a rich framework
for analysing economies with different characteristics.

We now need a result linking the memory of {X,} = {N~! Zﬁrzl 6, .} to the
required one for the GDP {y;}, by means of X; = 67 and (12).

Corollary 2 The leading terms of the autocorrelation functions of {log X;} and
{logy;} coincide, when |y| < 1.

The Cobb-Douglas parameter v has almost no impact on the memory of v,
as it is swamped by the long-memory impact of aggregation.

We have given the autocorrelation function of {X;} in our theorem. For large
t or 7, it is possible to obtain an explicit expression for the autocorrelation of
{log X;}. This is done by the method in Abadir and Talmain (1998). Here,
it implies doing a large-hg, h,, (i.e. small-variance) expansion, which downplays
higher order terms of the exponential (log™') expansion. Applied to either of the
preceding remarks 5 or 6, the result is slow decay of memory. The main interest
(for a given v) is in the formula of Remark 6, which yields the memory features
of the process as we consider points that are further apart in time; i.e. large 7.
For {logy.}, we get

2y/h
(18) Rypyr °
2 2
vt (1 + hﬁ)
which shows that memory increases with large hg (small sectoral heterogeneity,
i.e. little diversity) and small v (large monopoly power). In our setting, the effect
of h, is not as powerful as in the available time series models of linear aggregation

of arithmetic ARs. CES aggregation downplays the effect of h,. In contrast, the
effects of v and hg are much more important.

vt
8
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4 Concluding remarks

Our findings can be summarized by the following properties:

1. Unconventional results that are reminiscent of functional limit theory in
statistics: the autocorrelation of sums of variates will be greater than the
autocorrelation of the components, thus producing long memory. Intu-
itively, this arises because of the increased likelihood of correlation of one
of the components with another component at a later date.

2. The economic model gives rise to long-memory, and to a nonlinear process.
A single-sector model with one AR will have exponential decay of memory
and will not give rise to long memory (except for a unit root, which leads to
infinite memory). CES aggregation means that linear ARIMA macromodels
will not pick up the nonlinearity. We have shown how the autocorrelation
function of log-linear models is much less affected by the variance of the
shocks than our nonlinear model. This means that the usual assumption of
linearity is not innocuous, not even as a first-order approximation.

3. Persistence, endogenous cycles and overreaction: small temporary shocks
in our model lead to long memory, without requiring unit roots. There is
no need for large shocks at the microeconomic level in order to generate
large macroeconomic fluctuations. This is the first magnification effect of
aggregation. Both the common and idiosyncratic shocks matter and are
amplified at the macro level, though the former is more potent than the
latter. Their size is positively related to the amplitude of the aggregate
shock, but negatively related to the aggregate memory (temporary shocks
are more easily reversed). The decay of memory is however much slower
than the usual exponential rate for stable ARs.

4. The second magnification effect of aggregation is that a larger growth rate
causes some overreaction of the economy: economies which are growing
faster than others will experience an amplification of their business cycles.

5. The third magnification effect of aggregation. The effect of a higher degree
of mark-up (monopolistic power) in the economy is longer memory, but the
amplitude of the cycle is reduced. With higher monopoly power, firms do
not adjust their output so much after shocks, so there are less fluctuations
but more persistence. As monopoly power increases, our nonlinear model
will generate behaviour that seems increasingly like a random walk, even
though there are no unit roots in any of the components of the aggregate,
and though the model has generally less memory than a random walk. By
extension, in a multi-sectoral model, longer memory (monopolistic) sectors
would dominate the long-term time series properties. This is in line with
the findings of Blundell, Griffith and Van Reenen (1993).
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6. There is eventual mean-reversion in the cycles generated by our model, un-
like in infinite-memory unit-root models. The length of the cycle is random,
and the process is not periodic.

7. Mean-reversion, coupled with long memory, implies that an economy can
get ‘stuck’ in a mode for a while, and have asymmetric business cycles for
that duration (e.g. post-war expansion, recent recessions). Mean-reversion
acts as an attractor: there is a slow tendency to the long-term trend, with
occasional bursts away from it.

Our paper has characterized the time series process that arises from the eco-
nomic model, and has explored its properties and implications. It has however
not derived the optimal (if any) estimation and inference procedures for dealing
with it, as this goes beyond the scope of this paper. One possible estimation
procedure would be as follows. Normalize the scaling factor in (18) such that

R:;; = 1, and estimate the autocorrelation function (1 + 72/ hﬁ)_'/4/ ® from the
data by (say) nonlinear least squares, where the parameters v and hg can be
identified. One can then infer ¢) and the remaining parameters by the method
illustrated before our theorem.

