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Sumario

A nocao de édlgebra de clusters surgiu em 2001, num artigo de S. Fomin e
A. Zelevinsky, com vista a estudar as bases candnicas duais de um grupo
quantico de uma algebra de Lie simples de dimensao finita sobre o corpo
dos complexos. A teoria das algebras de clusters tem bastantes ligagoes e
aplicagoes a diversas areas, tais como a algebra, a combinatoria e a fisica. A
interessante conexao entre as algebras de clusters e a teoria da representacao
foi estudada nos artigos [8, 11, 13, 22], entre muitos outros.

As categorias de clusters, introduzidas por A. Buan, R. Marsh, M. Reineke,
L. Reiten e G. Todorov [11], s@o certos quocientes da categoria derivada da
categoria dos médulos de uma algebra de caminhos associada a um quiver
finito sem ciclos orientados nem lacos (aresta cujo vértice de partida e o
vértice de chegada coincidem), e as algebras cluster-tilted, introduzidas por
A. Buan, R. Marsh e I. Reiten [8], sdo definidas como sendo &lgebras de
endomorfismos de certos objectos na categoria de clusters (conhecidos como
objectos cluster-tilting). As categorias de clusters e as dlgebras cluster-tilted
foram independentemente introduzidas por P. Caldero, F. Chapoton e R.
Schiffler [13] o tipo A.

O objectivo principal desta dissertacao é o estudo das algebras cluster-
tilted associadas a um quiver de Dynkin de tipo A, usando a definicao grafica,
que envolve diagonais e triangulagoes de poligonos regulares, da categoria
de clusters e da dlgebra cluster-tilted associada, um assunto desenvolvido
por P. Caldero, F. Chapoton e R. Schiffler, em 2006 [13]. Esta abordagem
das algebras cluster-tilted é particularmente interessante porque evita o uso
das categorias derivadas e da-nos uma definicao geométrica da categoria de
clusters e das algebras cluster-tilted associadas. Os objectos da categoria
de clusters podem ser vistos como diagonais de um poligono regular, e os
morfismos da categoria sao dados por certas transformacoes dessas diagonais.
A remocdo (de uma maneira apropriada) de diagonais de uma triangulagao
do poligono dé origem a uma categoria quociente equivalente a categoria dos
modulos de uma algebra cluster-tilted.

As nogoes de algebras cluster-tilted e de categorias de clusters conduzi-



ram a teoria cluster-tilting, um novo método de comparacao de algebras que
generaliza a teoria tilting cldssica (ver [3], por exemplo).

O artigo [7] descreve os desenvolvimentos recentes na teoria cluster-tilting
e o artigo [23] de C. M. Ringel (a aparecer em Handbook of Tilting theory)
inclui uma seccao extensa dedicada a teoria cluster-tilting. Ringel também
incluiu as dlgebras cluster-tilted na lista de Striking new results na pagina
da fdlist (http://www.mathematik.uni-bielefeld.de/fdlist/).

Como ja foi referido, o principal objecto de estudo desta tese é o artigo
[13]. Para a sua compreensao, precisamos de ter alguns conhecimentos sobre
teoria da representacao de dlgebras, nomeadamente a representacao de quiv-
ers e a teoria de Auslander-Reiten, e sobre a teoria das dlgebras de clusters
e as suas principais propriedades, com particular referéncia para a descri¢ao
das algebras de clusters de tipo A em termos de diagonais e triangulagoes de
um poligono regular e do conjunto de raizes quase-positivas de um sistema
de raizes de tipo A. Dividimos assim esta dissertacao em quatro capitulos.

O primeiro capitulo introduz as nogoes e resultados gerais da teoria das
categorias, da teoria dos médulos e dos sistemas de raizes, necessarios para
0 que se segue.

O capitulo 2 ¢ dedicado ao estudo da teoria da representacao de quivers.
Na primeira secgao vemos que cada algebra A de dimensao finita sobre um
corpo algebricamente fechado corresponde a um quiver com certas relagoes,
e que esta conexao permite-nos visualizar qualquer A-médulo de dimensao
finita em termos da representacao de quivers. Na seccao 2.2, apresenta-
mos uma computacao explicita dos A-moédulos simples, projectivos indecom-
poniveis e injectivos indecomponiveis, considerados como representagoes do
quiver associado a algebra A. As nocoes e resultados importantes sobre mor-
fismos irredutiveis e morfismos minimais quase-cindiveis (duas classes de mor-
fismos intimamente ligadas) sao dadas na Seccao 2.3. As nogoes de morfismos
minimais quase-cindiveis dao origem a um tipo especial de sequéncias exac-
tas de médulos, as sequéncias quase-cindiveis. A existéncia destas sequéncias
(comegando, ou acabando, num médulo indecomponivel arbitrério) é provada
na Seccao 2.4. O importante conceito de translaccoes de Auslander-Reiten
é usado para a prova deste resultado. A descricao de alguns aspectos da
teoria de Auslander-Reiten feita na Secgao 2.4 permite-nos definir e descre-
ver o quiver de Auslander-Reiten (Secgao 2.5). De uma maneira informal, os
vértices deste quiver correspondem aos modulos indecomponiveis e as arestas
correspondem aos morfismos irredutiveis. Este quiver é importante para o
estudo da categoria dos A-moddulos de dimensao finita, na medida em que
‘armazena’ toda a sua informacao. De entre as propriedades deste quiver
que sao enunciadas, destacamos uma que vai ser directamente usada na de-
monstra¢ao de um dos resultados do artigo [13], e que diz que se o quiver de
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Auslander-Reiten, denotado por I'(mod A) contém uma componente conexa
C tal que o comprimento dos moédulos associados aos seus vértices é menor
ou igual que um certo nimero natural, entdo I'(mod A) = C e é finito.

No capitulo 3 damos uma introducao basica da teoria das algebras de
clusters. Exibimos as diferentes versoes da definicao desta classe de algebras
(baseando-nos nos artigos [16, 17]) e vemos as relagdes entre elas. De uma
maneira informal, a dlgebra de clusters é um certo tipo de algebra comu-
tativa, definida combinatorialmente, gerada por um conjunto de elementos
designados por variaveis de cluster, que é dividido por certos subconjuntos
de igual cardinalidade (os clusters). Destacamos algumas propriedades desta
classe de dlgebras, como por exemplo o fenémeno de Laurent, que diz que
qualquer variavel de cluster pode ser escrita como um polinémio de Laurent
nas variaveis de um cluster arbitrario fixo, e a classificagao das algebras de
clusters de tipo finito (as que tém um nidmero finito de varidveis de clus-
ters), um dos principais resultados na teoria das &lgebras de clusters, que
foi provado por S. Fomin e A. Zelevinsky em [17]. Esta classificacdo é, sur-
preendentemente, paralela a classificagao de Cartan-Killing dos sistemas de
raizes. Para o caso finito, enunciamos um teorema, conhecido por ‘teorema
dos denominadores’, que é um caso particular do fenémeno de Laurent para
as algebras de clusters de tipo finito, e que estabelece uma bijeccao entre as
variaveis de clusters e as raizes quase-positivas do sistema de raizes associado
a algebra de clusters. O exemplo de algebras de clusters que apresentamos
(que é o que precisamos de conhecer para a compreensao do artigo [13]) é do
tipo A,, e é descrito em termos de diagonais e triangulacées de um poligono
regular. Referimos também que este exemplo esta relacionado com o Grass-
manniano Grg 3.

O tltimo capitulo é entao dedicado ao estudo de [13]. Este artigo d4 uma
descricao geométrica da categoria dos modulos sobre uma &lgebra cluster-
tilted de tipo A em termos de diagonais de poligonos regulares, cujos mor-
fismos advéem da rotacao das diagonais em torno dos seus vértices. Apre-
sentamos a demonstracao do resultado chave que nos diz que esta categoria
geométrica é equivalente a categoria dos médulos de um quiver com relagoes
(designadas por relagoes triangulares) oriundas da édlgebra de clusters de tipo
A, e do resultado principal deste artigo, que dd uma generalizacao do teorema
dos denominadores para qualquer cluster (do tipo A).

Palavras-Chave: Algebras de Cluster, Teoria Cluster-Tilting, Teoria da
Representagao de Quivers, Teoria Auslander-Reiten






Abstract

The notion of Cluster Algebra first appeared in 2001, in a paper by S. Fomin
and A. Zelevinsky, studying the dual canonical basis of the quantum group
of a finite dimensional simple Lie algebra over the complex numbers, and
also total positivity for algebraic groups.

Cluster categories, introduced by A. Buan, R. Marsh, M. Reineke, I.
Reiten and G.Todorov [11] in 2004, are certain quotients of the derived cat-
egory of the module category of a finite dimensional path algebra, and the
cluster-tilted algebras, defined by A. Buan, R. Marsh and I. Reiten [8], are
the endomorphism algebras of certain objects in a cluster category.

Our aim is to study the cluster-tilted algebras associated to a Dynkin
quiver of type A, using the graphical definition, involving diagonals of poly-
gons, of the cluster category and its associated cluster-tilted algebras, intro-
duced by P. Caldero, F. Chapoton and R. Schiffler, in 2006.

In order to understand the cluster-tilted algebras, we need some back-
ground on the theory of representations of algebras (with emphasis on rep-
resentations of quivers and the Auslander-Reiten theory) and on the theory
of cluster algebras (with emphasis on the description of cluster algebras of
type A in terms of diagonals and triangulations of a regular polygon and the
set of almost positive roots in the root system of type A).

Key words: Cluster Algebras, Cluster-Tilting Theory, Representation
Theory of Quivers, Auslander-Reiten Theory
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Introduction

The notion of Cluster Algebra first appeared in 2001, in a paper by S. Fomin
and A. Zelevinsky, studying the dual canonical basis of the quantum group
of a finite dimensional simple Lie algebra over the complex numbers, and
also total positivity for algebraic groups.

The theory of cluster algebras has many connections and applications in
many different areas, such as algebra, geometry, combinatorics and physics.
The interesting connection between cluster algebras and representation the-
ory was studied in the papers [8, 11, 13, 22] and many other articles.

Cluster categories, introduced by A. Buan, R. Marsh, M. Reineke and
G. Todorov [11], are certain quotients of the derived category of the module
category of a finite dimensional path algebra, and the cluster-tilted algebras,
defined by A. Buan, R. Marsh and I. Reiten [8], are the endomorphism alge-
bras of certain objects in a cluster category (known as cluster-tilting objects).
Cluster categories and cluster-tilted algebras were introduced independently
by P. Caldero, F. Chapoton and R. Schiffler [13] for type A.

Our aim is to study the cluster-tilted algebras associated to a Dynkin
quiver of type A, using the graphical definition, involving diagonals of poly-
gons, of the cluster category and its associated cluster-tilted algebras, intro-
duced by P. Caldero, F. Chapoton and R. Schiffler [13]. The objects of the
cluster category can be thought of as diagonals in a regular polygon, with
morphisms given by certain transformations of the diagonals. Removing the
diagonals in a triangulation of the polygon, in an appropriate way, provides
a quotient category equivalent to the module category of a cluster-tilted al-
gebra.

The notions of cluster-tilted algebras and cluster categories led to cluster-
tilting theory, which is a new method of comparing algebras, generalising the
classical tilting theory (see, for example, [3]).

The survey article [7] gives a description of recent developments in cluster-
tilting theory and C. M. Ringel’s article to appear in the Handbook of Tilting
Theory [23] includes a large section on cluster-tilting theory. Ringel has
also listed cluster-tilted algebras on the fdlist page of striking new results
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(http://www.mathematik.uni-bielefeld.de/ fdlist/).

As was already mentioned, the core of this dissertation is the study of
[13]. Some knowledge of the theory of representations of algebras and the
theory of cluster algebras is required for the understanding of this paper.
With this purpose in mind, we divide this dissertation into four chapters.

Chapter 1 covers the background necessary for what follows, namely cat-
egory theory, module theory and root systems.

Chapter 2 is devoted to the study of representation of quivers. In the first
section we see that each finite dimensional algebra A over an algebraically
closed field is associated to a quiver, and that this connection allow us to
visualize any finite dimensional A-module as a representation of a quiver. In
Section 2.2, we exhibit an explicit computation of the simple, the indecom-
posable projective and the indecomposable injective A-modules, viewed as
representations of the quiver associated to A. The concepts of and main re-
sults on irreducible morphisms and minimal almost split morphisms are given
in Section 2.3. The notions of minimal almost split morphisms give rise to a
special type of exact sequences, called the almost split sequences, which play
an important role in representation theory. The existence of these sequences
is proved in Section 2.4. The important concept of Auslander-Reiten trans-
lation, studied also in this section, is used to the proof of this result. The
description of some aspects of Auslander-Reiten theory, which were intro-
duced in Section 2.4, enables us to define and describe the Auslander-Reiten
quiver (Section 2.5), which can be thought of as a combinatorial picture of
the module category of A.

In Chapter 3 we give an introduction to the theory of cluster algebras. We
exhibit the variations of the definition of cluster algebras (given in [16, 17])
and see the connection between them. Informally speaking, a cluster algebra
is a certain kind of combinatorially defined commutative algebra generated
by a set of elements known as cluster variables, divided into overlapping
subsets of equal cardinality, called clusters. We present some important
results, such as the Laurent phenomenon, which asserts that any cluster
variable can be written as a Laurent polynomial in the cluster variables of
any given cluster. We mention the classification of the cluster algebras of
finite type (the ones that have a finite number of cluster variables), which
is parallel to the Cartan-Killing classification of root systems. The theorem
known as ‘the denominator theorem’ is stated. This theorem establishes a
bijection between the cluster variables and the almost positive roots of the
root system associated to the cluster algebra of finite type. We focus our
attention on the cluster algebras of type A, which can be described in terms
of diagonals and triangulations of a regular polygon.

Finally, Chapter 4 is dedicated to the study of the paper [13], which, as
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we have already stated, gives a geometric description of the module category
of a cluster-tilted algebra of type A in terms of diagonals in polygons, and
whose morphisms come from rotating diagonals about their end-points. We
give the proof of the key result that this geometric category is equivalent to
the module category of a quiver with relations arising from a cluster algebra
of type A, and we finish with the proof of the main result of this paper, which
is a generalization of the ‘denominator theorem’ by Fomin and Zelevinsky
[17] to any cluster (in type A).
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Chapter 1

Background

In this preliminary chapter, we will fix some notation and state a few results
about algebras and modules, categories and functors, and root systems, that
will be used in the sequel. For more details and proofs, the reader is referred
to the following textbooks [1, 2, 4, 19, 20, 21, 24].

1.1 Category Theory

Categories
Definition 1.1.1. A category C consists of:

e A class Obj C, whose elements are called objects of C.

e For each pair of objects (X,Y) of C, there is a set Home (X,Y'), or for
short, Hom (X,Y’), whose elements are called morphisms from X to Y,
such that for different pairs of objects (X,Y) # (W, Z), Home (X, Y)N
Home (W, Z) = (. We denote a morphism f € Home (X,Y) by

xLy o fixoVY

e For every triple X, Y, Z of objects of C, there is an operation o, called
the composition, defined by

o: Home (Y,Z) x Home (X,Y) — Home (X, Z)
(9, f) —  gof

that satisfies the conditions:

— For every object X of C, there exists a morphism 1x € Home (X, X),
suchthatforallXLYandZi»X,folxzfand lxog=uy,
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—ho(gof)=(hog)of foral X LY YL 2 21w

The composition of two morphisms f and g will be denoted by ¢gf or
fg, for short.

Definition 1.1.2. Let C and D be two categories. Their product C x D is the
category whose objects are of the form (X,Y), with X € ObjC,Y € Obj D,
the morphisms are of the form f = (fi, f2) : (X,Y) — (X',Y’), where
f1 € Home(X, X'), fo € Homp(Y,Y'), and the composition o is defined by

(f1, f2)o(g1,92) = (fiog1, faoge), for all gy € Home(X,Y), f1 € Home(Y, Z),
g2 € Homp (X', Y'), fo € Homp(Y', Z').

In order to define an additive category, we need the definition of a direct
sum of objects. The symbol [n] (n € N), which is introduced in the follow-
ing definition and will be used throughout this dissertation, denotes the set

{1,...,n}.

Definition 1.1.3. Let Xi,..., X, be objects of C. A direct sum of these
objects is a pair (X1 ®...® Xy, (u;)jep)), where X1 @ ... ® X, € ObjC, and
uj c X; — X1 ®...8 X, j € [n], are morphisms, denominated summand
embeddings, that verifies the following condition:

If Z is an object of C and f; : X4 — Z,..., f, : X,, — Z are morphisms
in C, then there is one and only one morphism f: X; & ... ® X,, — Z such
that f; = fu;, for all j € [n].

Note that if such object X; @ ... @ X,, exists, it is unique up to isomor-
phism.

Definition 1.1.4. Let C be a category.
1. The category C is said to be additive if it satisfies the following axioms:

e For every finite set Xy, ..., X,, of objects, there exists a direct sum
Xl@...@Xn in C.

e The set Home (X, Y') has an abelian group structure, for each pair
(X,Y) of objects of C.

e Let XY, Z be arbitrary objects of C. The composition of mor-
phisms in C is bilinear, i.e.,

(f+fog=fog+fog,

folg+g)=fog+fod,
for all morphisms f, f' € Home (Y, Z), g, € Home (X,Y).
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e There is an object 0 € Obj C such that the identity morphism 1,
is the element zero of the abelian group Home (0, 0).

2. Let C be additive. The opposite category of C, denoted by C, is
the additive category such that ObjC? = ObjC, Homeor (X,Y) =
Home (Y, X), for all X|Y € ObjC, the addition in Homeer (X,Y)
is the addition in Home (Y, X), and the composition * in Homgoep is
given by f* g = go f, where o is the composition in Hom¢. Note that
(CoP)r = C.

3. Let K be a field. The category C is called a K-category if, for every
pair X, Y of objects of C, Hom¢ (X,Y') has a K-vector space structure
such that the composition o of morphisms in C is a K-bilinear map.

Remark 1.1.5. Let C be an additive category and let X; & ... ® X,, be the
direct sum of the objects Xi,...,X,, of C. By the direct sum property, for
each j € [n], there exists a morphism p; : X1 & ... ® X,, — X, such that
pjou; = lx;, pjou; = 0, fori # j, and uyop1+...+u,op, = lx,¢..¢x,. This
morphism p; is called the jth projection. Furthermore, if (g; : X — X;)icn)
is a set of morphisms, there exists one and only one morphism g : X —
X1 ®...® X, such that p; o g = g;, for j € [n].

Thus, in an additive category, for any two direct sums X = X;®...0 X,
Y=Y1&...8Y,, any morphism f: X — Y can be written in the form

fll f12 fln

f21 f22 f2n
S e

fml fm2 fmn

where f;; =p;o fou; € Home (X;,Y;).

Let C be an additive category and f : X — Y be a morphism in C.
A kernel of f is a pair (Ker f,u : Ker f — X), where Ker f € ObjC
and v is a morphism in C, such that

o fou=0,

o IfZ € ObjCandh : Z — X is a morphism in C such that foh = 0, then
there exists a unique morphism h' : Z — Ker f such that h = uo h'.

A cokernel of f is a pair (Coker f,p : Y — Coker f), where Coker f is
an object of C and p is a morphism in C such that

e pof=0,
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o [f 7€ ObjC,and g : Y — Zis amorphism in C such that gof = 0, then
there exists a unique morphism ¢’ : Coker f — Z such that g = ¢’ o p.

Definition 1.1.6. A category C is said to be abelian if:
e C is additive,

e Every morphism f : X — Y in C admits a kernel u : Ker f — X and
a cokernel p: Y — Coker f,

e For each morphism f : X — Y in C, the unique morphism f :
Cokeru — Kerp, where u : Ker f — X is a kernel of f and p :
Y — Coker f is a cokernel of f, is an isomorphism, i.e., there ex-
ists a morphism f’ : Kerp — Cokeru such that ff' = lg., and

f/f: ]-Cokeru-

Remark 1.1.7. In an additive category C where every morphism f: X — Y
admits a kernel u and a cokernel p, there exists such a morphism f and it is
unique. For more details, see [2, Appendix A.1].

Functors

The functors can be viewed as ‘morphisms between categories’.
Definition 1.1.8. Let C, D, C’ be arbitrary categories.

1. We say that F'is a covariant functor from C to D, and we write F' :
C—7Dif:

For each object X of C, FI(X) € Obj D,

For each morphism f: X — Y in C, a morphism F(f): F(X) —
F(Y) is defined in D,

e For every object X in C, F(1x) = 1p(x),

e For each pair of morphisms f: X — Y,g:Y — Z, F(go f) =
F(g) o F(f).
2. We say that F' is a contravariant functor from C to D, and we write
F:C—Dif

e For each object X of C, F(X) € Obj D,

e For each morphism f: X — Y in C, a morphism F(f): F(Y) —
F(X) is defined in D,
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e For every object X in C, F(1x) = 1p(x),

e For each pair of morphisms f: X — Y, g:Y — Z F(go f) =
F(f) o F(g).

3. Any functor F : C x D — (’, is said to be a bifunctor.

Remark 1.1.9. A contravariant functor F' : C — D can be considered as a
covariant functor F' : C? — D or F : C — D°P.

Definition 1.1.10. The composition of two functors F' : C — C" and G :
C" — C” is the functor defined by: GF(X) = G(F(X)), for X € ObjC, and
GF(f) = G(F(f)), for each morphism f: X — Y in C.

Now, we give the notion of functorial morphism, that compares two func-
tors between the same categories.