Department of Mathematics and Department of FEconomics, University of
York, Heslington, York YO1 5DD, UK;

Department of Economics, University of York, Heslington, York YOI 5DD,
UK.

Appendix

Derivation of (14). The variate z; = 0,,; can be written as

-1
Ty = €Xp E ole g,
g=0

where we use o = «,, and €, = €, as shorthand in the first proof of this Appendix.
Then,

E[(zix4s)"] =€ [GXP |:V ((1 +a’) iajet—j + iajeH—T—j):H J

where empty sums are taken to be zero, by convention. By independence of the
sequence {¢;}, and by the moment generating function (MGF) of the distribution
N(p,0?)

2 _2
£ [exp [ber]] = exp [bu ; f’—g-} |
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we get

£ [(xtmt—l—T)V]

= exp

= exp

= exp

t—1 71
(e Sae Sar) 7 (wray T So)
j=0 j=0 j j

(1+a7)(1—at)+1—a7+V202(1-1-a) 1-a®)+1—-0? j|

s 1—a 2 1—a?
(2~ ot (1 +an) | Vol (1 +a7) (2—a¥ (1+a7)
1 -« 2(1-0?) '

Finally, by a similar method,

|

J

1/20'2 t—1
= exp l:I/‘u,ZaJ + —2—2052”]

vp(l—at) Vo (l—aZt)}
l-—« 2(1—0a2) |’

= exp[

so that the autocovariance function of zy is

Vpirr = E[(@T4r)"] — E[2}] € [mgw]
— exp | (2—a'(1+am)) N Vit (14+a7) (2 - (1+a7))
l-a 2(1— a?)
vp(2—at(1+am)  v?e?(2—a®(1+a®))
—exp
l-—« 2(1—0?)
vp(2—at(1+a7)  v2e?(2-a*(1+a"))
= exp
1—« 2(1—a?)
vio?a™ (1 — a®)
(]
and its autocorrelation function is as stated in (14). Q.ED.

Proof of Theorem 1. It can be seen that the results displayed earlier in this
Appendix go through for any 6, ,, with the parameter equivalencies

a = o,

{Et.} — {un,t + /Bnet} )

2 2 2
g A wn—’_ﬁn)
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so that

e'n,t =

& [(en,ten,t+‘r ) V] =

Elon,] =

[ t—1
exp Z C}:ZI (Un,t——j + ﬁnet—j)] 9

Lsj=0

vp(2— ok (1+ap) | v* (W] +6,) (1+07) (2 - off (1 +a7)
] 1-an, 2(1-a3)

?uﬂ—dJ+ﬁ@ﬁ+ﬁﬂﬂ—a%}
) |

1-a, 2(1—a?

exp

exp

The penultimate expression is readily generalizable to

£ [(gn,tgk,t-FT)y] =

when k # n.

i—1 t+7—1
£ |exp |v Z o, (i + Buerg) +v Y o (upprr—s + 5k€t+r—j)H

L j j=0
i t+7—1
E |exp VZanunt_J +v Z ar7ukt+T _
L L =0
—1 . . 7—1 _
+v Z (ﬁna% + 51604:”) er—j +vp Z aietw—j”
o =
t+r—1 V2w2 2 2 t+7-—1
exp V,U,(ZOZ%-{- Zak> 2nzaiﬂ+ Za
j j=

9 t—1

v 1/2 2 T— 1
+ Z Ba0d + Braf)’ 5 B Zaiﬂ

=
L-ap  1-of™\ v (1—a ), ek (- ™)

v

Plica 1-w 2(1—-a2) 2(1— ai)

V2 (Bl Ao Qo) 2l aic))

exp

1—a2 1—al 1 — a0
n V2B, (1 - k)
1—of 1—aff™\ v?(w2+62)(1—a)
eXp[V“(l—an+ 1—ak>+ 2(1— a2)

v (Wh+ 08) (1= o) | v26,Br0f (1~ aza@}

2(1—ai) 1 — anoy
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For the autocovariance function of {X;}, we need

& [XeXpsr]

[z s

N
1 v 14 v v
- N2 Z & [Gn,tgn,HT + Z en,t0k7t+T]
n=1

k#n

Ll vp(2— o (1+ap)) | V2 (Wi+062) (1+a7) (2 - af (1+0p))
F;(GXP{ 1— o * 2(1 —a2)