Definition 1.1.11. Let F,F’ : C — D be two functors. A functorial
morphism ¢ = (¢x)xeonjc : F — F' is a family of morphisms px :
F(X) — F'(X), X € ObjC, such that, for any morphism f : X — Y in
C, vy F(f) = F'(f)px, i.e., such that the diagram

[2e

FX) — F'(X)

F(f) l l F'(f)
Py

FY) —— F'(Y)
in D commutes. If each morphism ¢x, X € ObjC, is an isomorphism in D,
©
then ¢ is said to be a functorial isomorphism. In this case, we write F' = F’,
or briefly, F' = F’.
Definition 1.1.12. Let C and D be arbitrary categories.

1. A covariant functor F' : C — D is a category equivalence provided there
is a functor I’ : D — C such that FFF' = 1p and F'F = 1¢, where
l¢ (resp. 1p) is the identity functor of C (resp. D). The functor F” is
called an inverse equivalence of F'.

2. A contravariant functor F' : C — D is an equivalence of categories,
and is called a duality, if the covariant functor F' : C®? — D is an
equivalence of categories.

3. We say that C and D are equivalent, and we write C = D, if there is a
category equivalence between them.
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Definition 1.1.13. Let C, D, C’ be categories and F': C — D be a covariant
functor.

1. F'is called dense if, for any object Y of D, there exists an object X in
C such that F(X) =Y.

2. I is said to be full if, for all objects X,Y of C and for any morphism
g: F(X)— F(Y) in D, there is a morphism f : X — Y in C such that
F(f) = g. In other words, F is full if, for any pair X,Y of objects of
C, the map

Fxy: Home(X,Y) — Homp (F(X),F(Y))
f — F(f)

is surjective.

3. If the map Flxy is injective, for all X,Y € ObjC, the functor F' is
called faithful.

4. Suppose C and C' are additive. Then F is called additive if, for any
objects X, Y inC, F(X)® F(Y) = F(X®Y) and the map Fx y verifies
the condition: F(f +g) = F(f) + F(g), for all f,g: X — Y in C.

5. If C and D are K-categories, then F'is K-linear if F' is additive and
Fxy is a K-linear map for all X,Y € Obj C.

6. If C and D are K-categories, then F'is called a fully faithful embedding
functor if the map Fxy is an isomorphism of K-vector spaces, i.e., if
F is full, faithful and K-linear.

The following theorem gives a useful characterization of equivalence of
categories.

Theorem 1.1.14. [2, Theorem A.2.5] Let C and D be two arbitrary categories
and F : C — D be a covariant functor. Then F is an equivalence of categories

of and only of F is full, faithful, and dense.

The radical of a category

Definition 1.1.15. Let C be an additive K-category and let I be a class of
morphisms of C. The class I is called a two-sided ideal in C if the following
conditions hold:

o If X € ObjC, then Ox € I,
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e lf f: X —-Yelandg:Y — Zis amorphism of C, then go f € I,
e lf f: X —>Yelandg:Z — X is amorphism of C, then fog € [.

The quotient category C/I is the category such that ObjC/I = ObjC
and, for a pair of objects X, Y in C, Home,; (X,Y) = Home (X,Y)/I(X,Y),
where I(X,Y) is the set of morphisms of I from X to Y.

Definition 1.1.16. Let C be an additive K-category. The radical of C,
denoted by rade, is a class of morphisms in C whose set of morphisms from
X to Y, rade(X,Y), where X, Y € ObjC, consists of the morphisms h €
Home(X,Y) for which 1x — g o h is invertible, for any g € Home (Y, X).

Let n € N. The nth power of radc, denoted by radg, is the class of mor-
phisms of the form f = f,of, 10...0f1 : X =Y where f; € rade (X;_1, X;),
for each i € [n], considering Xy = X and X,, =Y.

It is easy to check that the radical of an additive K-category is a two-sided
ideal, as well as its nth powers, for n € N.

Proposition 1.1.17. [2, A.3.4] Let C be an additive K -category and X =
X1®..0X,,Y=Y1®...8Y,, be two direct sums in C. Let

fll f12 fln
fml fm2 fmn

be a morphism in C. Then f € rade(X,Y) if and only if f;; + Xi — Y €
rade(X;,Y;), for alli € [n],j € [m].

Proposition 1.1.18. [2, A.3.5] Let X, Y € ObjC such that Home(X, X)
and Home(Y,Y) are local, i.e., Home(X, X) and Home(Y,Y') have a unique
maximal ideal. Then rade(X,Y) is the vector space of all nonisomorphisms
from X toY inC.

1.2 Module Theory

Throughout, K will denote an algebraically closed field, and A a finite di-
mensional algebra over K. All A-modules are, unless otherwise specified,
right finite dimensional A-modules. The category whose objects are the
right A-modules and the morphisms the A-module morphisms is called the
category of modules and is denoted by Mod A. If all the objects are the
finite-dimensional A-modules, we use the notation mod A instead.
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The radical, the socle and the top
Definition 1.2.1.

1. The radical of A, denoted by rad A, is the intersection of all the maxi-
mal right (or equivalently, left) ideals in A.

2. The radical of M, denoted by rad M, is the intersection of all the
maximal submodules of M.

Observe that the radical rad A4 of the right A-module A, is the radical
rad A of the algebra A. The following proposition collects the main properties
of the radical of an algebra and of a module.

Proposition 1.2.2. [2,1.1.3, 1.1.4, 1.3.7]
1. radA={a € A | 1—ba has an inverse, Vb € A}.

2. The radical of A is the intersection of all the maximal left ideals of A,
and so it 1s a two-sided ideal.

3. All two-sided nilpotent ideals of A are contained in rad A. Furthermore,
if 1 is a two sided nilpotent ideal of A such that A/I is isomorphic to
a product K x --- x K of copies of K, then I = rad A.

4. For all right A-modules M and N, rad(M & N) =rad M & rad N.
5 radM = MradA.
Definition 1.2.3.

1. A module is said to be simple if it is nonzero and the only submodules
of M are zero and itself. If M is a direct sum of simple modules, then
M is called semisimple.

2. The submodule of M generated by all simple submodules of M is called
the socle of M, and is denoted by soc M.

3. The right A/rad A-module M /rad M, whose action of A/rad A is de-
fined by (m+rad M).(a+rad A) = ma+rad M, where m € M,a € A,
is called the top of M and is denoted by top M.

Note that top M is indeed a right A/rad A-module, by 1.2.2 (5).

Definition 1.2.4. An algebra is called local if it has a unique maximal right
(or equivalently, left) ideal.
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Proposition 1.2.5. [2, 1.4.6, 1.4.8] Let A be a K-algebra and M be a right
A-module.

1. If A s finite dimensional, then A is local if and only if the K-algebra
A/rad A is isomorphic to K.

2. Let M be an arbitrary right A-module. If End M is local, then M is
indecomposable.

3. If M is finite dimensional and indecomposable, then End M is local and
any endomorphism f of M 1is either an isomorphism or is nilpotent,
.e., f =0, for some natural m.

The next corollary follows directly from 1.2.5 (3) and 1.1.18 with C =
mod A.

Corollary 1.2.6. If X and Y are indecomposable modules in mod A, then

rada(X,Y) is the K-vector space of all noninvertible homomorphisms from
XtY.

Definition 1.2.7. Let A be a finite dimensional K-algebra. We say that
A is representation-finite if there is only a finite number of isomorphism
classes of indecomposable finite dimensional right A-modules, and that A is
representation-infinite otherwise.

The length of a module

Definition 1.2.8. A composition series of M is a chain
OIM()CMlCMQCCMn:M
of submodules of M such that M;,,/M; is simple for : =0,...,n — 1.

Since the algebra A and the A-module M are finite dimensional, there
exists a composition series of M (cf. [1]). Moreover, it follows from the
Jordan-Holder theorem (cf. [1, 11.3]), that the number n of submodules of
M in a composition series of M is well determined. This number is called
the length of M and is denoted by [(M).

The following proposition gives us some properties of the length, which
are easy consequences of the Jordan-Holder theorem.

Proposition 1.2.9.

1. Let f : M — N be a morphim between A-modules. If f is an epimor-
phism, then [(N) < I(M). If f is a monomorphism, then [(M) < I(N).

2. For any submodule N of M, I((M/N) = 1(M) —I(N).
3. For any pair L, N of submodules of M, [(L+N) = I(L)+I{(N)—I(LNN).
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The idempotents and the decomposition into indecom-
posables

Definition 1.2.10. An element e of A is an idempotent if e = e.
1. Two idempotents €1, e5 of A are said to be orthogonal if e;e; = eseq = 0.

2. An idempotent e is called primitive if there are no orthogonal idempo-
tents e1,e9 € A such that e = e + e5.

3. An idempotent e is central if ea = ae, for all a € A. If 0 an 1 are the
only central idempotents of A, A is said to be connected.

Remark 1.2.11. Any finite dimensional algebra A admits a decomposition
A=eAD...De, A, where eq,...,e, are primitive pairwise orthogonal
idempotents of A such that 1 = e; + --- + e,. Note that, since each e; is
primitive, each e; A is an indecomposable right ideal of A. Such a decompo-
sition is called an indecomposable decomposition of A.

Definition 1.2.12. A set {ej,...,e,} of idempotents of A satisfying the
conditions:

® ¢,...,e, are pairwise orthogonal and primitive;
ec +...+e,=1,
is said to be complete set of primitive orthogonal idempotents of A.

Proposition 1.2.13. [2, Proposition 1.4.5] Let e € A be a primitive idem-
potent.

1. The (A/rad A)-module topea is simple.
2. radeA = erad A is the unique maximal proper submodule of eA.

Proposition 1.2.14. [2,1.6.2] Let {eq,...,e,} be a complete set of primitive
orthogonal idempotents of the finite dimensional K-algebra A. The following
conditions are equivalent:

1. ;A 2 ejA, for all i # j,
2. The algebra A/rad A is isomorphic to a product of copies of K.

Definition 1.2.15. An algebra that satisfies one of the equivalent conditions
of proposition 1.2.14 is said to be basic.

26



Proposition 1.2.16. [2, 1.4.2] Let e be an idempotent of A and M be a right
A-module. The right e Ae-modules Hom 4(eA, M) and Me are isomorphic.

Proposition 1.2.17. [2, .5.17] Let {ey,...,e,} be a complete set of primi-
tive orthogonal idempotents of A.

1. If S is a simple right A-module, then S is isomorphic to tope; A, for
some i € [n].

2. If P is an indecomposable projective right A-module, then P is isomor-
phic to e;A, for some i € [n].

3. If I is an indecomposable injective right A-module, then I is isomorphic
to D(Ae;), for some i € [n].

Exact sequences

Definition 1.2.18. Let f: M — N be a morphism of right A-modules.

1. We say that f is a section if it admits a left inverse, i.e., if there exists
g: N — M such that gf = 1,,.

2. We say that f is a retraction if it admits a right inverse, i.e., if there
exists h : N — M such that fh = 1y.

Remark 1.2.19. Let f : M — N be a section and g : N — M be a left
inverse of f. Then f is injective and ¢ is surjective. Moreover, we have
N=ImfoKerg=M®Kerg. Indeed, ify € Im fNKerg, then y = f(z)
for some z € M, and 0 = ¢g(y) = ¢gf(z) = z. So x = 0 and consequently,
y = 0. Any element n of N can be written in the form n = n— fg(n)+ fg(n),
where n — fg(n) € Kerg and fg(n) € Im f.

Analogously, if f : M — N is a retraction and h is a right inverse of f,
then f is surjective, h is injective and M = Ker f & Im h.

Lemma 1.2.20. [2, IV.1.9] (a) Let f : L — M be a nonzero A-module
homomorphism, with L indecomposable. Then f is not a section if and only
if

Im Homu(f,L) C rad End L.

(b) Let g : M — N be a nonzero A-module homomorphism, with N inde-
composable. Then g is not a retraction if and only if Im Homu(N,g) C
rad End N .

Definition 1.2.21.
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1. A sequence

frn—1 fra1

In
o My My = My = My — .

where each M; is a right A-module and each f; is a morphism, is called
an exact sequence if Ker f, = Imh,_; for all n. In particular, the
sequence

0LLME NS0

is said to be a short exact sequence if f is a monomorphism, g is an
epimorphism and I'm f = Kerg.

2. A short exact sequence
/ g
0O—-=L>M->N-—>0

splits if f is a section.

Remark 1.2.22. In a short exact sequence
/ g
0—-L—->M-—=N—D0,

f is a section if and only if g is a retraction. Indeed, suppose that f is a
section. Then, by 1.2.19, Im f = Kerg is a direct summand of M, i.e.,
there exists a submodule K of M such that K @& Ker g = M. The morphism
gk : K — N is an isomorphism, for N = g(M) = g(Kerg+ K) = g(K) =
glx(K) and Kerg|lg = KergnN K = 0. Consider h = g|' : N — K as a
monomorphism from N to M. For n € N, we have gh(n) = g|xh(n) =n, so
g is a retraction. The converse is proved similarly.

Projective and Injective modules

Definition 1.2.23. Let U be a right A-module.

1. U is said to be projective if, for any A-modules M, N, any morphism
f U — N and any epimorphism g : M — N, there exists a morphism
f' U — M such that gf' = f, i.e., such that the next diagram is
commutative.
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2. U is said to be injective if, for any A-modules M, N, any morphism
f + N — U and any monomorphism g : N — M, there exists a
morphism f : M — U such that f'g = f, i.e., such that the next
diagram is commutative.

Lemma 1.2.24. Let P be a projective A-module and M = N 2 L be an
exact sequence. If f is a morphism from P to N such that fo f =0, then
there exists a morphism g : P — M such that cog = f.

Proof. Write @« = ¢ o &, where ¢+ : Ima — N is the inclusion map and
@ : M — Ima is the epimorphism induced by «. Since fo f = 0, we have
Imf C Ker 3= Ima. Let then f: P — I'ma be the morphism induced by
f. Because & is an epimorphism and P is projective, there exists a morphism
g: P — M such that @og = f. Hence cog=t1o0aog=1to0 f = f, and we
are done. [

The following lemma will be frequently used in the sequel.

Lemma 1.2.25.

1. If P is a projective A-module and v € Hom4(V, P) is an epimorphism,
then v 1s a retraction.

2. If I is an injective A-module and v € Homa(I,U) is a monomorphism,
then u s section.

Proof. (1) Suppose that v is an epimorphism. Then, by definition of projec-
tive module, there exists v : P — V such that vv’ = 1p, which means that
v is a retraction. The second statement is similar. ]

Definition 1.2.26. Let M be an A-module.

1. A projective resolution of M is an exact sequence
fn hl hO
P, 5P, _1—...—- P —>F—M-—0, (1.1)

where the P; are projective A-modules.
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2. An injective resolution of M is an exact sequence

0 - MX %t it petl

. (1.2)
where the I; are injective A-modules.
Definition 1.2.27. Let M, N be two arbitrary A-modules.

1. A morphism f : M — N is called a minimal epimorphism if it is an
epimorphism and Ker f is superfluous in M, i.e., if Ker f + X = M
for some submodule X of M, then X = M.

2. A morphism f: M — N is said to be a projective cover of N if it is a
minimal epimorphism and M is projective.

3. A munimal projective presentation of M is an exact sequence
P2 pPB M0,

such that py : Py — M and the morphism p; : P, — Kerpy = Imp,
induced by p; are projective covers.

4. A projective resolution (1.1) (definition 1.2.26) is said to be minimal
provided f; : P; — Im P; is a projective cover for all j.

5. A morphism f: M — N is called a minimal monomorphism provided

it is a monomorphism and X N Im f # 0, for every nonzero submodule
X of N.

6. A morphism f: M — N is said to be a injective envelope of M if it is
a minimal monomorphism and N is injective.

7. A minimal injective presentation of M is an exact sequence
U u
0—-M = IO = Il,

such that the morphisms ug : N — [y and Imwu; — I; are injective
envelopes.

8. An injective resolution (1.2) (definition 1.2.26) is said to be minimal
provided the morphisms Im g, < I™, for m > 1, and gy : M — I° are
injective envelopes.

Proposition 1.2.28. [2, [.5.8, 1.5.14] Every module M in mod A admits a
projective cover and an injective envelope and they are uniquely determined
up to isomorphism.
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Corollary 1.2.29. [2, 1.5.10, 1.5.16] Any finite dimensional A-module M
admits a minimal projective (resp. injective) presentation and a minimal
projective (resp. injective) resolution.

Lemma 1.2.30. [4, 1.3.7] Let M be an A-module, f : P — M be a projective
cover of M and g € End P. If fg = f, then g is an automorphism.

Proposition 1.2.31. Let M be an A-module. Let
S P 5P 5 M0
be a projective presentation of M, and
Q1 - Qo =M —0

be a minimal projective presentation of M. Then there exist direct sum de-
compositions P, = E1GE\GE, Py = Eg® E\GE{, a morphismu : E; — Ej
and an isomorphism v : Bl — E{ such that the sequence S is isomorphic to
the sequence

E\®FE ®FE - Ey®FE,®FE] — M — 0,

where the first map is given by

oo
o O
o O O

which we denote by diag(u,v,0).

Proof. Since @) is projective and b : By — M is surjective, there exists a
morphism f : Qg — P, such that bf = 1,;a = a. Analogously, there exists a
morphism ¢ : By — @)y such that ag = b. Since a : Q)9 — M is a projective
cover and agf = bf = a, it follows that ¢gf is an automorphism (cf. 1.2.30).
Now, let x € Kera. Then f(z) € Kerb, as bf(x) = a(x) = 0. So f induces
a map f’ from Kera to Kerb. Similarly, g induces a map ¢’ from Kerb to
Kera. Since gf is an automorphism and ¢'f’ is a restriction of gf, it is also
an automorphism. Because s : P, — Ker b is surjective and () is projective,
there exists a morphism p : Q1 — P; such that f'r = sp. Analogously, there
exists a morphism ¢ : P — Q1 such that ¢'s = rq. Let us see now that pq is
an automorphism. Since r : ()1 — Kera is surjective and (), is projective,
there exists t : Q; — @y such that (¢f)"'r = rt. Then we have rtqp =
(¢'f)tg f'r = r, and since r : Q; — Kera is a projective cover, it follows
from 1.2.30 that tgp is an automorphism. Hence ¢p is injective and because
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@ is finite dimensional, gp is an automorphism. Since (gf) 'gf = 1g,, we
have Py = Im f ® Ker (gf)'g = Im f ® Ker g. Note that f is injective, so
Im f = Q. Thus, we have Py & Qo & Ker g. Analogously, since (¢p) 'qp =
1g,, P =Imp® Kerq= (1 ® Kerq. Consider now the map s restricted to
Kerq. Because rq = gs, we have that s(Kerq) C Kerg. Thus, s induces a
map from Kerq to Kerg. Let a be this map, i.e., & = s |gerq. We will check
now that this map is surjective. Let y € Kerg. Then 0 = ag(y) = b(y),
soy € Kerb = Ims. Hence, there is x € P such that y = s(x). Consider
the element z — p(qp)*q(z) of P;. Tt is clear that this element lies in Ker g,
and s(z — p(gp)'q(x)) = s(x) — frigp)'q(z) = s(z) — f(gf)'rq(z) =
s(x) — f(gf) gs(x) = s(z) — f(gf)"g(y) = s(x), as y € Kerg. So a is
surjective. Note that Ker g is projective as it is a direct summand of F,.
Hence a is a retraction (cf. 1.2.25). Let §: Ker g — Ker ¢ be a right inverse
of g. By 1.2.19, Kerq = Kera @& Imp. Soa: Kera®& Imf — Kerg is
an isomorphism on Im (3 and zero on Ker«. It is easy to check that the
diagram,

diag(r,v,0) [a0]
Qb ImpBd Kera—— Qo Kerg®d0 M 0
[pL]J l[fd 1nm
s b
Pl Po M 0

where ¢ denotes the inclusion map and v := « |, 3, is commutative and the
vertical maps are isomorphisms. This proves the proposition. O

Definition 1.2.32. The projective dimension of an A-module M is the
length of a minimal projective resolution of M. Similarly, the injective di-

mension of an A-module M is the length of a minimal injective resolution of
M.

Remark 1.2.33. The projective dimension (resp. injective dimension) of M
is zero if and only if M is projective (resp. injective).

Examples of functors

We now present a number of functors that will be frequently used in the
sequel, particularly in the next chapter.

Firstly, we need the definition of opposite algebra. Let A = (A, +,-) be
a K-algebra. The opposite algebra of A is the K-algebra (A, +, %), with the
same K-vector space structure as A and with the multiplication * defined by
axb=>-a, for all a,b € A.

We begin with the definition of the Hom-functors. Let A, B be K-algebras
and let M be an A-B-bimodule, i.e., M is a left A-module, a right B-module
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and satisfies the condition (az)b = a(xb), for all x € M,a € A and b € B.
The contravariant Hom-functor

Homg(—, M) : Mod B — Mod A”
is defined as follows:

e Each right A-module N is associated to the K-vector space Homp(N, M)
of all B-module morphisms from Np to Mp endowed with the left
A-module structure given by (af)(x) = a(f(z)), for all a € A, f €
Hompg(N, M),z € N.

e For each morphism of right B-modules f : N — L, Homg(f, M) is
the morphism of left A-modules from Hompg(L, M) to Homg(N, M)
defined by the formula Homg(f, M)(g) = gf.

The covariant Hom-functor
Hompg(M,—): Mod B — Mod A
is defined as follows:

e Each right B-module N is associated to the right A-module Hompg(M, N),
whose multiplication Homg(M, N) x A — Hompg(M, N) is defined by
the formula (fa)(m) := f(am), for f € Homg(M,N),a € A and
m e M.

e For each morphism of B-modules f: N — L, Homg(M, f) is the mor-
phism of right A-modules from Hompg(M, N) to Homg(M, L) defined
by the formula Homg(M, f)(g) = fg, for g € Homg(M, N).