1—af 1-ait" 2 (W2 + ) (1 — a2
+Zexp{yp,( T+ k )—i— ( B)( )

P 1—a, 1—ay 2(1-a2)

k4 B) (1=af™) | v28.Bref (1 - a;az)D |

2(1—a3) 1 — anop

We also require

E[X) = D E[0n
n=1
1 N v (1l — o) v? (wfl + /6721) (1—a?)
- N;e"p 1— o 2(1 - a2)

for the autocovariance function of {X;} to be derived as
Vigsr = €[ Xy Xorr] — E[X] €[ Xiir] -

For large N, the operators

1o
N — n
n=1
are exchangeable (by the Law of Large Numbers), with £, denoting the expecta-
tion taken with respect to the distribution of parameters of the individual series,
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and

(19) Viter
1 v (2 —a (1+al))
~ Né'n exp [ o
L wntB) (A +al) 2ol (14 07))
2(1 — a2)
l—cot 1-oit” v (W2 4+ 62) (1 - o2)
Henbie exp {Vﬂ(l—an+ 1— o ) 2(1 - a2)
v (wi + B;) (1 — o) N V2B, By (1 — ahag)
2(1—a3) 1 — ana
o [l e (e 08 (-2
1 —a, 2(1—a2)
T 2 (02 4 32) (1 — g2t+2r
g [0 (A 80) (o)
1—-a, 2(1—02)
. vp(l—at) o (w24 62) (1 - o) vu (1 - of)
- Sn[exp( 1—ay, + 2(1—a?) Er &P 1— oy
PR ) (1= o) 5,001 - ok
2(1-a3) 1 — anay
B vu(l—at) v?(w2+ ﬁi) (1-—a?)
én [exp( 1 —an | 2(1-a2)
vp(l—aft7)  v2(wh+ ;) (1— o)
én [e"p( 1—a, (1 — a)

= Vt,t+r = Gt,t-l—T — HiHyy,,

for 33, # 0. It is seen that a non-trivial common stochastic shock (38, # 0)
introduces a lot more persistence in the aggregate series than when all 8, = 0
(in which case Vi, =~ 0 above). For $’s small relative to w’s, one may even
get frequent negative autocovariances as opposed to long cyclical behaviour. The
latter is what we need to analyse now.

Returning to formula (19) for V; ;1,, one may remark the following two aspects.
First, one can substitute

Enl] = Euz [Egz [Ean [N)] = 0 2 [Ean L]

and similarly for £ [.]. Second, the main value of the integrals (expectations)
comes from o — 1, and one may exploit this property to solve an otherwise
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intractable multiple integral. Let us take one component at a time from KZ,HT of
(19), starting with the easiest (latter) one for expository purposes:

b = & [exp (W (1-at) V(2 +5) (- >)]

1— oy 2(1-o02)
[ 1 1—at) v (w?+62)(1—a%) de
_ £ 9a=1 (] _ g)he=1 v ( n n _
w2 B2 /0 ot (1 — )™ exp ( 1—a 2(1 — a?) B (9o, ha)
T 2(, 2 2
~ Ga—1 _ ha—1 i—1 v (wn + ﬂn) ¢ 2(t_1) dia
~ &0 /0 a7 (1 —a)™ " exp (”“m + 2 “ B (9a; ha)
1 2 2 2
_ ga—171 _ \ha—1 tot1 v (wn + 'Bﬂ) ¢ 2(-1) _da
/0 et (1 — 0)* " exp (vpute! ™) £z g2 |exP ( 2 “ B (9o ha)’
By
2]7/3)‘" o 29, —1 2
(20) Elexp (B)] = & W)/ £29~ exp (b€ — hy,£?) dé

12

() ()

for large b € R, [e.g. see Abadir’s (1995) fractional Hermite polynomials], we
can take the required expectations with respect to £ = w? and ( = G2 as

H ~ AT (1/275 )29‘”_1 vt 2op 1
" T(9w)T(96) B (g ba) \4v/Pes 4,/hg

1 442
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By a change of variable replacing a by a/(=1, then approximating for large t,
we get

12

47 v2t N2 [ 2 e
e ' (g.) T (98) B (9as ha) (t — 1) (4\/E) (m)

1 ha—1 442
/ a4(g“’+gﬂ—1)—1+£}f (1 — aﬁ) exp I/ILLtOA _|_ i .l_ + _]:_ 044 dQ’,
0 16 \hy @ hg

4 ( V2 >2gu—1 (i_) 295=1
r (gw) r (gﬁ) B (ga, ha) (t - 1)ha 4‘/7Z 4\/h_/3

! 11
/0 a4(9w+gﬂ—1)‘1 (1-— a)h"‘"l exp (umﬁa + V1_6 (E + B;) a4) do

2

_ 4 ( V2t )2gu—1 (—2) 96—1
T (9.) T (95) B (g har) (£ — 1) \ 4R, 4\/hs

oo (_t)’ (__1_ + L)” !
Z 16 ho | Bo / a4(j+gu+gﬁ“1)—1(1 — a)" exp (vuta) da,
0

!
=0 )

the middle step having been obtained by

a1 11—
l—aﬁzl—(l—(l—a))‘—ll > (11.
Noting that
! T (ha
(21) / o1 (1 — ) ' exp (vuta) do ~ ( h)a exp (vut)
0 (vut)

for large ¢ [e.g. see Kummer’s function in Abadir (1995)] with v € R4, we can
write

(22) Hy~ 4n ( V2 )29u—1 ( e >2ga—1
"7 T (0.)T (96) B (gar ha) (t — 1) \ 4P 1 /hg

A\ 1,1 J
i ( 1; ) (ji:lw + 1;%) (zlu(;l)ah)a exp (vut)
j=0 ’

47T (go + ho) 2p \ 2001 2, \ %"
" T(9.)T (gu)T (95) (vut (¢ — )™ (4%) (W)
)
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As in Granger (1980), and in spite of the different setting here (geometric AR), we
find that the Beta parameter b of (21) is relatively unimportant in determining
the time-series features. This is no wonder, since AR roots near 0 have little
impact on aggregate memory, while roots near unity are more critical in this
respect. In terms of the original first Beta parameter, g, acts just as a ‘scaling’
for H; rather than an important parameter (e.g. power of t).

Going back to the required YZ,HT of (19), we have now derived an approxima-
tion for H;, and accordingly H:,,. We need to do the same for G;4,. We start
with the same approximation of the integrals (expectations) near oo = 1, and

Gt,t+'r

I/2t 2 2
= & [eXp (uutaf;l n Mazu—l)

2 T

2 t 2 2
gk [exp (V,U‘ (t + T) az—&-‘r—l + v ( + T)Z(Wk e ﬁk) ai(t—!—r—l) + VZt,BnﬁkO{?:-T—la%_l

- mg‘v%ﬁ% [/ e an)ha "exp (yy,ta;_l + I,j_(w;_ ﬁ_ﬁ O‘?z(t_l)
9o o 0

1
o= ha—1
Eu 2 { /O o™ (1 - o)

2 t 2 2
exp (U (N (t+7)+ Vt,@nﬁka;_l) awltc+r—1 + ve(t+ T)2(wk + ﬁk) ai(tw—l)) dak] dan] )

By the transformations replacing oy by a,lc/ ¢+7-1) and oy, by ol (t_l), followed by

the same large-t expansion as before,

1
(B (9 7)) (¢ = 1) (t +7 = 1))

! ha—1 2 (2 1 a2 . _
L - ° vt (w2 + 1—
5w%.,ﬁ% [/ % exp (Vutozn + Mai) gw%ﬁ% [/ ( Zk)
0 n 0 .

2 2 2
exp (l/ (u(t+7) +vtB,Bran) ar + s T>2(wk + 6i) aﬁ) dak} dan} :

Gt,t+q— =
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As before, taking expectations with respect to £ = w? then integrating o, out,

12

1

G"t,t+'r

an (1/475 (t+7)>2~"w‘1
(B (ga ha) T (9))* (¢ = 1) (7 = 1)) \ 16k

1 2,32 442 1 -
g {gﬁ% UO 098 (1 — o)™ " exp (Vutan + 2 Qﬂ"ai + 1116hw Oéi) /0 (1 — )
2 t 2 4 (4 2
2% exp (1/ (u (t+7) + viB,Bron) au + %az + V—(lﬁ——}:l of | dagday,

47T (ha) (I/4t (t + 7_) ) 2g,—1
(B(gas ha) T (g))2 ((t — 1) (¢ +7 — 1) w)P= \_ 16k,