It is easy to check that the Hom-functors are additive and left exact
functors, i.e., for any exact sequence

0=-XxXLy 4y

in Mod B, then the sequences

0 — Homp(M, X) """ Homp(M, v) "2 Homp(M, 2),

and
Homp(g,M) Homp(f,M)

0— Homp(Z,M) =" Homp(Y,M) ="~ Homg(X,M)

are left exact. For more details, see [1, 16.6], for example.
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We will pay special attention to a specific case of the contravariant Hom-
functors, where B = A and M = Ay:

(=)' = Homu(—, A) : mod A — mod A,

which will be called A-dual functor.
This functor has the following important property.

Proposition 1.2.34. If P, is a projective right A-module, then P! is a
projective left A-module.

Proof. If P4 = eA, with e € A a primitive idempotent, then
P'= Hom(eA, A) = Ae,
and this result thus follows from the additivity of (—)*. O

This functor induces a duality, also denoted by (—)*, between the category
proj A of projective right A-modules, and the category proj A° of projective
left A-modules (this is due to the homomorphism €, : M — M® given by
em(2)(f) = f(2) (for z € M and f € M"), which is functorial in M and it is
an isomorphism whenever M is projective.

Another important functor is the K -duality functor D : mod A — mod A°P,
also known as standard duality, is defined as follows:

e For each right A-module M, D(M), also denoted by M*, is the K-
vector space Hompg (M, K) with a structure of left A-module given
by the formula (af)(m) = f(ma), for f € Homg(M,K),a € A and
m € M.

e For each A-module morphism f : M — N, the K-morphism D(h) :
D(N) — D(M) of left A-modules is defined by ¢ — @h.

It is easy to show that D is a duality. The following proposition provides
some important properties of this functor.

Proposition 1.2.35. [2, 1.5.13] Let L, M, N be A-modules. The standard
duality D verifies the following assertions.

1. M is a projective A-module if and only if D(M) is an injective A°P-
module.

2. M s an injective A-module if and only if D(M) is a projective A°P-
module.
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3. A morphism f : M — N is a minimal monomorphism if and only if
D(f): D(N) — D(M) is a minimal epimorphism.

4. A morphism f : M — N is a minimal epimorphism if and only if

D(f): D(N) — D(M) is a minimal monomorphism.

5. A sequence 0 — L LN %S M = 0inmodA is exact if and only if

0— D(M) 29 D(N) 2 D(L) — 0 is an ezact sequence in mod A°.

Now we define the tensor product functors. Let A, B be K-algebras and
M be an A — B-bimodule. The covariant functor

(-)®M : Mod A — ModB

is defined as follows:

e Each right A-module N is associated to the right B-module N ® M,
whose multiplication (N ® M) x B — N ® M is defined by the formula
(m®mn)b:=mbmn, forme M,ne€ N,be B.

e For each morphism of right A-modules f: N - L, fOQM: N® M —
L ® M is defined by the formula (f ® M)(n ® m) = f(n) ® m, for
neNmeM.

Analogously, we define the covariant tensor product M®(—) : Mod B? —
Mod A°P.
Let M be an A-module. It is easy to see that

oM (=) @4 M" — Hom (M, —),
defined as follows: for an A-module IV,

o Noy Mt — Hom (M, N)
n@f = eN(mef):menfim),

where m € M,n € N and f € M?, is a functorial homomorphism. More-
over, if M is projective, then o is a functorial isomorphism, i.e., ¥ is
an isomorphism for any A-module N, and if N is projective, then ¢ is an
isomorphism as well.
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The mth extension bifunctor Ext}(—, —)

Let A be a K-algebra and let M, N be two A-modules. Take a projective
resolution of M

B, h h
=P, 2P, —...—-P >3 P=M-=0.

Then Ext (M, N) is defined to be Ker Homa(hpmi1, N)/Im Homs(hy,, N),
for m > 1. For m = 0,

Ext(M,N) := Ker Homa(hy, N).

Note that Homa(hmi1, N)Homa(hy, N) = 0 since hpi1hyn = 0. Thus
Im Homa(hy,, N) C Ker Homa(hmy1, N). Moreover, this definition doesn’t
depend on the choice of the projective representation of M, so Ext’y(—, N)
is well defined on the objects.

The following proposition gives another definition of Ezt’} (M, N) via any
injective resolution of N.

Proposition 1.2.36. [24, 6.2.5] Let M, N be A-modules, and let
0-NZ2L 5L 23— ..
be an injective resolution of N. Then

Exti(M,N) = Ker Hom (M, pny1)/Im Hom (M, p,,).

Consider now an A-module morphism f : M — M’ and a projective
resolution of M’

hl, [ hi
=P B3P ... 5P 5P =2M-0.

There exists a family of morphisms {f,,}men, satisfying the condition
R fm = fm—1hm, for m > 1 and h{fo = fho. The existence of fj is due to
the fact that b’ : P; — M’ is an epimorphism and P, is projective, and the
existence of f,,, for m > 1 follows from 1.2.24.

Define Ext}(f,N) : Ext}(M',N) — Ext} (M, N) to be Homa(f, N).

Note that

Hom(hmy1, N)YHoma(fm, N) = Homa( fri1, N)Homa (b, 1, N),

with m € N. Hence, if g € Ker Homa(h,,,,,N), then Homa(fm,N)(g) €
Ker Homa(hpmi1, N), and if g € Im Homa(h!,, N), then Hom(fn, N)(g) €
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Im Homa(hy,, N). Moreover, this definition does not depend on the choice
of {fm}men,, s0 Ext’}(—, N) is well defined on the morphisms.
The functor
Ext (=, N): Mod A — Mod K

is contravariant and additive. Analogously, we define the covariant additive

functor
Ext(M,—): Mod A — Mod K.

Proposition 1.2.37. [2, A.4.6] Let M be an A-module.

1. The projective dimension of M is m if and only if Ext’y(M,—) # 0
and Exty™ (M, —) = 0.

2. The injective dimension of M is m if and only if Ext’}(—, M) # 0 and
Bzt (—, M) = 0.

We will now see another characterization of the elements of Ext! (M, N),
for two arbitrary A-modules M, N.

Definition 1.2.38. Let M, N be two A-modules. An eztension of M by N
is an exact sequence

0-MLLL NS0
Two extensions of M by N:

0-MLLSN 0

and / /
0-ML SN0
are equivalent if there exists a morphism « : L — L’ such that af = f’ and

g'a = g. The morphism « is in fact an isomorphism.

This defines an equivalence relation in the set of the extensions of M by
N. We denote by ext(N, M) the set of all equivalence classes of extensions
of M by N.

Proposition 1.2.39. [24, 7.1.5] There is a one-to-one correspondence be-
tween ext(N, M) and Exty (N, M).

Proposition 1.2.40. [24, 7.1.8, 7.1.9] Let S : 0 — M 5 L % N — 0 be an

extension of M by N, v a morphism from N’ to N and uw a morphism from
M to M'.
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1. There is a unique (up to equivalence) extension S': 0 — M EIN TN
N'"— 0 of M by N', and a morphism v’ : L' — L such that the diagram

/ /

0 M I — N 0
EE A
0 M L N 0
f g

15 commutative.

2. There is a unique (up to equivalence) extension S” : 0 — M’ EAy JE
N — 0 and a morphism v’ : L — L" such that the diagram

f g
0 M L N 0
J u l u’ l 1
0 M’ L N 0
f// g//

18 commutative.

We denote by ext(v, M)([S]), or briefly ext(M,v)(S), the equivalence
class in ext(N’, M) represented by S', and ext(N,u)([S]), or ext(N,u)(S)
for short, the equivalence class in ext(N, M') represented by S”.

Remark 1.2.41. It can be proved (see proof of [19, 3.2.4], for example) that
the bijection ¢ between ext(N, M) and Ext!(N, M) given in 1.2.39 is natural
in NV, that is, for any morphism v : N’ — N, the square

¥
ext(N, M) —— Euxt! (N, M)
l ext(v,M) l Extl (v,M)
¥
ext(N', M) —— Exti(N', M)

commutes, and it is also natural in M, in the sense that, for any morphism
u: M — M", the square

ext(N, M) Exty(N, M)

l ext(N,u) l Extl (Nu)

P
ext(N, M”) E—— Emth(N, M”)
commutes.

Definition 1.2.42. An extension 0 — M % L % N — 0 of M by N is said
to be a split extension if it splits.
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It can be proved ([24, 7.1.3, 7.1.4]) that two split extensions of M by
N are equivalent and that an extension equivalent to a split extension also
splits. Hence the split extensions of M by N form an equivalence class.

Proposition 1.2.43. [24, 7.1.6] Under the correspondence between the equiv-
alence classes of extensions of M by N and Ext (N, M) given in 1.2.89, the
equivalence class of split extensions of M by N corresponds to the zero ele-
ment of Exty (N, M).

1.3 Root Systems

We will now give the basic notions on root systems, necessary to understand
what follows. For more details on this subject, we refer the reader to [6, 20].
Throughout this section, V' will denote an Euclidean space of finite di-
mension n + 1.
Let H be a hyperplane of V' orthogonal to a« € V. Then, there exists one
and only one reflection such that s(v) = v, for all v € H. This reflection is
given, for every v € V', by

2(v,a)a
(v, @)

s(v) =v —

Definition 1.3.1. A (crystallographic) root system in V' is a finite subset @
of generators of V' that satisfies the following conditions:

e 0¢ D,
o dNRa = {£a}, for all o € D,

e For each a € P, 5,(P) = &, where s, is the reflection in H, = {z €
V| (z,a) = 0}.
o 2(a,fB)/(a, ) € Z, for all o, 3 € P.

A root system @ is said to be reducible if it can be decomposed into two
disjoint root systems @’ and ®” such that every § € @ is normal to every
v € ®”. A root system is irreducible if such a decomposition doesn’t exist.

Given a root system ® C V', we define the Weyl group associated to ® to
be the group generated by the reflections s,, for a € ®.

A simple system, I C ®, is a basis for V' and such that each o € ® can
be written as a linear combination of IT with all coefficients of the same sign.
The elements of II are called the simple roots, the elements of ® for which
the coefficients are all positive, are called the positive roots and the others
(whose coefficients are all negative) are called the negative roots.
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Definition 1.3.2. Let ® be a root system and II = {a1,...,a,} C ® be a
simple system. The Cartan matriz A of ® is the n x n integer matrix with

o 2(O[i70[j)
e (O[Z,Oéz) .

Observe that the diagonal entries of the Cartan matrix are 2, a;; < 0, for
all i # j, and a;; = 0 if and only if a;; = 0.

We can associate a diagram, called the Dynkin diagram, to the Cartan
matrix A as follows: the vertices 1,...,n correspond to the simple roots
ai, ..., oy, and the vertices 7, j, with ¢ # j, are linked by a;;a;; edges. Note
that this number is indeed a non-negative integer. Moreover, a;;a;; = 0,1,2
or 3.

Proposition 1.3.3. A root system is indecomposable if and only if the Dynkin
diagram of the corresponding Cartan matriz is connected.

The following proposition provides the completed classification of irre-
ducible root systems, obtained by E. Cartan and W. Killing.

Proposition 1.3.4. The complete list of Dynkin diagrams of irreducible root
systems s given by:

A, (n>1) ° ° °
B, (n>2) e—oe °
C, (n>3) o——o o
D, (n>4) > *—o—o—o
° ® ® °
E6 I
5 ° ° I ° ° °
° ® ® ® ® °
Fy ° oe——o °
G2 e<——eo
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The meaning of the arrows on the double and triple edges is as follows.
If a;jja;; > 1, we place an arrow on the edge joining ¢ to j pointing from the
longer root toward the shorter root, i.e., if |a;| > |o;|, then we have an arrow
pointing from j to i.

We will be mainly interested in the root system A,,. Let (ey,...,e,41) be
the standard basis of V. Write o;j; = e; — €41, with 1 <7 < j <n+1. Then
O :={xq;; | 1 <i<j<n+1}isaroot system of type A,. A simple root
system is given by a3 = aq1,...,Q, = au,, and the corresponding Cartan
matrix is given by

2 ifi=j,
Q5 = —1 le:]—l,]+1,

0 otherwise.

Note that 1f2<_], Qi = o + ...+ Q.

The following definition was introduced by Fomin and Zelevinsky.

Definition 1.3.5. Let ® be a root system, and IT = {ay, ..., a,} be the set
of simple roots. A root a of @ is said to be almost positive if &« = —a;, with
«; € II or the coefficients are all positive in the expression of « as a linear

combination of the simple roots. The set of almost positive roots is denoted
by (I)Z,l.

For each i € [n], let 0; : &>_; — P> _; be the map defined by

oi(a) = {Si(a) if si(a) € @2,

«Q otherwise.

The map o; is an involution, i.e., 02 = 1. Indeed, if & € ®>_; is such that
si(a) € @5y, then o?(a) = o(s;(a)) = si(si(@)) = «, and if s;(a) & P>_,
then o?(a) = 0;(a) = a.

Note also that o,0; = 0j0; if a;; = 0.

Let A be a Dynkin diagram. We can divide the set of vertices into two
disjoint subsets I, and I_, such that a;; = 0, for all pairs 4,j of different

vertices, belonging both to either 7, or /—.
Let

T Py — P57y = H 05,

1€l
and
T— q)Z—l — (1)2_1,7'_ = H g;.

el
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Since the o; commute with one another, we have TJQF = 1. For the same

reason, we have 72 = 1, as well. Therefore, 7, and 7_ are permutations of
®~_; which are both involutions.

We end this section with a proposition that will be useful for the sequel,
namely for chapter 3 and chapter 4.

Proposition 1.3.6. [18, Theorem 2.6] Every (17—, 7y)-orbit in ®>_; contains
a negatiwe simple root.
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Chapter 2

Representation theory of
quivers

This chapter is dedicated to the study of representation theory, specifically
the notions and the results necessary to the understanding of [13], the core
of this thesis. Quivers give a way to visualize finite dimensional algebras and
modules. For each basic, connected and finite algebra A, we associate a finite
and connected quiver (). The modules over A can be viewed as representa-
tions of (), connecting each vertex of () to a K-vector space and each arrow
to a K-linear map. We prove that the category of the modules over a path
algebra associated to a quiver is equivalent to the category of representations
of that quiver. This approach provides an explicit computation of some spe-
cial modules as the simple and the indecomposable projective and injective
modules. Section 2 is devoted to this subject.

Irreducible and minimal almost split morphisms are of great importance
in the area of representation theory. The notion of minimal almost split
morphisms gives rise to a special type of exact sequences, the almost split
sequences. The main purpose of section 4 is to prove the existence of these
sequences, which requires the notion of Auslander-Reiten translations.

A special quiver that contains all the information known about mod A,
called the Auslander-Reiten quiver, whose vertices are in relation with the
indecomposable modules and the arrows are in relation with the irreducible
morphisms, is defined in the last section of this chapter.

There are some results with minor relevance for the objective of this
dissertation whose proof is ommited. In these cases we refer the reader to [2]

and [4].
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2.1 Basic notions: quivers, path algebras and
representations

Firstly, let us enumerate the basic notions and terminology that we need to
know about quivers.

A quiver @ = (Qo, Q1) is an oriented graph, where @y is the set of
vertices and ()1 the set of arrows between vertices. Throughout this chapter
we will only consider finite and connected quivers, that is, quivers with a
finite number of vertices and arrows, whose vertices are all connected with
one another.

Two vertices a, b of ) are neighbours if they are connected by an arrow
a. Suppose « is oriented from a to b. In this case we say that a is the source
of a and b is its target. Then a is said to be a predecessor of b and b is said
to be a successor of a. A vertex a is a source (resp. sink) if it is not a target
(resp. source) of any arrow in Q.

A path of length n, w, in @ is a sequence of n arrows aj as . .., such
that the source of «; is the target of o;_1, for « = 2,...,n. The source of w
is the source of a; and the target of w is the target of «,. If the source and
the target of w coincide, the path w is called a cycle. If the quiver () has no
cycles, it is called acyclic. To each vertex a of (), we associate a trivial path,
a path of length zero, and it will be denoted by ¢,.

A subquiver of @ is a quiver Q' = (Q),Q}) such that @, C Qo and
Qi C{acqQ | sa)ta) ey} HQ, = {aeq | sla)ta)e @y},
then the subquiver Q' is said to be full.

We will now associate a K-algebra, where K denotes an algebraically
closed field, to a quiver.

Definition 2.1.1. Let @) be a quiver. The path algebra K@ of @) is the
K-algebra with basis of the underlying K-vector space the paths in @), and
with the product of two paths w,w’, given by the obvious composition ww’, if
it makes sense, i.e., if the target of w is the source of w’, and zero otherwise.
This product is extended to arbitrary elements of K@), by distributivity.

Example 2.1.2. Consider the quiver )

The basis of the path algebra K@ is the set:

{61, €2, €3, €4, &, ﬁa Y, 57a 6a}7
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where ¢; is the trivial path associated to the vertex i (i € [4]), and the
multiplication table for the basis is:

€1 €& €& ¢ o [ v By Ba
€2 1e¢ 0 0 0 0O 0 0 0 0
€9 0 e 0 O a 0 v 0 0
es | 0 0 e O 0 B 0 pBy Pa
e 10 0 0 ¢ 0 0 0 O 0
a |l a 0 0 0 0O 0 0 0 0
610 B 0 0 fBa 0 [y 0 0
ot o 0 0 ~ 0 0 0 O 0
6y, 0 0 O By 0O O 0 O 0
fBa|Ba 0 0 0 0O 0 0 0 0

The following proposition gathers some basic properties of the path alge-
bra.

Proposition 2.1.3. [2, [1.1.4, I1.1.5, I1.1.7] Let A be the path algebra KQ of
the finite and connected quiver Q).

1. A is associative.

2. The trivial paths €;, with © € o, are orthogonal idempotents and
> icqo €i 18 the identity of A.

3. The trivial paths €;, with i € Qo, are primitive. The set {¢; | i € Qo}
18, therefore, a complete set of primitive orthogonal idempotents.

4. A is connected
5. A is finite dimensional if and only if Q) is acyclic.

The next proposition tells us what is the radical of the path algebra of a
finite, connected and acyclic quiver.

Proposition 2.1.4. Let ) be a finite, connected and acyclic quiver. The
two-sided ideal Rg of the path algebra KQ generated (as an ideal) by the
arrows of Q) is the radical of KQ).

Proof. Since () is acyclic, there is a path in ) with maximal length [. So
the two-sided ideal of K@, Rgrl, which is generated by the paths of length
> [+ 1, is zero. Thus Ry, is nilpotent.
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Consider the elements €; = ¢; + Rg (i € Qo) of KQ/Rg. These elements
form a basis for K@)/ R, since R contains all the paths of length > 1, and
we have the decomposition

KQ/Rq = P &(KQ/R)&

1€Qo

as a K-vector space. Because the underlying vector space of the K-algebra
&(KQ/Rg)E; is generated by €, €(KQ/Rg)E; is isomorphic to K. Therefore,
KQ/R is isomorphic to a product of |Qy| copies of K. By 1.2.2 (3), rad KQ =
Rg. ]

Remark 2.1.5. Since KQ/Rg = KQ/rad K@ is isomorphic to a product of
copies of K, it follows from 1.2.14 that ¢, KQ) 2 ¢, KQ, for all 4, j € Qo,1 # J,
i.e., KQ is basic.

We will now define special quotients of the path algebra of a finite and
connected quiver (), which are finite dimensional even when K() isn’t, that
is, even when @) is not acyclic. We will see later that any basic, connected
and finite dimensional K-algebra is isomorphic to one of these quotients of
the path algebra of a finite and connected quiver.

Definition 2.1.6.

1. A relation p on a quiver () over K is a linear combination

pP= i": i,
i=1

where )\; € K (all not zero) and w; are paths of @) with length > 2, all
with the same target and source.

2. Let (p;)ies be a set of relations on @ over K. The pair (Q, (p;)ics) is
called a quiver bound by the relations p;, or by the relations p; = 0,7 € 1.

We can associate with (Q, (p;)ics) the K-algebra KQ/ {(p; | i € J), where
(pi | © € J) is the ideal of K@) generated by the relations p;. Since the paths
involved in each p; have length at least 2, (p; | i € J) C Ry, If this ideal
contains Rg for some m > 2, it is called admissible.

FExample 2.1.7. Consider the quiver )
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\/

The ideal I = (a3 — 70, BA, A?) is admissible, because I C R, and Ry, C
I. Indeed, every path of length > 4 in Q must contain the path \* (when
its source is 1, 2 or 3) or the path af\? or v0A? (when the source is 4).
Either way, such path lies in I. In the first case because A* belongs to
I, in the second case because S\ belongs to I and in the third case because
Y6A%2 = (Ad—aB)A\?+afA? € I. An example of an ideal that is not admissible
J = (B, af —~6). In fact, R* ¢ J for all [ > 2, since X' € R'\ J.

Suppose I = (p; | i € J) is admissible, and let m > 2 be such that
RE C 1. Then KQ/Rg is clearly finite dimensional, since it is generated by
the finite set {w + R{ | w is a path of length < m}. Because KQ/I is the
image of KQ)/Rg by the canonical epimorphism, K@Q/I is finite dimensional.
Also, if I is admissible, the radical of KQ/I is easily determined.

Proposition 2.1.8. [2, 2.2.5, 2.2.10] Let Q) be a finite and connected quiver
and I = (p;)ics be an admissible ideal of KQ.

1. KQ/I is basic and connected.

2. The radical of KQ/I is the ideal Rg/I.

Let now A be a basic, connected and finite dimensional K-algebra. Let
{e1,...,e,} be a complete set of primitive orthogonal idempotents of A. Note
that there exists such a set (cf. 1.2.11). The quiver of A, Q4 is defined as
follows:

e The vertices of ()4 correspond to the idempotents eq, ..., e,.

e The arrows « : i — j, for 7,5 € (Qa)o, correspond to the vectors in a
basis of the K-vector space e;(rad A/rad* A)e;.

The quiver is well defined, i.e., it doesn’t depend on the choice of the
complete set of primitive orthogonal set (cf. [2, 11.3.2]).

Note that () 4 is finite since A is finite dimensional and so is the K-vector
space e;(rad A/rad?® A)e;, for all i,j € (Qa)o. Moreover, the fact that A is
connected implies that ()4 is connected (cf. [2, I1.3.4]).
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At first sight, the definition for the arrows in () 4 may seem laboured, but
considering a finite and connected quiver () and an admissible ideal I of the
path algebra KQ, the set {a+rad*(KQ/I) | a=a+1I, a € Q} is a basis
of

rad (KQ/I)/rad* (KQ/I) = (Rq/1)/(Ro/I)* = Rq/Ry,.
Therefore, the arrows from 7 to j in ) are in bijective correspondence with
the vectors in a basis of the K-vector space e;(rad A/rad* A)e;.

So, in the case where A = K@/ for some finite and connected quiver @
and some admissible ideal I, the quiver of A is Q).

Proposition 2.1.9. [2, I1.3.7] Let A be a basic and connected finite di-
mensional K-algebra. There exists an admissible ideal I of KQ 4 such that

A2 KQu/l.

The following remark will be useful for the last chapter.

Remark 2.1.10. Let A be a basic, connected and finite dimensional algebra.
There is an admissible ideal I = (p; | i € J) such that A = KQ4/I. Write
@ = Q4, for short. The quiver of the opposite algebra A% is the quiver
Q°?, obtained from @ by changing the order of the arrows, i.e., if Q¥ =
{a? : b —a | a:a— b€ Q}. Moreover, A? = (KQ)/I?, where
17— (57 | i),

Let A be a finite dimensional algebra. We will now relate the quivers
with finite dimensional A-modules. The category of the finite dimensional
modules over a finite dimensional K-algebra is equivalent to the category of
the finite dimensional modules over a basic, connected and finite dimensional
K-algebra (cf. [2,1.6.19]). Hence we will assume that the modules considered
from now on are over an algebra satisfying such conditions. We know that
A is isomorphic to KQ/I, for some finite and connected quiver () and an
admissible ideal /. An A-module can be viewed as a representation of (Q, I),
which assigns to each vertex of () a K-vector space, and to each arrow of ()
a K-linear map and satisfies some relations induced by [.

Definition 2.1.11. Let @ be a finite quiver. A representation M, (M, ¢q)
(a € Qp,x € Q1) , of Q is a set of K-vector spaces {M, | a € Qo} together
with a set of K-linear maps {¢, : M, — M, | a:a — b€ Q,}. If all the
vector spaces M,, a € Qo are finite dimensional, then (M,, ¢, ) is said to be
a finite dimensional representation of Q).

For a finite quiver (), we define a category of representations of (), denoted
by Rep(Q), where:
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e The objects are the representations of @,

e Given two representations of @, M =: (M,,p,) and M’ =: (M., ),
a morphism (of representations) f : M — M’ is defined to be a family
[ = (fa)aeq, of K-linear maps (f, : My — M;)aeq, for which the

following diagram is commutative:

foralla:a — b€ Q),

e The composition of two morphisms of representations of Q, f = (fa)acq,
M — M and g = (ga)acq, : M’ — M" is the family gf = (gafa)acqo-
Clearly ¢f is a morphism from M to M".

We are only interested in finite dimensional representations of (), and in
this case the category is denoted by rep(Q).

Example 2.1.12. Consider the quiver

B

Y
1<—2<<a:3

and the finite dimensional representations M:

[01] [01]*
K<7K2<—K
(10]*
and M':
[01]
[10]

We have a morphism f = (f4)acq, : M — M’, where fi =1, fo = [01] and
fs=[01]".

01 [01]*
Kg[@é:[(

[1o]*
1l [0 1]i i[o 1]t
[01]
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Let I = (p; | i=1,...,m) be an admissible ideal. Suppose @ is bound
by the relations in ). We say that a representation M = (M,, ¢, ) is bound
by I or satisfies the relations in I if

¢, = 0, for all relations p € I,

where ¢, is the evaluation of M on p, which is defined as follows:

Pw = ParPag_y + - Pars

for a path w=a;...a4 in ), and

l
SOp = Z )\igow”
i=1

where p = Zi’:l Aiw; is an arbitrary element of KQ.

FExample 2.1.13. Consider the quiver () and the representation M given in
the example 2.1.12. This representation is bound by the relation a8 = 0 but
it doesn’t satisfy the relation vG = 0.

The full subcategory Repg(Q, 1) of Repk(Q) is composed by the repre-
sentations of ) bound by I. If the representations are finite dimensional,
then the subcategory is denoted by repx (Q, I).

Theorem 2.1.14. Let Q) be a finite and connected quiver, I an admissible
ideal of KQ and A = KQ/I. The categories repx(Q,I) and mod A are

equivalent.

Proof. We only present the equivalence F' : mod A — repg(Q,I) and its
equivalence inverse. Denote by e, = ¢, + I, with a € )y, the primitive
idempotents of A. Consider the functor

F:modA — repk(Q, 1),
defined as follows:
1. For M € mod A, F(M) = (M,, ¢.), where
e M, := Me,, for each a € (),

e For each a:a — b € Q1, pu(x) := za € Mey, where z = ze, €
M,, and a=a+ 1.

2. For an A-module morphism f : M — M’ F(f) = (fa)acq,, Where
fa = flu,. Note that, for x = xe, € Me,, we have f,(xe,) = f(xe,) =
f(z)e, € M'e, = M.
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Let us check that (M,,¢,) is bound by the relations in I. Let p =
Yo Aiwi, where \; € K and w; = ;1 ... iy, is a path in KQ, be a relation
in I. Then, we have:

gpp(x) = Z AiPu; (ﬁ)
=1
= Z )\igﬁaiyli...am (JZ)
=1

i
m

= Z )\z (.TO_éi,l . 6‘“1’)
=1

NE

X - )\i(O_éiJ . ai,li)

1
z-p=x-0=0.

<.
I

We also have to check that F(f) is a morphism of representations, i.e.,
! fo = fvia, for each arrow « : @ — b. Indeed, if z € M,, we have

Pota(z) = fa(x)a = f(z)a = f(za) = fi(za) = frpa(z).

It is clear that F' sends finite A-modules to finite bounded representations.
The inverse equivalence of F'is G : repx(Q, I) — mod A, such that:

1. For M = (M,,pa) € repr(Q, 1), G(M) = Bueq,M, with a KQ-
module structure given by:

Tq if w=e,,
Tw =
(Opetw(q))e if w is a path from a to b,

where © = (24)acq, € G(M).
2. [ = @ueqofa : G(IM) — G(M'), for each morphism (f,)eeq, : M =
(My, 00) — M= (M., ) in repr(Q, I).

Note that if p € I and & € G(M), then zp = 0, since p, = 0. So G(M) is,
indeed, a K@) /I-module. On the other hand, f = ®,eq, fa, Which is clearly
a K-linear map, is in fact an A-module morphism. Indeed, for = (2,)acq,
and 0 = (3%, hw;) + 1 € KQ/I, where w; is a path from a; to b; in @, we
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have

=> X(0,...,0,¢, fa,(7a,),0,...,0)

=" Alfalea))aws = f@)2.

If M = (M,,p,) is a finite dimensional representation of (Q, /), then
dimg M, < oo, for all a € )y. Because () is finite, it follows that the dimen-
sion of G(M), which is equal to dimg ®aco, Ma, is also finite. Therefore, G
sends finite representations of (@, I) to finite dimensional A-modules. ]

From now on, we identify the A-modules with the corresponding repre-
sentations given in the proof of theorem 2.1.14, and we use the same notation
for both.

2.2 Indecomposable projectives and injectives

This interpretation of modules over A = K@Q/I in terms of representations
of (Q,I) is very useful to their description. In this section, we will compute
the simple modules and the indecomposable projectives and injectives.

Firstly, let us fix some notation. We denote by (@, ) a finite and con-
nected quiver bound by the admissible ideal I, and by A the quotient K-
algebra K@Q/I. Recall that the radical of A is Rg/I, where R is the ideal
of K@ generated by the arrows of @), and that the set {e; =€, +1,... e, =
€n + I}, where n is the number of vertices of @, is a complete set of primitive
orthogonal idempotents of A.

Let a be a vertex of ). Consider the A-module S(a) = (S(a)p, pa) given
by S(a), = K, for b # a, S(a), = K and ¢, = 0, for every arrow of (). Note
that, because all the K-linear maps ¢, are zero, S(a) is bound by I. Tt is
clear that each S(a) is a simple module. Indeed, any submodule of S(a) is of
the form N(a) = (N(a)p,¥s), where N(a), is a K-vector subspace of S(a),
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and Yo = @a|n(a),, for each arrow o : b — ¢. So N(a), = 0, for b # a, ¥, =0,
for all @ € Q1 and N(a), is either K or 0, which implies that N(a) = S(a)
or N(a) is zero, as required.

Proposition 2.2.1. The set {S(a) | a € Qy} is a complete set of represen-
tatives of the isomorphism classes of the simple A-modules.

Proof. Since Hom(S(a), S(b)) = 0, for a # b, the A-modules S(a), with a €
Qo, are pairwise nonisomorphic. If we prove that S(a) = top e, A, the proposi-
tion follows from 1.2.17. By 1.2.16, Hom (e, A, S(a)) = S(a)e, = S(a), # 0.
So, there is a nonzero morphism ¢ from e, A — S(a), which is surjective, since
S(a) is simple. Since e, A/Ker¢ = Im¢ = S(a), and S(a) is simple, Ker ¢
is a maximal proper submodule of e, A. Hence, Ker ¢ = rad (e, A), by 1.2.13
(2), and so S(a) = e, A/rad (e, A) = top (e, A), as required. O

The following proposition provides a computation of the socle, the radical
and the top of an A-module M.

Proposition 2.2.2. Let M = (M,, p,) be a representation of (Q,I).
1. soc M = N, where N = (Ng,v,) with

N — M, if a is a sink
‘o ma:a—>b Ker(‘ﬁa : Ma - Mb) Zfa 18 not a Sink;

and Vo = ©a|n, = 0 for every arrow a of source a.

2. rad M = J, where J = (Jy,7a) with Jo =Y 0 .

and Yo = Qaly, for every arrow o of source a.

Im(pqs : My — M,)

3. top M = L, where L = (L,,q) with

I = M, if a is a source
‘o Za:b—m Coker(¢q : My — M,) otherwise.

and ¥, = 0 for every arrow o of source a.

Proof. (1) If we prove that N is a semisimple submodule of M that contains
every simple submodule of M, we are done. Since N, C M,, for all a € Qo,
and 1, = @a|n,, N is a submodule of M. Note that a module X = (X,, 7,)
is semisimple if and only if 7, = 0, for all & € Q1. Indeed, if X is semisimple,
then it is a direct sum of simple modules. Write X = @, jng,S(a)%™. By
definition of a direct sum of representations, it follows that 7, = 0, for all
a € Q1. Conversely, suppose that for each o € @1, 7, = 0. For every
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a € Qo, X, = K%, for some d,. Then, again by definition of a direct sum
of representations, M = @,cq,S5(a)%, since S(a) is the representation with
K at vertex a and 0 elsewhere. Therefore, N is semisimple, since ¢, = 0 for
every a. Let S be a simple submodule of M. Then, by 2.2.1, S = S(a) for
some a € )y. Because S embeds into M, the square

K= S(a)a —_— S(a)b =0

| |

A4ﬁ A4b

¢a
is commmutative, for each o : @ — b € Q1. Thus, S(a), C Ker ¢, for all
«:a — b, which implies that S(a), € N,. Hence S(a) C N, as required.

(2) By 1.2.2 (4) and 2.1.8, rad M = M -rad A = M - Rg/I. Since Rg/I is
generated by {a = a+ 1 | a € @1}, we have rad M =) Ma. Hence,
for each a € @y,

Jo = (Z Ma> =Y M(ae,) = > Ma,

ac@1 acQ1 ab—a

ac@Qq

and, for each arrow « : b — a of target a, we have Ma = Mey,a = Mya =
©a(My) = Im ¢, according to the definition of the functor F' in 2.1.14. For
every arrow « of source a, v, = @a|y,, because J is a submodule of M.

(3) is a direct consequence of (2). O

Example 2.2.3. Consider the quiver @)

o

and the representation M of ) given by

K

/ ][01]

K — K?
[10]*
Let us compute soc M. We have

o (socM), = Kerqo,NKerp, =0,
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o (soc M)y = Kergs=((1,0)), = K,
e (soc M)3 = M3 = K, because the vertex 3 is a sink.

Thus

K
socM = / [0
K

=~ S(2)®S53)
0 —
In this case rad M = soc M, since
o (rad M) =3 (=ry I ¢ =0,
o (radM)s, =1Imy, = ((1,0)), = K,
o (radM)s=Imp,+Impg=K+ K=K,
* Y5 = ¢l =0
Finally the top M is given by
0
/ ' > 5(1) @ 5(2)
K——K

0
Observe that M is indecomposable. Indeed an endomorphism of M is

given by a triple (f1, f2, f3), where
fi=1A)]: My — My,
Ja= {Z Z] : My — My,
fs=1fs(1)] : Mz — M;

are such that fsol =10 f;, [10'0 fi = fo0[10]" and f30[01] = [0 1] o fo.
This means that f; = f3, f1(1) = f3(1) = a =d and ¢ = 0. Thus

EndMQ{{g Z] |a,b€K}.

- 4o
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of End M. We have Z? = 0, which is to say Z is nilpotent, and End M/Z =
K. Hence Z = rad (End M) (1.2.2(3)) and so End M is local. By 1.2.5 (3),

M is indecomposable.

The next proposition describes the indecomposable projective and injec-
tive A-modules. Recall that every indecomposable projective right A-module
is isomorphic to e; A, for some i € [n], and every indecomposable injective
right A-module is isomorphic to D(Ae;), for some i € [n] (see 1.2.17).
Proposition 2.2.4. Let (Q, 1) be a bound quiver, A = KQ/I, P(a) = e, A
and I(a) = D(Ae,), with a € Q.

1. The indecomposable projective A-module P(a) is given by the represen-

tation (P(a)y, vg), where:

o The K-vector space P(a), is generated by o = w + I, with w a
path from a to b,

e For an arrow 3 : b — ¢, the K-linear map g : P(a), — P(a). is
given by the right multiplication by 8 = 6+ 1.

2. The indecomposable injective A-module I(a) is given by the represen-
tation (I(a)y, pg), where:

o The K-vector space I(a)y is the dual of the K-vector space with
basis the set of all w = w + I, with w a path from b to a,

e For an arrow 3 : b — ¢, the K-linear map g : I(a), — I(a). is
giwven by the dual of the left multiplication by 3 =5+ 1.

Proof. (1) According to the functor F' of the proof of the Theorem 2.1.14,
we have

P(a), = P(a)ey, = e, Aey, = e,(KQ/1)e, = (e,(KQ)ep)/(ealep),

which implies that P(a), is generated by the paths from a to b, and for an
arrow 3 : b — cin @), @g is given by the right multiplication by 5 =+ I.
(2) We have

I(a), = I(a)ey, = D(Aey)er = D(epAe,) = D(ep(KQ)ea/€erles),
which proves the first part. Let now § : b — ¢ be an arrow of Q. The
K-linear map g : I(a), — I(a). is such that pg(f) = f0 for f € I(a), =
Hompg (ey(KQ)eq/epleq, K). According to the K@Q/I-module structure of

D(ec(KQ)ea/¢cl€a), we have gs(f)((w)) = fB(®) = f(Bw). Thus, p5 =
D(ug), where

ps:ec(KQ)ea/ecle, — en(KQ)eq/enle,
is the left multiplication @ — [. ]
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Remark 2.2.5.

e It follows from 2.2.2 (2) and from 2.2.4 (1) that the radical of P(a)
is given by the representation (P'(a)y, ), where P'(a), = P(a), for
b # a, P'(a), is the K-vector space generated by w = w + I, with w
a nonstationary path from a to a, 3 = ¢g for any arrow 3 of source
b# a and ¢}, = @a|p(e), for any arrow a of source a.

e For every vertex a of ), the simple module S(a) is isomorphic to
socI(a). We use 2.2.2 (1) and 2.2.4 (2) to prove this. Let socI(a) =
(N(a)p,ts) and I(a) = (I(a)p, pa). Let b € Qo \ {a}. If bis a sink,
then N(a), = I(a), = D(epAe,) = 0, since it can’t be a path from b to
a. Suppose now that b is not a sink. Then

N(a)y = () Ker(pa:I(a)y, — I(a).).

By 2.2.4 (2), I(a), is spanned by @*, where w is a path from b to a,
w =w + [ and @w* is the dual linear map, given by

@*(5):{1 if 7=

0 otherwise,

for € e, Ae,. Similarly, I(a). is spanned by v*, where v is a path from
ctoa, v =v+ I and v* is the dual linear map. Let o : b — ¢ be an
arrow of @ and let Y = A\,@* be an element of I(a),. We have,

P (Z = A@*) (0) =) A@*(aD) = A,

according to the definition of the dual linear map w*. Hence, if > =
Aw@* € NabpoePa, then Ay, = 0, for any path av from b to a via some
vertex ¢, i.e., A\, = 0, for all w spanning I(a),. Therefore, N(a), =
Nab—cIer p, = 0, for b # a. Since socI(a) is simple (see [4, 11.4.1],
for example), we have N(a), = K. Furthermore, the K-linear maps
Y, are all zero. Hence S(a) = socI(a), as required.

e For each a € Qy, I(a)/soc(a) = I(a)/S(a) is given by the representa-
tion (Ly,g), where L, is the quotient space of I(a), which is dual to
the space spanned by the residual classes of paths from b to a of length
at least one, and 13 is the induced map.

Example 2.2.6. Let @) be the quiver
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bound by aff = 4,0 = 0 and SA = 0.
Then P(1) = S(1), P(2) = S(2) (in fact, P(a) is simple if and only if a
is a sink), rad P(1) = 0 = rad P(2),

K 0
NN
P(3) = K 0 rad P(3) = S(1) & S(2)
PN
K 0
0 K 0 0
AN PN
P(4) = K 0 radP(4) = K 0
AN AN S
K 0 K 0
K 0 K 0
N SN SN
P(5) = K 0 radP(5) = K 0
N AN
0 K 0 0
0 K 0 K
AN 2R
P(6) = K K  radP(6) = K 0
JSON A AN
0 K 0 K
0 K 0 0
ANV N N
I(4) = 0 K I(5) = 0 K
SN SN
0 0 0 K

I(1) = P(5),1(2) = P(4),1(3) = P(6) and I(6) = S(6) (note that I(a) is
simple if and only if a is a source).
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2.3 Irreducible morphisms and almost split
sequences

This section is devoted to the study of special types of morphisms which
play an important role in the representation theory, the minimal almost split
morphisms and the irreducible morphisms. The inclusion rad P — P, for
any indecomposable projective module P, and the canonical epimorphism
I — I/socl, for any indecomposable injective module I are examples of
minimal almost split morphisms. The irreducible morphisms can be viewed
as components of minimal almost split morphisms and they have an impor-
tant characterization via the radical of the category mod A. We also give the
notion and some properties of almost split sequences.

Throughout, K denotes an algebraically closed field, A denotes a finite
dimensional K-algebra, and all A-modules are, unless otherwise specified,
right finite dimensional A-modules.

Definition 2.3.1.

—_

. A morphism f : X — Y is left minimal if every h € EndY such that
hf = f is an automorphism.

2. A morphism f: X — Y is left almost split if

e f is not a section,

e Every morphism u : X — U that is not a section factors through
f, i.e., there exists «' : Y — U such that v’ f = u.

3. A morphism f : X — Y that is left minimal and left almost split is
said to be left minimal almost split.

4. A morphism g : Y — Z is right minimal if every k € EndY such that
gk = g is an automorphism.

5. A morphism ¢ : Y — Z is right almost split if

e ¢ is not a retraction,

e Every morphism v : V' — Z that is not a retraction factors through
g, i.e., there exists v : V' — Y such that gv’ = v.

6. A morphism g : Y — Z that is right minimal and right almost split is
said to be right minimal almost split.

Proposition 2.3.2.
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1. Any two left minimal almost split morphisms with the same domain,
f:M — N and g : M — L, are equivalent, i.e., there exists an
1somorphism h : N — L such that g = hf.

2. Any two right minimal almost split morphisms with the same codomain,
f: N — Mand g : L — M, are equivalent, i.e., there exists an
1somorphism h : N — L such that f = gh.