4 2 U2 - 9
CXp (VN t+7)+ %}T“) Eg {Eﬂ% |:exp (w)

bt (1 o)™ ( v 32 V2
o, o 2 )
exp | vt (u+ Vﬁn/@ Op + o, + Odn> dOé,n
/o (1 (t+7) + vtB,8,0m)" ( ) 2 16h,,

47T (ha) (U4t (t+ T))ng—l
(B (G ha) T (9)) (= 1) (¢ + 7= Dwp(t+7)"= \  16hy, |
() ()

2 2
exp (V/J (t+71)+ M) Eg2 [5;;% |:exp (M)
V2t52 4t2

16h.,
" v
/ od 493 (1 — oV Vexp vt (1 + vB,0:) o + o? + ot | dey,
0 2 16/,

s

Il
o

J
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by a binomial expansion with binomial coeflicients (j) =T(a+1)/[T(a—7+1)7.
Integrating «,, out as before,

(23) Gt,t—{-r

A T (ha) 2 (4 T)\ T
- (¢ = 1) (t+7 — 1) v2ut (t+ 7)) (B (gar ha) T (gw)> <—1€T>
et 2o (2522) £

VBB )’ N vy | V't

(M(HTJ TR p( t(n+vBaB) + —5— + 16%)”
A7 T (go + ha) \* (V3% (t+7) 2901

((t—1) (t+7—1)v2) <F (9e) T (gw)) ( 16h., )

A GRAC +T)2)>

exp | vu (2t +7)+ o

e

Es2

ex <V2t’6i) 8 eXP (V2t13n18k + w)
PAT2 )58 | (o B (w(t+7) + 08,80 | |

where the terms of the binomial expansion have been collected. For large t, we
can use Watson’s lemma to approximate

(w+vB.0y) (1t +7) +vtB,5)
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by 2 (t + 7) when integrating for the expectation with respect to ¢ = (% Then,
we need to derive

2
o {eXp (Vztfi) € {QXP (Vztﬁnﬁk + V_Q_(EJ;T—)’G’“)H
29ﬁ
= 4h / Cng leXp< ztc _h C )

/ émexp (v WG+ T gt e,

4h2gﬁ OO ,1 V2t
_ ﬁ B ' 293 ~1+3 ( 2Cn _ hﬁgi) an
(T (95)) J 3
® 2gg-1+1 t4+7)(x
/ c;’ﬁ “ oxp ((—2)— -~ hact) G,

12

47Th;gﬁ—1 . 442 N e (t+7)2 f: (Vzt)j <Zz_t>29ﬂ—1+% (M)zgﬁ—Hg—
A VAR o Doy .

_ A <V4t (t+ T))zgﬁ_l exp ( v <t2 At T) 4 (E+ 7)2))

(T'(g0))" \  16hs 167
by the same integration used in (20). Substituting into (23),
o 167 ( T (ga + ha) )2
BT (=) 7 — 1) 22t (t+ 7)™ \T(90) T (9) T (96)

Vi (t+7) 200=b /A (t 1)\ P!
16h,, 16k
4

Vo2 (1 1 _V4t\/% (t+7)
exp (V/.L(2t+7’)—|— T (B +(t+7)7) (h + hg) + —, )

Together with (22), this gives

Vt,t+7 = Gt,t+T_Hth+T

162 ( T (go + ha) )2
(t=1) (t+7— 122t (¢ +7))" \T'(92) T (9.) T (95)

U+ 7))\ (v ()
16h,, 16hg

A YRy ry e
oo s () (o () )
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and the corresponding autocorrelation function is

R — W,t+‘r ~ f/’:‘,,t+7'
tthr = e
V. Vt,tvt+r,t+r \/ V;;, t%+r,t+r
vits ft(t+T
exp (—4hp—)> -1
= f )
/ vit? / vi(t+r)?
V exp (4};) - 1\/ exp (———ihﬁ) ) -1
which completes the proof. Q.E.D.

Proof of Corollary 2. From (12), using the backshift (lag) operator B and
letting X; = 67,

¥ 1
logs* + ———¢
1—v o83 +1/(1—')/B)

].Og Ye = log Xta

apart from the inconsequential initial conditions (see the discussion following (13)
in the text). The constants (1 — v) ! vlog s* and v have no impact on the relation
between the autocorrelation functions of {log X;} and {logy;}, and 1 — yB has
an exponentially-decaying effect on the transfer function (when |y| < 1) linking
the long-memory process {log X;} to {logy:}. Q.E.D.
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