Proof. (1) Since g is left almost split, g is not a section. Hence there exists
a morphism h : N — L such that ¢ = hf, because f is left almost split.
Analogously, there is a morphism h' : L — N such that A'g = f. Therefore
we have hh'g = hf = g and h'hf = h'g = f, which implies that both
hh' and h'h are automorphisms, as g and f are left minimal. In particular
h'h is injective, so h is a monomorphism, and hh’ is surjective, so h is an
epimorphism. Thus A is an isomorphism. The proof of (2) is similar to
(1). O

Example 2.3.3. Let P be an indecomposable projective A-module. The inclu-
sion ¢ : rad P — P is right minimal almost split. The right minimality follows
directly from the fact that ¢ is a monomorphism. Because rad P # P, g is
not an epimorphism, and so g cannot be a retraction. Let now v : V — P
be a homomorphism that is not a retraction. We want to prove the exis-
tence of a morphism v’ : V' — rad P such that gv’ = v, which means that
Imwv C rad P. By lemma 1.2.25 v is not an epimorphism, i.e., Imv 5 P. On
the other hand, it follows from 1.2.13 (2) that rad P is the unique maximal
submodule of P, since P is projective. Thus Imwv C rad P.

Morever, it follows from 2.3.2 that any right minimal almost split mor-
phism with P as codomain is a monomorphism and its image is rad P.

Analogously, if I is an indecomposable injective A-module, the canonical
projection f : I — I/socI is left minimal almost split, and any left minimal
almost split with I as domain is an epimorphism and its kernel is soc I.

Definition 2.3.4. A short exact sequence in mod A

0—>L -t 2 N——0

is said to be an almost split sequence provided f is left minimal almost split
and ¢ is right minimal almost split.

Remark 2.3.5.

1. In such a sequence, L and N are indecomposable. This follows from the
fact that the domain of a left almost split morphism and the target of a
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right almost split morphism are indecomposable modules. Indeed, let
f L — M be left almost split and suppose, for a contradiction, that we
have a nontrivial decomposition L = L; @ Ly. Consider the projections
pi : L — L; (with ¢ = 1,2). Each morphism p; is not a section, by
lemma 1.2.25. Thus, by definition of left almost split morphism, there
exists a morphism u; : M — L; such that u;f = p;, for + = 1,2, and
so u = [upug|® : M — L is such that uf = 1;. Therefore, f is a
section, a contradiction. The proof that the target of a right almost
split morphism is indecomposable is analogous.

L is not injective and NN is not projective. Otherwise f would be a
section and g would be a retraction.

The following theorem gives several characterizations of almost split se-
quences.

Theorem 2.3.6. [2, IV.1.13] The following are equivalent for an ezxact se-
quence

~

2
3
/.
5
6

0—7L- 1oy~ N—>0.

The sequence is almost split.
L s indecomposable, and g is right almost split.
N s indecomposable, and f is left almost split.

The homomorphism f is left minimal almost split.

. The homomorphism g is right minimal almost split.

L and N are indecomposable, and f and g are irreducible.

We will go back to the almost split sequences, proving their existence and
‘uniqueness’ in the next section.

Now we give the definition of an irreducible morphism and study the
connection with the minimal almost split morphisms.

Definition 2.3.7. A morphism f: X — Y in mod A is called irreducible if:

1.

2.

f is neither a section nor a retraction, and

if f = f1fs either f; is a retraction or f is a section.
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Remark 2.3.8. If f: M — N is an irreducible morphism, then f is either a
epimorphism or a monomorphism. Indeed, suppose f is not an epimorphism,
and consider the canonical factorization M -5 Im f < N of f. Since f is
not an epimorphism, v is not surjective, so it cannot be a retraction. Because
f is irreducible, v must be a section, which implies that v is injective, and
so f is a monomorphism, as required.

An important characterization of the irreducible morphisms, in connec-
tion with the radical of mod A, is given below, without proof.

Proposition 2.3.9. [2, IV.1.6] A morphism [ : X — Y between two in-
decomposable modules X,Y is irreducible if and only if f € rada(X,Y) \
rad4(X,Y).

This proposition induces the following definition.

Definition 2.3.10. Let M, N be two indecomposable A-modules. We call
the quotient
Irr(M,N) = rads(M,N)/rad* (M, N)

of the K-vector spaces rada(M, N) and rad (M, N), the space of irreducible
morphisms.

Proposition 2.3.11. FEvery left (or right) minimal almost split morphism is
irreducible.

Proof. Suppose f : L — M is a left minimal almost split morphism. By defi-
nition, f is not a section. Suppose, for a contradiction, that f is a retraction.
Then, f is surjective and Ker f is a direct summand of L. Since f is left
almost split, L is indecomposable (2.3.5 (1)). Thus, Ker f =0or Ker f = L.
If the first case holds, then f is an isomorphism, which is impossible because
f is not a section. The second case implies that f = 0, and because f is
surjective, M = 0, a contradiction. Therefore, f is not a retraction. Let
f = fife, where fo € Homu(L,X), fi € Homa(X, M) and suppose f, is
not a section. Because f is left almost split, there exists f5 : M — X such
that fof = fo. Thus, f = fifo = fifsf. Since f is left minimal, f; f} is an
automorphism, so, in particular, f; is a retraction. The proof that a right
minimal almost split morphism is irreducible is analogous. O

Example 2.3.12. It follows from this proposition and by 2.3.3 that the in-
clusion radP — P for an indecomposable projective A-module P, and the
projection I — I/soc I, for an indecomposable injective A-module, are irre-
ducible morphisms.
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The following theorem establishes the connection between irreducible
morphisms and minimal almost split morphisms.

Theorem 2.3.13.

1. Let f : L — M be left minimal almost split in mod A. A morphism
f': L — M of A-modules is irreducible if and only if

o« M #£0,

e There exists a direct sum decomposition M = M’ & M" and a
morphism f" : L — M" such that [f f"]' : L — M' & M" is left
minimal almost split.

2. Let g : M — N be right minimal almost split in mod A. A morphism
g : M — N of A-modules is irreducible if and only if

o« M #£0,

e There exists a direct sum decomposition M = M’ & M" and a
morphism ¢" : M" — N such that [¢' ¢"] : M' & M" — N is right
minimal almost split.

Proof. (1) Suppose f': L — M’ is irreducible. Then clearly M’ # 0. Since f’
is not a section and f is left almost split, there exists h : M — M’ such that
f" = hf. Because f’ is irreducible and f is not a section, h is a retraction.
Let g be an A-module homomorphism from M’ onto M such that hg = 1,
and let M"” = Kerh. Consider the morphism ¢ : M — M" defined by
q(x) =z —gh(x) for x € M. Then [h q]' : M — M’'@® M" is an isomorphism,
being [g ¢| : M' @& M" — M, where ¢ is the inclusion ¢ : M"” — M, its inverse.
This permits to conclude that [h ¢]'f = [f" qf]" : L — M'@M" is left minimal
almost split. Indeed, for v € End(M’' & M") such that ul[h q]'f = [h q]'f, we
have [g t|ulh ¢'f = f. Hence [g tJu[h ¢]" is an automorphism, and so is .
Clearly [h ¢]'f is not a section, otherwise f would be a section as well. Let
now u : L — U be an A-homomorphism that is not a section. Since f is left
almost split, thereis v’ : M — U such that «'f = u. Sou” =u'[g ¢] : M'&M"
is such that u"[h q]'f = w.

Conversely, let f' € Homa(L, M'), where M’ # 0, and suppose M =
M’ & M”, for some module M”, and there exists a morphism f” : L — M"
such that [f’ f"]' : L — M'@&M" is left minimal almost split. Because [f’ f”]'
is not a section, f’ is not an isomorphism. Moreover, L is indecomposable
(2.3.5 (1)), so f’" is not a retraction. Suppose that f’ is a section, and let
h : M'" — L be its left inverse. Then [k O][f" f”]" = 1z, which means
that[f’ f”]" is a section, a contradiction. Hence, f is not a section. Suppose
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that f' = fife, with fo € Homa(L, X), fi € Homa(X,M') and f; is not a
section. We have

[f/ f//]t — |:](C)1 ?:| [fQ f//]t’
where

[f2 f"]' € Homu(L, X © M"),
and

[];1 ﬂ € Homa(X & M",M' & M").
By 1.2.20, Im Homa(f2, L) C rad End L, since fs is not a section. Since f”
is not a section either, we have Im Homa(f", L) C rad End L. Therefore,
Im Homu([f2 f"]', L) C rad End L. So [fo f"]' is not a section, by 1.2.20.
On the other hand, [f’ f”]" is irreducible since it is left minimal almost split.

So ‘}8 (1)] is a retraction, which implies that f; is a retraction. The proof
of (2) is similar. O

Corollary 2.3.14. If u' : U — V' is irreducible and v : V' — W is a
retraction, then vu' : U — W is irreducible.

Proof. Since v’ is irreducible, there exist a module V" and a morphism u” :
U — V" such that [/ u"]" : U — V' @ V" is left minimal almost split.
Because v is a retraction, it admits a right inverse v’ and we have V' =
KervdImv = Kerv®W. The isomorphism between V' and Kerv® W is
given by z — (x —v'v(x))+v(z). Let ¢ : V' V" — Kerv@ W @& V" be the
isomorphism given by (z,y) — (z —v'v(z)) +v(x) +y. We have that v’ is a
component of ¥[u’ v”]". Since [u’ u”]" is left minimal almost split (because
[u' u"]" is left minimal almost split and 1 is an isomorphism), it follows from
2.3.13 that vu' is irreducible, as required. O

2.4 The Nakayama functor, the transposition
and the Auslander-Reiten translations

In this section we introduce the notion of the Nakayama functor and the
Auslander-Reiten translations, which are very useful to prove the existence
of the almost split sequences.

Recall that the A-dual functor

(—)": mod A — mod A%

is exact and it is a duality between proj A and proj A% (see Chapter 1).
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Definition 2.4.1. The Nakayama functor of mod A is defined to be the
functor v = D(—)" : mod A — mod A.

The following proposition states that this functor is an equivalence be-
tween proj A and inj A.

Proposition 2.4.2. The restriction of the Nakayama functor v to proj A

induces an equivalence between proj A and inj A, with quasi-inverse v=1 =

Homa(D(Ax),—) :inj A — proj A.
Proof. We want to prove that
vHoma(D(A), —)|inja = Linja
and
Homa(D(A), =) V|proja = Lproj a-

By additivity, it is sufficient to prove this for indecomposable (projective
and injective) modules. Let P(i) = e;A, for some idempotent e;, be an
indecomposable projective module (recall 1.2.17), and denote by I(i) the
indecomposable injective module D(Ae;) associated to e;. By 1.2.16, we
have that

vP(i) =ve,A= D Homy(e;A, A) = D(Ae;) = 1(i).
Moreover,

Homa(D(A),1(i1)) = Homu(D(A), D(Ae;))
= HOonz)(A&L‘, A) = €Z‘A = P(Z)
Sov Homu(D(A),I(j)) = I(j) for any indecomposable injective module I(j),
VA =

and Hom(D(A),v P(i)) = P(i) for any indecomposable projective module
P(i), as required. O

Definition 2.4.3. Let M € mod A and

P, P1 P, poM 0

be a minimal projective presentation of M. Then we have M = Coker p;.
Applying the functor (—)* to the morphism p;, we get a morphism pt : P} —
P}. The cokernel of this morphism is the transpose of M, and will be denoted
by Tr M.

Remark 2.4.4. The left A-module Tr M is uniquely determined up to isomor-
phism, because the minimal projective presentations are uniquely determined
up to isomorphism.
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The main properties of Tr M are stated in the following proposition.
Proposition 2.4.5. Let M, N be a indecomposable right A-modules.
1. M is projective if and only if Tr M = 0.
2. If M is not projective and
P PREM—0
is a minimal projective presentation of M, then
PLE Pt T M = 0
is a minimal projective presentation of T'r M.

3. If M is not projective, then Tr M is indecomposable and Tr(Tr M) =
M.

4. If M and N are not projective, then M = N if and only if Tr M =
Tr N.

Proof. (1) Suppose M is projective. Then the sequence 0 — M WM = 0is
a minimal projective presentation of M, which clearly implies that T'r M = 0.
Conversely, suppose Tr M = 0 and let P, 2 Py 2 M — 0 be a minimal
projective presentation of M. The fact that Tr M = 0 means that p} is an
epimorphism. Because P} is projective, it follows from 1.2.25 (1) that p} is
a retraction. Hence p; is a section, and so py is a retraction (cf. 1.2.22). Let
Py : M — Py be a right inverse of py. We will prove that M is projective
by definition. Let f : N — L be an epimorphism and g € Homa(M, L).
Because P, is projective, there exists f' : Py — N such that gpy = ff'.
Therefore, the morphism f'p{, : M — N is such that f(f'p}) = gpopl, = 9,
and we are done.

(2) Suppose M is not projective, and let P, & Py 23 M — 0 be a minimal
projective presentation of M. It is clear that the sequence

S:PLB Pl Tr M —0

is a projective presentation of T'r M. Suppose, for a contradiction that it is
not minimal. By 1.2.31, the sequence S is isomorphic to

S EceEydFE - Ei®&E,®FE - TrM — 0,
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where the first map is given by the matrix diag(u, v, 0), where u is a morphism
from Ej to Ey and v is an isomorphism from Ej to E{. Consider the exact
sequence
'3 i
0—-MZB PSP —TrM—0.

Applying (=) to it, we get
pit L pit T 4 o,
So, applying (—)* to the isomorphic sequence S’, we obtain
Ei® Bl @ B' — Ey® Ej © Ef' — M — 0,

where the first map is diag(u®,v',0° = 0). The cokernel of this map is
E{/Imu' @ Eff/Imv' @ E['/0 and it is isomorphic to M which is indecom-
posable. Since v is an isomorphism, so is vf, as (—)* is a duality on projectives.
Hence E{//Imv' = 0. Since the cokernel is indecomposable, either Ef/Imu'
or E{' is zero. If E}/Imu' = 0, then M = E[', a contradiction since M is
not projective and E{* is projective. Hence M = Ef/Imu'. We thus have a
projective presentation

Bt B — M —0,

contradicting the minimality of the presentation P, 2 Py 2% M — 0.
(3) Suppose M is not projective. Applying (—)* to the sequence S’ of (2),
we get the exact sequence

t P it PO
P —= B —=TrTrM — 0.

€p, €p,
Because P; and P, are projective modules, we have P, & P* and Py = P},
Consider the following commutative diagram with exact rows:

p1 Py

P Py M 0

Pt —— P —— TrTr M —— 0.

Let m € M. There exisils x e B sé)((:)h that po(x) = m, for py is surjective.
It is easy to see that the map m +— plfep () is well defined and it is an
isomorphism between M and TrT'r M.

The last statement is an easy consequence of (3). O
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Since Tr N = 0 for an indecomposable projective right A-module N,
there can’t be a duality from mod A to mod AP that sends M to Tr M. But
there is a duality that maps M to Tr M between the categories mod A and
mod A°? modulo projectives, defined as follows.

Let P be the class of A-module morphisms that factors through a pro-
jective A-module, and denote by P(M, N) the set of these morphisms that
goes from M to N.

Remark 2.4.6. Let f,g € P(M,N) and A € K. Write f = fifs, with
fo: M — P, f; : P— N, where P is a projective A-module, and g = g1, 9o,
with go : M — P’,¢g; : PP — N, where P’ is a projective A-module. Then
clearly, \f € P(M,N) and f +g = [fi a1][fo o] : M — P® P — N,
and so f + g factors through the projective A-module P @& P’, which means
that f + g € P(M,N). Let now f = fifo € P(M,N) as before and g be
an arbitrary A-module morphism from N to L. Then, clearly gf = (gf1) /2
factors through the projective P, and so gf € P(M, L). Analogously, gf €
P(M, L), for f € Homa(M,N),g € P(N, L). This proves that P is an ideal
in mod A.

Dually, we have the ideal Z in mod A such that, for each pair M, N of A-
modules, Z(M, N) is the subset of Hom (M, N) of the modules that factors
through an injective A-module.

Definition 2.4.7.
1. The quotient category mod A = mod A/P such that:

e Objmod A = Objmod A,
e Hom,(M,N)= Homus(M,N)/P(M,N), and

e The composition of morphisms is induced from the composition
in mod A,

is called the projectively stable category.
2. The quotient category mod A = mod A/Z such that:

e Objmod A = Objmod A,
e Homa(M,N)= Homu(M,N)/Z(M,N), and

e The composition of morphisms is induced from the composition
in mod A,

is called the wnjectively stable category.
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The category mod A can be identified with another quotient category,
denoted by proj A/proj, A, which we will define now.

The category pr_éj A is such that the objects are triples (P, Fy, f), where
Py, Py are projective A-modules and f € Homa(P;, ), and for a pair of
objects (P1, Po, f), (P, P}, f'), a morphism from (P, Py, f) to (P, B}, f') is
of the form (uy,up), where uy € Homu(Py, P), ug € Homs (P, P;) are such
that the following diagram is commutative.

f
Pl—’PO

P| —— P}
1
The class proj, A((Py, Py, f), (Pl, P,, f')) is the set of morphisms (uy, )
in proj A from (Py, By, f) to (P], B, f') such that the A-module morphism

u: Cokerf —  Coker [’ (2.1)
z+Imf — wuy(x)+Imf, '

which is well defined, is zero, i.e., u factors through a projective module.

The class p?%j 1 A is indeed an ideal in pfc)j A.

The quotient category pr%j A/ p?%j 1 A is then the category whose objects
are the objects of proj A and, for each pair (P, Py, f), (P{, P, f') of ob-
jects, a morphism from A morphism from (Py, B, f) to (P{, P;, '), is of the
form (uy, uo) + proj, A((Py, Py, [), (P1, By, f')), where (u1, uo) is a morphism

between these two objects in proj A.
Consider the functor F': proj A/proj, A — mod A defined as follows:

e For each object (P, Ry, f), F(Py, Py, f) := Coker f,

e For each morphism (uy, ue)+proj, (Pr, Po, f), (P}, B, ), F((uy, ue)+
proj, (P, Po, f), (P}, P}, ') = u, where u is defined by 2.1.

Write F(uy, ug) instead of F((uy, uo)+proj, (Py, Py, f), (P}, P}, f")), for short.
Note that if (u1, 1) € proj, A, then F(uy,uo) belongs to P(Coker f, Coker f'),
according to the definition of pr_bj 1 A, so F is well defined.

Let M be an object in mod A and let P; EA Py — M — 0 be a minimal
projective presentation of M. Then M = F(Py, Py, f). Let u: M — M’ be
a morphismin mod A, and write M = F(Py, Py, f) and M' = F(P|, P, ).
Denote by ¢ (resp. ¢') the canonical epimorphism Py — M = Py/Im f (resp.
Py — M'= Pj/Im f"). Since ¢’ is an epimorphism and F is projective, there
exists ug : Py — P} such that ug = g’'ug. Because ¢'(uof) = ugf = 0, by the
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exactness of the sequence P; EN Py L M — 0, we have that Imugf C Kerg'.
As the morphism f': P| — Ker g = I'm f’ is surjective and P, is projective,
there exists a morphism u; : P, — P| such that uof = f'u;. We have that
(u1,up) is a morphism in proj A/przjl A and F'(uq,ug) = u. This proves that
the category mod A is equivalent to the quotient of pr_éj A modulo pﬁ)j LA,
as required.

Let us construct now a duality Tr : mod A — mod A°, that maps M to
its transpose.

o I'rM = F(P}, P, f'), for M = F(Py, Py, f) € mod A,

e Let u: M — M' be a morphism in mod A, where M = F(Py, Py, f)
and M = F(P/,P{, ). Then u = F(uy,uyp), such that the following
diagram, with exact rows, is commutative.

f
P B M 0
J Ul l uo l u
A —— B M’ 0
If we apply the functor (—)', we get a diagram
ft
P P! Tr M —— 0
ul T ut T
Py pp Tr M —— 0
f/t

with exact rows and a commutative left square. We define Tru :
Tr M' — Tr M to be the unique morphism that makes the right square
commutative.

Note that (uf,u!) is a morphism in proj A% /proj, A%. Indeed, it can
be proved that if (u1,uo) : (Py, Py, f) — (P}, P., f') belongs to proj, A, then
(ul,ul) = (P, P, f") — (PL P!, f') belongs to proj, A%.

The functor Tr : mod A — mod A°? is well defined and it is indeed a
duality, which is called the transposition.

For the missing details, see [2, IV.2.2].

Definition 2.4.8. The composition of D with T'r, 7 = D T'r and its inverse
equivalence, 771 = Tr D are called the Auslander-Reiten translations.

The next proposition records some basic properties of Auslander-Reiten
translations.
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Proposition 2.4.9. Let M and N be indecomposable modules in mod A.
1. The module T M s zero if and only if M is projective.
2. The module 7= N is zero if and only if N is injective.

3. If M is a nonprojective module, then T M is indecomposable noninjec-
tive and 71T M = M.

4. If N is a noninjective module, then 7= N is indecomposable nonpro-
jective and T ' N = N.

5. If M and N are nonprojective, then M = N if and only if there is an
tsomorphism TM = TN.

6. If M and N are noninjective, then M = N if and only if there is an
isomorphism 7'M = 77IN.

Proof. This proposition is an easy consequence of 2.4.5 and 1.2.35. O

Proposition 2.4.10. Let M be an indecomposable nonprojective module in
Mod A and let
Pl p1 PO Po M 0

be a minimal projective presentation of M. Then the sequence

vp1

0 ™M v P v P,

is a minimal injective presentation of T M.

Proof. The sequence P} LN P} ——Tr M —0 is a minimal projective
presentation of T'r M (2.4.5 (2)) and the result follows by 1.2.35. O

Recall the functorial morphism ¢, where M is an A-module, defined in

~J

the first chapter. For an arbitrary A-module N, we have that Coker ¢y =
Hom (M, N). The proof of this fact can be found in [2, IV.2.12].
The following proposition is useful for the proof of 2.4.13.

Proposition 2.4.11. For two A-modules M, N, we have that
Ext' (M,N) = DHom ,(t~'N, M) = DHom(N,7M),

and these isomorphisms are functorial in both variables.
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Proof. If N is injective, then Exztl(—,N) = 0 by 1.2.37, and 77'N = 0,
by 2.4.9 (3). Hence, Hom (77 'N,—) = 0. Moreover, since every mor-
phism from N to 7 M factors through the injective module N, we have
Homa(N,7 M) = 0. So the result holds if N is injective. Because the
Hom-functor, D and Ext!(—, N) are additive functors, it is enough to prove
the theorem in the case where N has no injective direct summand. Let then
N be an A-module that doesn’t have any injective direct summand. Since N
is not injective, by 2.4.9 (4), we can write N = 7 L, where L = 77! N. Let
P, % Py 2 L — 0 be a minimal projective presentation of L. We get the

exact sequence
Dpt Dp}

0—-7L—1, =1, =¥ DL'—0,

where Iy = DP} and I; = DP] are injective, by applying the Nakayama
functor. Write py = Homa(M, Dpt) and py = Homa(M, Dpf), for short.
Let

0—-DL' B LB — ..

be an injective resolution of DL!. Then we obtain the following injective
resolution of 7 L:
Dpt Dp}
0—=7L Ty o7 LB L.

Note that this is indeed an injective resolution of 7 L because Ker (py Dpf) =
Ker Dply = Im Dp% and Im (py Dp)) = p2(Im Dpf)) = p2(DLY) = Ker ps.
Applying the left exact functor Hom (M, —), we get:

0— (L) — (I) & (L) ™2 (L) 2 (L) — ...

where p; = Homu(M,p;) (i > 2), (L) = Homa(M,7L), and (1) =
Homy(M, I;), for j > 0. By 1.2.36, we have

Exth (M, N) = Ker (papo)/Im py = Ker po/Im p;.
Now, for an A-module X, let
wX i DHom (X, =) — Hom(—, DX
be the composition of DX : DHom (X, —) — D((—) ®4 X*) with
¥ D((=) @4 X') = Homa(—, DX),
defined as follows: for an A-module Y,

me(W)(9) = fly®g),
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where f € D(Y ® X!),y € Y and g € X'. Tt is easy to check that n is
a functorial isomorphism. Hence w® is a functorial morphism and, if X is
projective, ¢~ is an isomorphism and so is w¥.

Write py = DHoma(p1, M) and py = DHoma(py, M), where p; and
po are the morphisms involved in the minimal projective presentation of L.

Consider the diagram

Homa(M,DP!)y —"— Homu(M,DP!) —— Hom(M, DL

Py Py L

DHoma(P, M) —2— DHoma(Py, M) —2~ DHoma(L, M) —— 0.

The lower row, which is obtained from the minimal projective presentation
of L by applying the functor DHom s(—, M), is exact since DHoma(—, M)
is right exact. Furthermore, the diagram is commutative because w* is
functorial, and the morphisms wi!, w? are isomorphisms as P, and P, are

projective modules.
Let f € Ker pg. We have that w, <f50 (wﬁ)) (f)) = Powp? (wﬁ))fl (f) =
Po(f) = 0. Thus I'm pg (wﬁ))_l C Kerw},. Consider then the morphism

-1

Y = po (wﬁ‘})fl : Ker py — Kerwk,.

. . . . . . P - . . ~ . .
This morphism is surjective, since w,, is an isomorphism and p is an epimor-

phism. Therefore, by the isomorphism theorem, we have Im ) = Ker wk, =

Ker py/Ker. Moreover, because wf}, wf/} are isomorphisms and the lower

row of the previous diagram is exact,
Kery = Kerpy=Imp; = Imp;.
It follows that

Ext (M,N) = Kerpo/Imp, = Ker py/Ker 1
>~ Kerwk,
= Ker Dok, (n is an isomorphism)
=~ DCoker p%;
Because Coker ok, = Hom (L, M) = Hom ,(t~' N, M), the proof of the

first isomorphism is complete. The proof of the other isomorphism is similar.
]

The next lemma is necessary to the proof of 2.4.13.
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Lemma 2.4.12. Let M, L be a indecomposable A-modules. If L is nonpro-
jective, then P(L, M) C rada(L, M).

Proof. Let f € P(L, M)\ rads(L,M). The morphism f can be written in
the form f = fifs, where fo : L — P and f; : P — M, with P projective.
Because f ¢ rada(L, M), f admits an inverse h : M — L. In particular, hf;
is a left inverse of f;. Consequently, L is projective. Indeed, if u : L — N
is a morphism and v : V' — N is an epimorphism, then there is a morphism
r . P — U such that vr = uh f; because P is projective, and so the morphism
rfy: L — U satisfies vr fo = uhfi fo = u, and we are done. ]

Now we are able to prove the very important theorem of Auslander and
Reiten about the existence of the almost split sequences. But first we intro-
duce a new functor that will be used in the proof of this theorem. Let M
be a right A-module. The covariant functor S(M,—) : mod A — mod A is
defined as follows:

e For an A-module N, S(M,N) := Homa(M,N)/rads(M,N),

e For two A-modules N, L, and f € Homu(N, L), S(M, f) : S(M,N) —
S(M, L) is given by the formula

S(M7 f)(g—l—radA(M,N)) = fg+TCLdA(M, L)7
where g € Homa (M, N).

Note that if g € rada(M,N), then fg € rada(M, N), because rad, is an

ideal of mod A. So S(M, f) is well-defined. It is easy to check that S(M, —)
is indeed a covariant functor.

Theorem 2.4.13. Let M be an indecomposable nonprojective A-module and
N be an indecomposable noninjective A-module.

1. There exists an almost split sequence 0 — M — E — M — 0 in
mod A.

2. There exists an almost split sequence 0 — N — F — 77N — 0 in

mod A.

Proof. Let M, X be two indecomposable nonprojective A-modules. It follows
from 2.4.11 that
Exty(M,7X) = DHom ,(X, M),

as 77X & X, by 2.4.9 (3).
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Denote by pxar : Hom (X, M) — S(X, M) the canonical epimorphism.
This morphism is well defined by 2.4.12. By applying the contravariant
functor D, we get the canonical monomorphism Dpx  : DS(X, M) —
DMA(X7 M)

Set X = M and let ¢ be a nonzero element of DS(M, M), and { =
Dppa(€'). Since € # 0 and Dpay s is a monomorphism, £ is also nonzero.
Hence ¢ € Hom (M, M) = Ext',(M, 7 M) is represented by a short exact
sequence

S:0-7MLES M0 (2.2)

that doesn’t split (see 1.2.39 and 1.2.43).

Because M is not projective, 7 M is indecomposable, by 2.4.9 (3). Let us
show now that ¢ is right almost split. This morphism cannot be a retraction
as 2.2 doesn’t split. Let v € Hom(V, M) that is not a retraction. We want
to prove the existence of a morphism v’ : V' — FE such that gv’ = v. Write

v=1[v ... V=Ve...eV, - M,

where Vi,...,V, are indecomposable modules. Suppose v; : V; — M is
a retraction, for some i € [n], and let v} be its right inverse. Then v =
[0...00[0...0]: M — V is aright inverse of v, contradicting the fact that
v is not a retraction. Hence none of the components v; of v is a retraction,
in particular, none of them is an isomorphism. It follows from 1.2.5 (3) and
1.1.18 that v; € rada(V;, M), for all i € [n]. By 1.1.17, v € rada(V, M).
Consider the diagram

DS(M, M) 2 DHom (M, M) —=— Bat' (M, M)

J/DS(M,U) lDMA(M,U) J/ECEt%(U,T M)

Dpar,v

DS(M,V) 22 DHom,(M,V) —— Eat'(V,7 M)

which is commutative because (Dpary)yemoaa is functorial and so are the
isomorphisms given in 2.4.11. Because v € rads(V, M), DS(M,v)(£') = 0,
which implies that Exth(v,7 M)(§) = 0, due to the commutativity of the
diagram. This means that the sequence

S':O—>TM£>E’£>V—>O,

that represents Ext(v,7 M)(£), splits. Note that [S"] = ext(v, 7 M)([S])

(cf. 1.2.41), and so we have the following commutative diagram
I g

0 —— 1M FE V 0
JlTM lw l'u
0 —— 1M E M 0.
f g
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Since the first row splits, we can consider a right inverse ¢ : V' — E’ of ¢'.
Then the morphism v = wg” : V' — FE satisfies the required condition, i.e.,
gv' = gwg” = vg'g”" = v. Hence, g is right almost split. By 2.3.6 (b), the
sequence 2.2 is almost split and the first statement of the theorem is proved.
The second statement has a similar proof. ]

The almost split sequences are also unique in the following sense.

Proposition 2.4.14. An almost split sequence is uniquely determined (up
to isomorphism) by each of its end terms.

Proof. Suppose that

0-LLME NS0

and / /
0L LM LN -0

are two almost split sequences in mod A and L = L'. Let r : L — L' be an
isomorphism. Since f is left almost split and f'r : L — M’ is not a section,
there is a morphism h : M — M’ such that hf = f'r. Analogously, since f’ is
left almost split and fr—!: L’ — M is not a section, there exists a morphism
B : M' — M such that W' f' = fr='. Thus, f' = hfr!, and f = h'f'r.
It follows that f' = hh'f" and f = h'hf. Because both f and f’ are left
minimal, hh' and h'h are automorphisms, and so h is an isomorphism. It is
easy to check that b’ : N — N’ defined by h'(n) = ¢’h(m), for n € N and
where m € M is such that g(m) = n is well defined, is an isomorphism and
h'g = g’h. Consequently, the two sequences are isomorphic, i.e., the terms of
the sequences are isomorphic and the following diagram is commutative.

/ g
0 L M N 0
= l T = J h = l h
0 L M’ N’ 0
f! g
The proof that the two sequences are isomorphic in the case when N = N’
is similar. O

The following proposition, which is a consequence of 2.4.13, gives an im-
portant characterization of the minimal almost split morphisms in connection
with the space of irreducible morphisms.

Proposition 2.4.15. Let M be an A-module and write it as a direct sum
m M where the modules My, ..., M, are indecomposable and such that

M; % M;, with i # j.
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1. Let L be an indecomposable A-module and f € Homu(L,M). Write
F=1f - ful where

fi = [le . fznjt € HOmA(L,MZm),Z c [m]

Then f is left minimal almost split if and only if the following conditions
hold:

i fij € TadA(L>Mi)7 fO?"i € [m]a] € [nz];

e Foreachi € [m], {fij = fi; +radi(L,M;) | j € [n]} is a K-basis
of Irr(L, M,),

o If M’ is an indecomposable A-module such that Irr(L, M') # 0,
then M' = M; for some i.

2. Let N be an indecomposable A-module and g € Hom (M, N). Write
g9=1[91 . gm], where

Then g 1is right minimal almost split if and only if the following condi-
tions hold:

® gij € rada(M;, N), fori € [m],j € [ni],

e For eachi € [m], {gij = gij+rady(M;, N) | j € [ni]} is a K-basis
of Irr(M;, N),

o [f M’ is an indecomposable A-module such that Irr(M',N) # 0,
then M' = M; for some i.

Proof. Let f € Homa(L, M) be left minimal almost split. Then f is irre-
ducible, by 2.3.11. Note that f;; = v; f, where v; : &"; M, is the projection,
and that v; is a retraction. Hence by 2.3.14, f;; : L — M, is irreducible, for
i € [m],j € [ni]. So fij € rads(L, M;) for all i € [m],j € [n], by 2.3.9. If
M’ is an indecomposable module for which there is an irreducible morphism
f': L — M’, then there exists ¢ € [m] such that M’ = M;, by 2.3.13.

Fix an i € [m] and let h = h + rad’(L, M;) be a nonzero element of
Irr(L, M;). We will prove that it can be written as a linear combination of
fits -+ fin,- Since h # 0, h € rad4(L, M;) \rad’ (L, M;), i.e., h is irreducible
(2.3.9) and so it is not a section. Since f is left almost split, there exists a
homomorphism A’ = [h} ... hi] : @j_ M — M;, with hy = [hy, ... hi, ]
M — M; such that

t Nk
h=Hf=>"Y hfi.

k=1 j=1
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Because My 2 M;, for k # i, none of h%j : M, — M; is an isomorphism. So
hy; € rada(My, M;), for k # i, as My, M; are indecomposable modules. It
follows from the definition of the ideal of a category and from the fact that
frj € rada(L, My) that hi; fi; € radi (L, M;), for k # i. Therefore

=Y ks
j=1

By 1.2.5 (1), (3), we have that (End M;/rad End M;) = K. So we can write
hi; = Aj - 1a, + wij, with \; € K and w;; € rada End M; = rada(M;, M;)
(this follows from 1.2.2 (1), from the definition of the radical of a category
and from 1.1.18). Hence u;; fi; € rad’(L, M;) and so we have that

B: ZZ)\] 'ﬁja
j=1

as required. Let us prove now that {fi1,..., fin,} is K-linear independent.
Suppose, for a contradiction, that there is a zero linear combination Z]‘ Aj ﬁ-j =
0, with A; € K and A\; # 0 for some j. The morphism [ = [A\; ... \,,] :
M — M; defined by (x1,...,2,,) — Axy + -+ + Ay, @y, i a retraction (the
morphism

z — (0,...,0,X'z,0,...,0)

is a right inverse of [). By 2.3.14 and because f; is irreducible, we conclude
that v := Z?’:l Ajfij = lfi is irreducible, which contradicts the fact that
v € rady (L, M;), as 37, A fij = 0.

Conversely, suppose that the three conditions hold. Our objective is to
prove that f is left minimal almost split. Consider a left minimal almost split
morphism f’ : L. — U. Note that 2.4.13 and 2.3.3 guarantee the existence
of such a morphism. Write U = &;_,U", where Uy, ..., U, are indecom-
posable modules and Uy, ..., U are pairwise nonisomorphic. Since for each
k,j, Irr(L,Uy) # 0 it follows from the third condition that U, = M; for
some j, and so dimg Irr(L,Uy) = dimg Irr(L, M;). Thus my = n; by the
second condition. Consequently, U = @;_, U™ = @'_ M’ = M and so we
may then assume that U = M. Observe that f is not a section. Indeed, if f
was a section, then there would exist g : M — L such that gf = 1,. Write

g=1g1 ... gm], with g; = [gi1 ... Gin,]. S0 we have

Z i:gijfij = 1.

i=1 j=1
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But each fi; lies in rad (L, M), and so 3 \° | > 77" fijgi5 € rada(L, L), which
contradicts the fact that 1, ¢ rada(L, L), as L is indecomposable and 1, is an
isomorphism. Thus, because [’ is left almost split and f is not a section, there
exists h € End(M) such that f = hf’. Let us prove that h is an isomorphism.
Let hi.js : M; — M;, with ¢, 5 € [m],r € [n;], s € [n;] be the components of
h. We have that, for each i € [m] and 7 € [n], fir = 22003 D200 hirjsfiss

and so
m Ny
fir = E E hi’r,jsf/jsa

j=1 s=1

where f;, = fir +rad®(L, M;), hirjs = hipjs + rad(M;, M;) and f’js = fis+
rad(L, M;). It follows from the fact that M; 2 M,, if ¢ # j, and from
1.1.18 that hy. ;s € rad(M;, M;), and so Bim-s =0, for i # j. Hence f;, =
S hirisflis. Because both {fi | r € [ny]} and {f’;, | s € [n;]} are
K-basis of Irr(L,M;), the matrix (hi.;s : r,8 € [n;]) is invertible. Let
hi © M — M. be the map whose components are h;.;s, with 7, s € [n;],
and let h; = h; + rad(M]", M]*). By 1.1.17, h; is given by the matrix

(Riris; 7,8 € [ng]), and so h; is invertible. So there is k; € End(M;") such

that h;k; = 1,mi. Thus, 1, —hik; € rad(M]", M]"). Tt follows by definition
that h;k; = 1M:m —1M?i(1M5¢ —h;k;) is invertible, and sois h;. Let g : M — M
be the morphism such that g;, ;s = 0, for alli € [m] and r, s € [n;], and g, =
Rir js, for i # j, and let o : M — M be the morphism o = Zzl h;. Note that
h = o+g. Because M; 2 M, for i # j, we have g;, ;s € rad(M;, M;), if i # j.
By definition g¢;,.;s = 0 € rad(M;, M;). Therefore, g € rad(M, M), by 1.1.17.
On the other hand, ¢ is invertible since each h; is invertible, as we have seen.
Let 0=! be the inverse of . Then o7 'h = 070 + g) = 1y — (=0 Y)g.
Because g lies in rad(M, M), o~ 1h is invertible, and so is h, as required. We
can now conclude that f is left minimal almost split. Indeed, if & € End(M)
is such that kf = f, then khf' = hf’, and so (h~'kh)f' = f', which implies
that h='kh is an automorphism. Therefore, k is an automorphism and f is
left minimal. To prove that f is left almost split it only remains to check
that for any morphism u : L — U that is not a section, there is a morphism
u”" : M — U such that «”f = w. Since f’ is left almost split, there is
' : M — U such that v/ f' = u. Set v’ = «'h~!, and we are done. The proof
of (2) is similar. ]

Remark 2.4.16. Let P(a) = e, A be an indecomposable projective A-module
and I(a) = D(Ae,) an indecomposable injective A-module. We have seen
that the inclusion rad P(a) < P(a) is right minimal almost split and the
canonical epimorphism I(a) — I(a)/socI(a) is left minimal almost split (cf.
2.3.3). It follows from 2.4.15 that every indecomposable A-module X such
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that Irr(X, P(a)) # 0is isomorphic to a direct summand of rad P(a), and ev-
ery indecomposable A-module Y such that Irr(I(a),Y) # 0 is isomorphic to
a direct summand of I(a)/socI(a). Moreover the dimension of Ir7(X, P(a))
is the multiplicity of X as a direct summand of rad(P(a)), and the dimension
of Irr(I(a),Y) is the multiplicity of Y as a direct summand of I(a)/soc I(a).

Corollary 2.4.17. Let 0 — L EN @E:l M L N — 0 be an almost split se-
quence, with L, N indecomposable and M, ..., M; indecomposable and pair-
wise nonisomorphic. Then, for each i € [t], we have

dimyg Irr(L, M;) = dimg Irr(M;, N).

2.5 The Auslander-Reiten quiver

This section is devoted to the concept of the Auslander-Reiten quiver of
a basic and connected finite dimensional K-algebra A. Some properties of
this quiver will be given, with particular reference to 2.5.10, which claims
that if the Auslander-Reiten quiver of A, denoted by I'(mod A), has a finite
connected component C, then I'(mod A) = C and it is finite. We will also
give a simple example just to illustrate the notion of this quiver.

The Auslander-Reiten quiver is a quiver that collects the information of
the category mod A. Since any module decomposes as a direct sum of inde-
composable modules, and such decomposition is unique up to isomorphism,
it is natural to consider the vertices of the quiver as isomorphism classes
of indecomposable modules. Moreover, the morphisms in mod A that ad-
mit no nontrivial factorization are precisely the irreducible morphisms (cf.
2.3.8), so it is also natural that the arrows of the AR-quiver correspond to
the irreducible morphisms. The formal definition is given below.

Definition 2.5.1. Let A be a basic and connected finite dimensional K-
algebra. The quiver I'(mod A), of mod A is defined as follows:

1. The vertices of I'(mod A) are the isomorphism classes [X] of indecom-
posable modules X in mod A.

2. Let [M],[N] be the vertices in I'(mod A) corresponding to the inde-
composable modules M, N in mod A. The arrows [M] — [N] are in

bijective correspondence with the vectors of a basis of the K-vector
space Irr(M,N).

The quiver I'(mod A) of the module category mod A is called the Auslander-
Reiten quiver (or AR-quiver, for short) of A.
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We gather some characteristics of the AR-quiver in the following remark.
Remark 2.5.2.

1. Let M be an indecomposable module. It follows from 2.4.15, 2.4.13 and
2.3.3 that if M is projective, then the predecessors of [M] are the points
[L] with L an indecomposable direct summand of rad M, and if M is
not projective, the predecessors of [M] are the points [L] where L is an
indecomposable direct summand of the middle term of the almost split
sequence ending with M. Similarly, if M is injective, the successors
of [M] are the points [/N] such that N is an indecomposable summand
of M/soc M, and if M is not injective, the successors of [M] are the
indecomposable direct summands of the middle term of the almost split
sequence starting with M. In particular, for every indecomposable
module M, the set of the predecessors and the set of the successors of
[M] are finite, which means that each vertex of I'(mod A) has a finite
number of neighbours. A quiver that satisfies such property is said to
be locally finite. Thus, I'(mod A) is locally finite.

2. The quiver I'(mod A) is finite if and only if A is representation-finite
(recall the definition 1.2.7).

3. The AR-quiver has no loops. Indeed, let M € mod A and suppose f :
M — M is an irreducible morphism. Then by 2.3.8, f is a epimorphism
or a monomorphism. Since M is finite dimensional, it follows that f is
an isomorphism, contradicting the fact that f is neither a section nor a
retraction. So the source and the target of the arrows of the AR-quiver
must be different from each other.

4. If A is a representation-finite algebra, then I'(mod A) has no multiple
arrows (see [2, IV.4.9]).

5. Recall the Auslander-Reiten translation 7 (cf. 2.4.8). For each inde-
composable nonprojective module M, 7 M is indecomposable nonin-
jective, and for each indecomposable noninjective module N, 771 N is
indecomposable nonprojective, by 2.4.9. Moreover, we have 717 M =
M, and 777N = N. This permits to define a bijection (also denoted
by 7):

T Iy — IY
[M] — [t M],

where I'y = {[M] € I' (mod A) | M is not projective} and I'j = {[N] |
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N is not injective}. The inverse bijection, denoted by 771 is given by

1 Ty — I
[N] — [7}N].

The bijection 7 is called the translation of the AR-quiver I' (mod A).
Let M be an indecomposable nonprojective module and let

0—=7M — @ieygN;” = M — 0

be an almost split sequence ending with M (cf. 2.4.13). By 2.4.15, the
isomorphism classes [V;] of the direct summands of the middle term
are precisely the successors of 7 M in I' (mod A) and the predecessors
of M. Moreover, we have dim Irr(N;, M) = dimg Irr(t M, N;) = n;
(cf. 2.4.17) and so there is a bijection between the set of arrows from
[T M] to [V;] and the set of arrows from [N;] to [M].

A quiver with these properties is known as a translation quiver (see
definition in [2, IV.4.7]).

We will now give a simple example of Auslander-Reiten quiver, but before
that we state the following useful proposition that gives us examples of almost
split sequences.

Proposition 2.5.3. [2, IV.3.9, IV.3.11]

1. Let P be a nonsimple indecomposable projective and injective module,
S =socP and R =rad P. The sequence

it —j
0-RY RSP P50,
where q, p are the projections and 1,7 are the inclusions, is almost split.

2. The target of any irreducible morphism whose domain is simple, pro-
jective and noninjective is projective.

3. The domain of any irreducible morphism whose target is simple, injec-
tive and nonprojective is injective.

Remark 2.5.4. Let S be a simple projective noninjective module, and f : S —
P a left minimal almost split morphism. Any component of f, f/: S — P’
corresponding to a direct summand P’ of P, is irreducible. By 2.5.3 (2),
each direct summand P’ of P must be projective. It follows from 2.4.16
that the dimension of the space of irreducible maps from S to P’ equals
the multiplicity of S in rad P'. So P = @Pidi, where d; is the multiplicity
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of S in rad P; for each indecomposable projective module P;. Similarly, if
g: I — S is a right minimal almost split morphism, for a simple, injective
nonprojective module S’; then I = @]f ;, where I; are the indecomposable
injective modules and d] is the multiplicity of S” in I;/soc I;.

FExample 2.5.5. Consider the path K-algebra A of the quiver

*——eo—0
1 2 3

The indecomposable injective modules and projective modules are:
Pl)=KS5K-SK =1(3)

PR2)=0—-K5K
PB)=0—-05K = S(3)
I1) = K—0—0 = 5(1)

I2) = K5 K —0.

It is easy to see, according to 2.2.2, that the radicals of the projective
modules P(1), P(2), and the quotients I(i)/socI(i) (i = 2,3) are given by:

rad P(1) = P(2), rad P(2) = P(3)

socl(2) = S(2), socI(3) = 5(3)

12) 13) _
socI(2) (1), soc1(3) =10).

Note that P(3) is simple, projective and noninjective. By 2.5.4, in a left
minimal almost split morphism P(3) — P, P = P(1)% & P(2)% & P(3)%,
where d; is the multiplicity of P(3) in rad P(7), for i = 1,2,3. In this case,
since P(3) is not a summand of rad P(1) and P(3) = rad P(2), we have P =
P(2), and so the only left minimal almost split morphism starting at P(3) is
the embedding P(3) - P(2). Therefore, the sequence 0 — P(3) = P(2) —
Cokeri — 0 is almost split. The cokernel of i is P(2)/P(3) = S(2). So we
have an irreducible morphism from P(3) to P(2) and an irreducible morphism
from P(2) to S(2). Moreover, by 2.4.15, if M’ is an indecomposable module
such that Irr(P(3), M’) # 0 then M’ = P(2) and if N’ is an indecomposable
module such that Irr(N',S(2)) # 0, then N = P(2).

Since P(2) = rad P(1), we have an irreducible morphism from P(2) to
P(1) (the inclusion, to be specific). Consider now P(1). Because P(1) is
nonsimple, injective and projective, we have an almost split sequence 0 —
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P(2) — S(2)® P(1) — I(2) — 0, by 2.5.3 (1). In particular, we get
irreducible morphisms from P(2) to S(2) and from P(2) to P(1) (cf. 2.4.15).
Furthermore, there is no indecomposable module M’ nonisomorphic to S(2)
and to P(1) such that Irr(P(2), M) # 0.

Consider now the injective 1(2). The projection 1(2) — 1(2)/S(2) =
I(1) = S(1) is irreducible and left minimal almost split. Again by 2.4.15,
there is no other arrow in the Auslander-Reiten quiver of A with source [I(2)].
Similarly, we have a left minimal almost split morphism from P(1) = I(3) to
1(3)/socI(3) = I(2), and so there is an arrow from [/(3)] to [/(2)], which is
the only arrow with source [/(3)].

Now consider the simple, injective and nonprojective module S(1). Since
S(1) = 1(2)/soc1(2) and S(1) is not a summand of 1(3)/socI(3), we have
a right minimal almost split morphism from 7(2) = S(1) = I(3) to S(1),
and so by 2.4.15, there is no other arrow in I'(mod A) with target [S(1)].
Moreover, we have an almost split sequence

0— Ker(1(2) — S(1)) — 1(2) — S(1) — 0,

where Ker (1(2) — S(1)) = S(2). Thus, [I(2)] is the only successor of [S(2)].
All these observations give rise to the AR-quiver:

[P(3)] [5(2)] [S(1
[P(2)] [1(2)]
\ /
[P(1)]

Note that, when drawing the AR-quiver, we put [7 M], where M is inde-
composable nonprojective, on the same horizontal line as [M], by convention.

)]

We end this chapter with the proof that if I'(mod A) has a finite connected
component C then I'(mod A) = C, an important fact which is necessary for
the last chapter. In order to prove this result we need the following definition
and lemmas.

Definition 2.5.6. Let My, My, ..., M, be indecomposable A-modules. A
chain of irreducible morphisms from My to M, is a sequence of irreducible
morphisms of the form

My Do 2 2w
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Lemma 2.5.7. Lett € N and let M and N be indecomposable A-modules.
Suppose that Homa(M,N) # 0 and that there exists no chain of irreducible
morphisms from M to N of length < t. Then there is a chain of irreducible
morphisms

M:M0£M12M2—>£>Mt

and a morphism g : My — N such that gf; ... fi # 0, and there is a chain of
wrreducible morphisms

NtﬁNtflgzl...—)ngﬁlNozN
and a morphism f : M — N; such that g1 ...g.f # 0.

Proof. We just prove the existence of the first chain and the morphism g, the
argument to the proof of the second chain and morphism f is similar. We
prove by induction on t. For ¢t = 0 there is nothing to show. Suppose now
that M and N are such that Hom (M, N) # 0 and that there is no chain of
irreducible morphisms from M to N of length < ¢ + 1. By induction, there
is a chain of irreducible morphisms

M=My 5 v B, — 5

and a morphism g : M; — N with gf; ... fi # 0. Suppose, for a contradiction,
that ¢ is an isomorphism. Then g¢f; is irreducible and so the sequence
M=My2 My By — M

is a chain of irreducible morphisms from M to N of length ¢, which contradicts
the hypothesis. Thus g cannot be an isomorphism. If g is a section, then g
is injective and N = Ker ¢’ @ Im g, where ¢’ : N — M, is a left inverse of g.
Because N is indecomposable, either Kerg =0 or Img=0. If Kerg =0,
then ¢ is surjective, which contradicts the fact that ¢ is not an isomorphism,
and if Im g =0, then gf;... fi =0, also a contradiction. Therefore, g is not
a section. Consider the left minimal almost split morphism

h=[h ... h)': M, — &5, L,

where each L; is indecomposable (there exists such a morphism by 2.4.13
and 2.3.3). Hence, by definition of left almost split morphism and because g
is not a section, there exists

w=[uy ... us: @ L; = N
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such that g = uh = 377 ujh;. Therefore, gfy... fr = > uihifi... fi #
0, and so w;hjf;... fi # 0 for some j. Let M1, := Lj, fry1 = h; and
¢' :=u;. Note that h; is irreducible and then

M:M()ﬁ)MIE)ﬁ)Mtfgl Mt+1
is a chain of irreducible morphisms of length ¢ 4+ 1, and we are done. ]

Lemma 2.5.8. Let k,n € N and

f2”—1

MlgMQEMgﬁ...HMQn,l — Mon
be a sequence of morphisms in mod A satisfying the conditions:
1. Each module M; is indecomposable, and I(M;) < k, Vi € [2¥],
2. Each morphism is nonzero and is not an isomorphism.
Then I[(Im fon_q1... fof1) <k —n.

Proof. We proceed by induction on n. Let n = 1. Suppose, for a contradic-
tion, that [(Im fi;) = k. Then, since Im f; C M, and [(M;) < k, we have
[(Im f1) = k = I[(Ms), which implies that f; is an epimorphism. Moreover,
k=1(My) <I(M;y) <k,sol(M)=kand l(Kerf)=1(M)—I(Imf)=0
(cf. 1.2.9). Thus Ker f; = 0 and f; is an isomorphism, which contradicts the
hypothesis. So I[(Im f;) < k — 1. Suppose now that the statement is valid
for n, and let

f1 f2 fon 1 fon f2n+1 f2n+1_1
M1HM2—>...—>M271_1 — MQnAMQn_i_l — ... — M2n+1

be a sequence of nonzero nonisomorphisms between indecomposable modules
of length < k. Write f = fon_1... fof1, h = font1_1... fony1 and g = for to
simplify the notation. Since the chains

fon 1

Mlngg...—)Mgn_l — Mgn

and

fan 41 font1_4
M2n+1 — ... — M2n+1

have length 2" — 1, we have by induction that {(Im f) < k—n and {(Imh) <
k —n. We have to show that [(Imhgf) < k—n—1. If (Imh) < k —n,
then we are done because I(Imhgf) < [(Imh). Also if [(Imf) < k —n,
we have the required inequality since Imhgf = Im f/(Im f N Ker hg) and
so l(Imhgf) =1Im f) —1(Im f N Kerhg) <I(Imf). Suppose then that
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[(Imf) = Il(Imh) = k—n > 0, and assume, for a contradiction, that
[(Imhgf) > k—mn — 1. Hence I(Imhgf) = k —n since k —n —1 <
I(Imhgf) < l(Imh) = k —n. From the equality ((Imhgf) = [(Im f) —
[(Im f N Ker hg) given before, it follows that I[(Im f N Kerhg) = 0 and so
Im f N Kerhg =0. On the other hand, Imhgf C Imhg C I'mh and since
I[(Imhgf) =1(Imh) =k —n, this yields [(Im hg) = k — n. Therefore

[(Ker hg) = 1(Mayn) —l(Imhg) = [(Man) — (b —n) = 1(Mon) —I(Im f).

Consequently, Mon = I'm f @ Ker hg. But My is indecomposable and f # 0,
so Ker hg = 0, which implies that hg and hence g are monomorphisms.
Analogously, Monyy = Im gf @ Ker h. Because Man 1 is indecomposable and
gf # 0, we have Mon 1 = Imgf, that is, gf is an epimorphism. Therefore,
g is an epimorphism. The contradiction was reached for g is assumed to be
a nonisomorphism. O

The following corollary follows directly from 2.5.8.
Corollary 2.5.9. Let k € N and

fok_4

My My oMy My S My

be a sequence of nonzero nonisomorphisms in mod A, where each module M;
1s indecomposable and has length < k. Then fox_q ... fof1 = 0.

Theorem 2.5.10. Suppose I'(mod A) admits a connected component C such
that its modules have length bounded by a certain natural number k. Then C
is finite and C = I'(mod A). In particular A is representation-finite.

Proof. Firstly we claim that if M, N are two indecomposable modules such
that [M] € C and Hom,(M, N) # 0, then there exists a chain of irreducible
morphisms from M to N of length < 2¥ —1 = ¢. Indeed, if such a chain
didn’t exist, there would exist a chain of irreducible morphisms

M:M(Jﬂ)Mlﬁ)...%MtflﬁMt

and a morphism g : M; — N with gf;... fi # 0, by 2.5.7. But each module
M; is such that [M;] € C, so [(M;) < k. Hence, by 2.5.9, f;... fi =0, con-
tradicting the fact that gf;... fi # 0. This implies that [N] € C. Similarly,
if [N] € C, then [M] € C.

Let now M be an indecomposable module whose isomorphism class [M]
lies in C. Since every module admits a projective cover, there exists an inde-
composable projective module P such that Hom (P, M) # 0. Hence [P] € C,
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according to the previous claim. Let N be an arbitrary A-module. There
exists an indecomposable projective module P’ such that Homa(P', N) # 0.
Let P = ¢,A and P’ = e,A. Because the quiver Q4 is connected, there
exists an unoriented path a - 1> 2> --- > r > b from a to b. Consider
the indecomposable projective modules Py, ..., P, associated do the vertices
1,...,7 of such path. Write Py = P and P,,1 = P’. Since Hom(P;, Piyq) =
eir14e;, we have that Homa(P;, Py1) # 0 or Homa(Py1, P;) # 0, for
i = 0,...,7. Consequently, [P'] € C because [P] € C, and so [N] lies in
C as well, which proves that I'(mod A) = C. It remains to prove that C is
finite. As we have seen, for each indecomposable projective A-module P
and each indecomposable A-module M such that Homa(P, M) # 0, there
exists a chain of irreducible morphisms from P to M of length smaller than
t = 2F — 1. Because there are only finitely many nonisomorphic indecompos-
able projectives, there are only finitely many nonisomorphic indecomposable
modules corresponding to points in C. Hence C is finite. ]
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Chapter 3

Cluster Algebras

The cluster algebras were introduced by Fomin and Zelevinsky in [16]. Fix
n,m € N, n <m, and let F = Q(x1, ..., z,) be the field of rational functions
in the m variables xq, ..., z,, over Q. Informally speaking, a cluster algebra
A is a commutative ring contained in F generated by a (possibly infinite)
set of generators. These generators are organised into distinguished subsets
of cardinality n, known as clusters, together with some coefficients, and are
obtained by an initial transcendence basis of F, changing it according to
certain rules to produce new transcendence basis. The process of mutating
the transcendence basis are governed by matrices associated to the clusters.

In this chapter we present the variations of the definition of cluster al-
gebras given in [16] and [17], and state some important results, namely the
Laurent phenomenon, which says that all the clusters variables are a Lau-
rent polynomial in the cluster variables of a given initial cluster. We focus
our attention on the cluster algebras of finite type, the ones with finitely
many distinct clusters variables. Fomin and Zelevinsky proved that the clas-
sification of the cluster algebras of finite type is completely parallel to the
Cartan-Killing classification of root systems. Hence, there is a cluster alge-
bra of finite type for each Cartan matrix of finite type. An important result
(cf. 3.4.5) gives the correspondence between cluster variables and the almost
positive roots of the root system associated to the finite cluster algebra in
question. We will see too that the cluster algebras of type A have a nice
description in terms of the diagonals and triangulations of a regular polygon.

Most results presented in this chapter will not be proved as their proofs
are very extensive and are not relevant for the purpose of this thesis, which
is the study of [13]. For more details and the omitted proofs, we refer the
reader to [16, 17, 18].
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3.1 Definitions

The first part of this section is devoted to the definition of cluster algebras
given in [16], and the second part is devoted to the definition given in [17]
and the connection between these two notions. The definition of cluster
algebras requires the concept of exchange patterns, which involves (exchange)
matrices and coefficients. There are different classes of cluster algebras, such
as symmetrizable cluster algebras, normalized cluster algebras and cluster
algebras of geometric type, according to the variations of those (exchange)
matrices and coefficients. The paper [17] is concerned to the normalized
cluster algebras, which is the class we will be interested in.

Let I be a set of cardinality n, write I = {1,...,n} and let T,, be a graph,
called n-reqular tree, where each vertex has valency n and the edges incident
in each vertex are labeled by the elements of I. We illustrate the examples
forn=1,2,3.

T ———o

Let IP be a torsion-free multiplicative group, which is called the coefficient
group. For each vertex t of T, we associate n commuting indeterminates
z1(t),. .., xn(t), called cluster variables. The set z(t) = {x;(t) | i € I} of
the n cluster variables associated to the vertex t is called a cluster.
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For each t € T}, and each j € I, we associate a monomial
M;(t) = p;() [T =,
iel

where b;(t) € Z and b;(t) > 0 for all ¢ € I, and p;(¢t) € P. The clusters of
two vertices t,t’ joined by an edge labeled by j are related by the exchange
relations:

zi(t) = z;(t'),if i # 7,
j(t)z; (') = M;(t) + M (t). (3.1)

The monomials M;(t), t € T,,, j € I must satisfy the following axioms:

L. oxj(t) 1 M;(t), vVt € T,,,5 € I, i.e., M;(t) doesn’t contain z;(t),

2. If t—2— ¢, then M;(t) and M;(t') cannot both contain z;, for any
i€l e, if z;(t) | M;(t) then x;(t') + M;(t),

3. If ¢ t’Lt”, then M;(t) contains x;(t) if and only if M;(t)
contains z;(t'), i.e., z;(t) | M;(t) & x;(t') | M;(t),

4. If u——1¢ J t ‘ ', then

M(t) _ Mi(t)
Mi(w) — My(u) Mo/

where My = M;(t) + M;(t') |z,—0, i€, M;(t')/M;(u’) is obtained from
M;(t)/M;(u) by replacing x; by My/x;, where M, is obtained from
M;(t) + M;(t') by replacing z; by 0.

In this case, we say that the family of monomials M = (M, (t));erter, is
an exchange pattern.

Remark 3.1.1.

1. The substitution z; < My/z; in the last axiom is monomial. Indeed,
the monomials M;(t), M;(t') cannot both involve x; and if one of them,
say M;(t), contains x; then z; is replaced by M;(t')/x;. If x; 4 M;(t)
and x; 1 M;(t') then, by axiom 3, z; 1 M;(t) and z; t M;(u). So the
substitution of x; « My/x; in M;(t)/M;(u) is irrelevant.
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2. The axiom 4 is invariant under the flip ¢t <> ¢, u < «’. For if we apply
this axiom to the reverse sequence, we get:

M;(t)  M;(t)

M)~ M)
where My = (M,;(t') + M;(t)) |s,=0. Making the substitution x; «
My/x;, we obtain:
MG M) _u)
M, (@) zj—Mo/z; M(a') zj—Mo/(Mo/x;) M;(u/)

3. The information associated with one vertex of T}, can be propagated
around the graph T,,, by axiom 4. In other words, fix a vertex ¢t and
suppose we are given its 2n associated monomials M;(t), with j € 1
and M;(t'), with j € I and where t' is the vertex joined to ¢ by an
edge with label j. Let t’ be a vertex adjacent to ¢, being the edge that
links them labeled by j. The monomial M,(t') is given. Let ¢ € I
such that 7 # j, t” be the vertex linked to ¢’ by the edge ¢ and ty be
the vertex joined to ¢ by the edge . The axiom 4 says that the ratio
AAZZ((;I/)) is obtained from I%i&)) using M;(t) and M;(t"). Note that, by
the exchange relations, zx(t') = xx(t") for k € I'\ {i} and by axiom 1,
x;(t") 1 M;(t') and z;(t") + M;(t"). Thus by axiom 2, we have:

Mi(t) _ pi(t') cx ()

= x '),
Mi(t”) pi(t”) oy k ( )

where
be(t) if xp(t') | M;(t)
ck(t/) = —bp(t") if xp(t") | Mi(t")
0 if k=1.

So the exponents of z, are uniquely determined as well as p;(t') /p;(t").

The exchange matrices

Given an exchange pattern M = (M;(t))jerter,, We can associate a family
of matrices over Z that encodes all the exponents in all of its monomials.

For each t € T,,, let B(t) = (b;j(t))ijer be an n x n matrix over Z where
the entries b;;(t) € Z are such that:

M) _ pi(t) 1,060
Mj(t’) - pj(t’) H i (t)a

el
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where t' is the vertex joined to ¢ by the edge j.
As it was observed in 3.1.1 (3), we have

M) =) T =, (3:2)
i bij>0
My(t) = () ] ™"
7 bi]'<0
Note that each matrix B(t) = (b;;(t)) satisfies these conditions:
1. bm(t) = O, for all ¢ € [,

2. b;j(t) > 0 if and only if b;;(t) < 0.

The first one follows from the axiom 1 of the exchange patterns. To
prove the second one, suppose b;; > 0. Then z;(t) | M;(t), which implies that
x;(t') | M;(t'), by the third axiom of exchange patterns. Hence b;; < 0. The
converse is similar.

Definition 3.1.2. A square matrix B = (b;;) over Z is said to be sign-skew-
symmetric if b;; = b;; = 0 or b;;b; < 0, for every 7, j, i.e., if it satisfies the
two conditions above.

We have just seen that the family of matrices B(t), with ¢ € T, corre-
sponding to an exchange pattern is a family of sign-skew-symmetric matrices.

Definition 3.1.3. Let B = (b;;) and B’ = (b};) be square matrices of the
same size over Z. We say that B’ is obtained from B by the matriz mutation
in direction k, which will be denoted by B’ = u(B), if

;L _bij le:kJOI']:k
ij bik| bri+bik [bri .
ij bij + |big| k,r;- ik |0k | otherwise.

Remark 3.1.4. The matrix mutation sy is an involution, i.e., u7 = 1. Write
B' = ux(B) and B” = py(ux(B)). Then we have

v {—b;j ifi=korj=k,

ij , 1671655075, 1by |

otherwise.
Ifi=Fkorj=k, b;=—by and so bj; = b;;. If not, we have
|03 b + B[O

y 1ielbr + biklbrg| - [bik|brs + bik b

" 2 2

= bl]

Therefore, B” = B, as required.
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Definition 3.1.5. Two matrices are mutation equivalent if they can be ob-
tained from each other by a sequence of matrix mutations followed by a
simultaneous permutation of rows and columns.

We will now prove that for a pair of vertices ¢,¢ connected by an edge
k, the matrices B = B(t) and B’ = B(t') are obtained from each other by a
matrix mutation in direction k, that is, B’ = u(B).

We have

Mi(t")  pe(t') b (t)
0 = mo 117

Therefore, b}, (t') = —bix(t).

For j € I\ {k}, let u (resp. u’) be the vertex connected to t (resp. t') by
the edge labeled by j.

We have

i€l

Mj"(t/) _ p]‘-(t/> fo;] (3.3)

M(u')  pi(w') 4
M;(t) — pi(t) b,
Mj(u) — pj(u) g '

By axiom 4 of the exchange pattern,
M;(t') _ M;(t)

N |-77k‘—MO Tk (34)
M;(w) — M;(u) /

where
My = Mp(t) + My(t') |20
i b >0 i b <0

Assume bj, # 0. If by, < 0, then My = pi(t) [, by >0 xf’“ If by, > 0,

—b;
then MO = pk(t,) Hz by <0 Z,; k
In either case we have
b;
MO =P H 'r7|, k|7

i bikbjk<0

where p is either py(t) or pi(t').
Hence, from 3.4 and 3.3, making the substitution zy <« My/z, we get:

[bik |k
v bis Hz bikbir<0 T
] e | - (3.5)
) 7 b
iel i€l\k Ly,
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As by, = 0, we deduce from 3.5 that bz;j = —by;.

Let i # k. Let us compare the exponents of z; in both sides of 3.5. If
bikbjr > 0, then bgj = b;j, as My doesn’t contain z;. If byzb;, < 0, then
bgj = bjij + |bix|bk;-

Thus
;b if birbjr > 0

Suppose bjzbjr, > 0. Then b;by; < 0, as B is sign-skew-symmetric. Sup-
pose by, < 0 and by; > 0. We have

|bik|br; + bik| bij | ~ —bikbrj + birby;

2 B 2
The other case, when b;; > 0 and by; < 0, is similar.
If bixbjr < 0, then, because B is sign-skew-symmetric, b, by; have the
same sign. If they are both positive,
|bik| b + bir| i |

2

and if they are both negative, we have

=0.

= bikbr; = |bik|br;,

2
_ |bik| br;+bik [brjl
Hence, b}; = b;; + =50
We have just proved that
;L —bz‘j le:k’OI"]:k’ (36)
" bij + Lo ] bij +bi [k | bkj;rb“" Peil  otherwise, '

assuming that bj; # 0. But this equation also holds when bj, = 0. In this
case, we have by; = 0 and by = 0, for all k& € I, since neither M;(¢) nor
M;j(u) contains x;. So 3.6 reduces to the equation bj; = b;;. On the other
hand, the axiom 4 of the exchange pattern becomes

M) _ My()

M;(u')  M;(u)

And so we have indeed b}; = b;;.
Conversely, given a family of n x n matrices (B(t))er, over Z such that

cach B(t) is sign-skew-symmetric and B(#') = pu(B(t)) if ¢ —=
clear that the family of monomials

Mty = ] =",

7 bij (t)>0

t, it is
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with j € I and t € T},, is an exchange pattern.
The following proposition summarizes what we have just proved.

Proposition 3.1.6. A family of nxn integer matrices (B(t))er, corresponds
to an exchange pattern if and only if the following conditions are satisfied:

1. B(t) is sign-skew-symmetric for allt € T,,

2. Ift,t" are two vertices of T,, joined by an edge labeled by k, then B(t') =

pe(B(1)).

Given an initial vertex ty € T, and a n x n integer matrix B, we get a
family (B(t))ier,, with B(ty) = B, uniquely determined by matrix mutations,
as all matrix mutations are involutions. Thus we can get an exchange pattern
from just one matrix B, provided B and the matrices obtained from it by a
sequence of mutations are sign-skew-symmetric.

There is a large subclass of the class of sign-skew-symmetric matrices for
which this is true, i.e., is closed for matrix mutations.

Definition 3.1.7. A square matrix B = (b;;) over Z is said to be skew-
symmetrizable if there exists a diagonal matrix D = (d;) with positive integer
diagonal entries such that DB is skew-symmetric, i.e., —(DB) = (DB)'. In
other words, d;b;; = —d;bj; for all 7 and j.

Proposition 3.1.8. Let tg be an arbitrary vertex of T,, and B be a skew-
symmetrizable matriz. There exists a unique family of matrices (B(t))er,
associated with an exchange pattern on T,, and such that B(ty) = B. More-
over, all the matrices B(t) are skew-symmetrizable.

Proof. 1t is clear that any skew-symmetrizable matrix is sign-skew-symmetric.
Furthermore, if B is skew-symmetrizable so is B’ := p(B). Indeed let D be
a diagonal matrix with positive integer entries d; such that d;b;; = —d;b;; for
all 7 and ] For i = k or ] = ]{Z, we have dzb;] = dz(_bm) = djbji = —d;b’

395
For the other cases, we have

b = d; (b~j 1 Lounlb + b“‘“|b’“j|)
iV 7 %

2
dii—’j|bki|bkg‘ — dy;bi | by
2
|bridibr; — dkg—i|bjk|bki
2
brilbs brilb;
_ g, (bﬂJr | k|yk—2F k|gk|)

:—d !

35

= diby; +

- _djbji +
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Hence px(B) is skew-symmetrizable. The proposition follows from 3.1.6. O

The coefficients

Recall that given the 2n monomials of an exchange pattern corresponding to
the edges emanating from a given vertex, axiom 4 of the exchange patterns
only prescribes the ratios p;(t')/p;(t”) of coefficients. We will now define a
special type of exchange patterns for which all the coefficients are uniquely
determined.

Definition 3.1.9. A semifield is a triple (P, &, ), where P is a set and - and
@ are two binary operations in P such that (P, -) is an abelian multiplicative
group and @, which is called auxiliary addition, is commutative, associative
and distributive with respect to the multiplication - in IP.

Note that (P, -) is torsion free. Indeed, if p € P is such that p™ = 1 for
some m > 2, then

pm@pm—l@...@p _pm—l@...@l_
pm—l@pm—Z@...@l pm—l@@]_

Definition 3.1.10. An exchange pattern is said to be normalized if P is a
semifield, and py,(¢) ® pe(t’) = 1 for any edge ¢t —— ¢’ .

All the coefficients of a normalized exchange pattern can be obtained from
the 2n coefficients p;(t) (with ¢ € I) and p;(t;) (with j € [n] and where ¢;

is the vertex linked to ¢ by the edge j) associated to a given vertex ¢. The
following lemma will be useful to prove this.

Lemma 3.1.11. Let (B(t))ier, be a family of matrices satisfying the con-
ditions in 3.1.6 and (p;(t)), with j € I,t € T,, a family of elements of a
coefficient group P. Then the monomials M;(t), with j € I,t € T,, given by

M(t) =pi(t) [ =",

i:bij (t)>0

form an exchange pattern if and only if the condition

pi(U)pi(t')pj(t')max(bﬁ(t/)’o) _ pi(t)pi(ul)pj(t)max(bji(t)’o). (37)
holds for vertices u,t,t',u' and edges i, j such that v ——1 J ——
Note that bj;i(t2) = —bji(ts) by the definition of matriz mutation, so at

most one of the p;(t2) and p;(ts) enters 3.7.
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Proof. The first three axioms of exchange patterns are valid by 3.1.6. Hence
the family (M;(¢)) is an exchange pattern if and only if it satisfies the axiom
J

4, that is, whenever u Ly v , we have
M;(t') _ M;(t)
M)~ Miw) el )
where My = (M;(t) + M;(t')) |z,=0. We have
by (¢
pi() I by (£)>0 ;" © if by;(t') > 0,
b
My = pj( ’) Hk:bkj(t’ >0 xk:kj( ) if b](t,> 0,
2260 br; (t)
p;(?) Hk:bkj(t) v i) I by (£)>0 Ty £ b;;(t') = 0.
In the case when b;;(t') = 0, then b;;(t) = 0, because b;;(t") = b;;(t') as B(t')

is sign-skew-symmetric, and bj;;(t) = —bﬂ(t’) as B(t) = p;j(B(t')). Thus, in
terms of coefficients, we get

pi(t) _ pilt)

pi(u)  pi(u)
from 3.8. If b;;(¢') > 0, then from 3.8 we have:

pi(t/) _ pi(t) j(t)bji(t)‘
pi(w')  pi(u)
Finally, if b;;(t') < 0, we get:

pi(t')  pi(t) ()i®
N J :
pz(u) pz(u>
In all cases we have the relation
i (1 i (T . i
p‘( /) _ p'( ) j(t>maa:(bﬂ(t),0)pj(t/)mzn(bﬂ(t ),0)
pi(u)  pi(u)
which is 3.7. O

Y

Proposition 3.1.12. Every family of matrices (B(t))er, satisfying the con-
ditions in 3.1.6 together with 2n elements:

pi(to), withi € I, and

p;(t) for every edge tg t,

of a semifield P associated to a given vertex Ty and such that the norma-
lization condition is satisfied, i.e., p;(t) @ p;(to) = 1, determines a unique
normalized exchange pattern.
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Proof. Let t —_—¢ be an edge and p;(t),p;(t') be its corresponding coeffi-
cients in a normalized exchange pattern. The ratio

determines the coeflicients since we have

_ uj(t) N 1
p;(t) = Tew) p;(t') = Tew)
Obviously we have
u;(t)u;(t') = 1. (3.9)

We are given the ratios u;(to) = p;(to)/p;(t), for every edge to——¢. All
the other ratios can be obtained from these via the relations:

w(t') = ity (8" CH OO (1 @ (1))~ (3.10)

for any edge tLt’ and ¢ # j. The coefficients determined by these
relations give rise to a unique normalized exchange pattern because 3.10 is
the same as 3.7:

uilt') = w(B)us (OO0 (1@ uy (1)

pi(t) _ pi(t) ( pj(t)>mw(bﬁ(t),0)
pi(t1)  pi(to) \p;(t')

pi(t/>pi(t0)pj (t/>max(bﬁ(t)’0)7bﬂ(t) = pi(t1)pi (t)pj (t)mm(bji(t)’o) Ang
n; (t,)pi (to)pj (t/)mam(bﬁ(t/)’o) = p; (tl )pi (t)pj (t)max(bﬁ(t),o) ,

where ty (resp. t1) is the vertex joined to ¢ (resp. t') by the edge i. ]

pj (t,)bj'(t) =

An important example of a semifield is the tropical semifield, denoted by
Trop(p; : j € J), where P is a free abelian multiplicative group, with a finite
set of generators p; (j € J), and with auxiliary addition @ given by

[T#7 e 11wy =TT ™"
J J J

Definition 3.1.13. A normalized exchange pattern is of geometric type if
P =Trop(p; : j € J), and each coeflicient p;(t) is a monomial in the genera-
tors p; with all exponents nonnegative.

99



Remark 3.1.14. For an exchange pattern of geometric type, the normalization

condition p; (t)@p;(t') = 1 for each edge ¢t —— ¢/, means that the monomials
p;(t) and p;(t') have no variable in common.

The following proposition gives a characterization of the coefficients as-
sociated to an exchange pattern of geometric type.

Proposition 3.1.15. Let P = Trop(p; : i € J), (B(t))ier, be a family of
matrices satisfying the conditions in 3.1.6, and (p;(t) : j € I,t € T,,) be a
family of elements of P. Then M = (M,;(t) : j € I,t € T,) where each
monomial is given by

b;i(t
M;(t) =pi(t) [ @
i:bij (t)>0

is an exchange pattern if and only if , for each 7 € I and t € T,,, there exists
a family of integers (c;;(t) : t € T,,,i € J,j € I) such that, for every edge

oy

%uv:{_%@) = (3.11)

Cij (t) + |cir () |brj (t);cik(t)\bkj(m otherwz'se,

and for which
max(c;;(t),0

ieJ

Proof. For each edge ¢t —— ¢ consider u;(t) = p;(t)/p;(t'). Let C(t) be the
matrix whose entries are the exponents of p; in u;(t), i.e., such that

cii(t
u;(t) = Hpi )
icJ
Then we have

u;(t) ci(£)—min(0,ci; (1))
(1) = J _ Cij Cij

- H p;ﬁal’(c/ij(t)ﬁl)_

Let j € T, \ {k}. By 3.10, we have
Uj (t’) = u; (t)uk(t)max(bkj(t),o)(l @ uk(t))_bkj(t) -

Hp:ij(t') _ Hp;fij (t) Hp;ik(t)max(bkj (£),0) Hp;bkj (t)mm(O,Cik(t))‘

ieJ i %
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Picking up the exponent of p; we get
cii(t') = ¢ij(t) + cip(t)max(bgi(t), 0) — by; ()min(0, cix(t))
which is equal to 3.11, as required. O

Remark 3.1.16. For each t € T, let B(t) = (bij)ierusjer be a rectangular
integer matrix where B(t) = (b;;); jer, which is called the principal part of
B(t), satisfies the conditions in 3.1.6, and (bij)icsjer = C(t), where C(t) is
as in 3.1.15. Then we conclude by 3.11 that the matrices B(t) for t € T, are
related to each other by the matrix mutation rule applied to any « € I U J
and j € 1, ie., B(t') = py(B(t)), for every edge t —— ¢ in Tj,. In the case
when J is empty, that is, all the coefficients p;(t) are equal to 1, we have
that B(t) = B(t), for all t € T,.

Corollary 3.1.17. Let B be an integer matriz whose principal part is skew-
symmetrizable. There exists a unique exchange pattern M = M(B) of geo-
metric type such that B(ty) = B at a given vertex ty € T,,.

Proof. 1t follows directly from 3.1.8 and 3.1.15. ]

Cluster Algebras

Now we are able to give the definition of cluster algebras.

Let ZIP be the group ring of the coefficient group P with integer coeffi-
cients. Note that ZP has no zero divisors since P is torsion-free. For each
t € T,, let F(t) be the field of rational functions in the cluster variables

x;(t), i € I, with coefficients in ZP. For every edge t—* ¢, consider the
ZP-linear field morphism Ry : F(t') — F(t) defined by

Ry (w;(t')) = 2i(t) for i # k,

Ruw (wi(t)) = M’ﬂ(tl:(fk(t')

Note that M (') € F(t) as xx(t') 1 M(t') and x;(t') = x;(t), for ¢ # k. Hence
Ry (x(t')) belongs to F(t). It follows from axiom 2 of exchange patterns
that Ry Ry = idpyy and Ry Ry = idpry, so Ry is an isomorphism. Thus
we can view all the fields F(¢) as a single field F that contains all the elements
x;(t), for all t € T,, and i € I, that satisfy the exchange relations.

Definition 3.1.18.
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1. Let A be a subring with unit in ZP containing all coefficients p;(t) for
i€l and t € T,. The cluster algebra A = Ax(M) of rank n over A
associated with an exchange pattern M is the A-subalgebra with unit
in F generated by the union of all clusters z(t), for t € T,,.

2. If all the matrices (equivalently, one of them) of the family (B(t));er,
corresponding to the exchange pattern M is skew-symmetrizable, then
A(M) is said to be skew-symmetrizable.

3. The cluster algebra corresponding to a normalized exchange pattern is
called a normalized cluster algebra.

4. If the exchange pattern is of geometric type, take A to be the polyno-
mial ring Z[p; : i € J] instead. Then the corresponding cluster algebra,
which can be denoted by A(B) in the sense of 3.1.17, is the subring
of F generated by the clusters variables x;(t) for all j € I and t € T),
together with the generators p; (i € J) of P.

The paper [17] defines the normalized cluster algebras in a different way,
instead of exchange patterns they take seeds. We will now exhibit this anew
definition and see the connection with the first version.

Throughout, PP is a semifield and F is a field isomorphic to the field of
rational functions in n independent variables with coefficients in ZP.

Definition 3.1.19. A seed in F is a triple ¥ = (z, p, B), where

o v ={xy,...,2,} is a transcendence basis of F over the field of fractions
of ZP.

*p= (pE)sex is a 2n-tuple of elements of P that satisfy the normalization
condition pf @ p, =1 for all z € x.

o B = (byy)syes 1s a sign-skew-symmetric matrix, with rows and columns

indexed by z.

The matrix B is called the exchange matriz of the seed ¥. Note that B
is only determined up to a simultaneous permutation of rows and columns.
We now define the mutation of a seed in direction z € z.

Definition 3.1.20. Let ¥ = (z,p, B) be a seed in F and let z € x.

e Define 2’ € F via the exchange relation:

272 =pf H a4 po H x (3.12)

fASH TEX
be2>0 b2 <0

Set ' = (z U {2'}) \ {=}.
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o Let p' = (1,5 )eear be the 2n-tuple of elements of P determined by the

normalization conditions p’,* @ p/,” = 1 together with
P2/} if 2 = 2;
v /o = )l oy if b > 0; (3.13)

(p2)=pt/py if by <O0.

e Let B’ be the n x n matrix obtained from B via the matrix mutation
in direction z, indexed by 2/, relabeling one row and one column by
replacing z by 2.

If the triple ¥/ = (g’,p;i, B’) is again a seed in F, then we say that X
admits a mutation in the direction z that results in X'. We denote also by
- (3) the triple 3.

Remark 3.1.21.

1. As it was observed in the proof of 3.1.12, the normalization condition
together with 3.13 uniquely determines the elements pgi, as we have
Pt =u/1®uand p,” =1/1@u, where u = p, " /p,,” is given by 3.13.
In particular, for z = 2/, p/, " = p7 and p,,~ = pt.

2. It is easy to check that the set 2’ defined above is a transcendence basis
over the field of fractions of ZP. So the triple ¥’ is a seed if and only
if B is sign-skew symmetric.

3. The mutation of seeds is involutive, i.e., p./ (1, (X)) = 3. Indeed, it was
already seen that the matrix mutation is an involution (cf. 3.1.4). Let
' = (z\ {z}) N {Z'} be the cluster of u,(X). If we apply the mutation
in direction 2’, the new cluster will be 2" = (2’ \ {2'}) N {z"}, where

/

+ v - —b
pZ’ H J?EQ/ X zz! +pz, H ZL‘EQ’ €T xz!

7 bzz’>0 bzz/<0
VAN p
z
But p5 = pF and b, = —b,., and so
i [T o wpo I o =p L o 42 [ o™
2! z z
zex’ zex! zex’ zex’
b,,r>0 b,.r<0 bz~ <0 bz2>0

Therefore, 2” = z, and consequently z”/ = x. Finally, the elements

(p!*) e are given by the normalization conditions together with

11+ plzi/p/Jr if v =2"= 2
Y2 .
p//f = ( ) Zzpz /p if blz’x > 07
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Thus we have that p/* = p’J = pE, for z such that b, > 0, b, <0,
and so

e = (p7) 7 (07)" bl s
which implies that p”* = p¥, and analogously p”* = pF for z such that

V.., < 0. Therefore p” = p.
Let S be a set of seeds in F with the following properties:

e cvery seed ¥ € § admits mutations in all n conceivable directions;

e for each seed ¥ = (z,p, B) in S and for each z € z, p.(¥) belongs to
S as well;

e any two seeds in § are obtained from each other by a sequence of
mutations.

Definition 3.1.22.

1. The sets z, for ¥ = (z,p, B) € S, are called clusters and their elements
are known as the cluster variables.

2. Denote by X the set of all cluster variables and by P the set of all
elements p= € p and let Z[P] be the subring of F generated by P.
The normalized cluster algebra A = A(S) is the Z[P]-subalgebra of F
generated by X.

3. The exchange graph of A(S) is the graph whose vertices are labeled
by the clusters of the cluster algebra, and whose edges correspond to
mutations.

A n x n integer matrix B such that any matrix obtained from B via
a sequence of mutations is sign-skew-symmetric and a set p of 2n elements
of P that satisfy the normalization condition uniquely determines a cluster
algebra. This cluster algebra is denoted by A(B,p).

We will now see the connection with the first version. Let ¥ = (z =
{z1,...,2,},p, B) be a seed. Let xy,...,x, be the cluster variables asso-
ciated to a given vertex ¢ (in the notation given before, z; = ;(t), for
i € I = [n]) and B = B(t). Denote by b;j(t) the entry b, (t) of B, for
short. The 2n-elements pE, with = € z, are the the elements of P associated
to vertex t, i.e., for each z; € z, pi(t) = p; and p;(t;) = p;,, where ¢; is the
vertex linked to ¢ by the edge . Then we can associate the seed X to the 2n
monomials corresponding to ¢ (cf. 3.2):

br; (t)
M;(t) = p;(t) H z
k‘:bkj(t)>0
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M) =pitt)) T] =",
E:by; () <0
where, for each j € I, ¢; is the vertex connected to ¢t by the edge j.

The mutation of 3 in direction of z = x; = z,;(t) propagates the informa-
tion to the vertex ¢;. Note that the right-hand side of 3.12 is M;(t) + M;(t;).
Hence the exchange relation 3.1 is the same as 3.12, where 2’ = x;(¢;). So the
new cluster 2’ is the cluster {z;(t) = z1(¢;),...,x;(t;), ..., xa(t) = z,(t;)}
associated to vertex ¢;. Furthermore, the right-hand side of 3.13, for z = x;,
is equal to

pi(t)/pi(t)p; (£) "0 ()i GO0,
which is a reformulation of 3.9 and 3.10. So p is composed of the elements
pi(t;), pi(t;i), for i € I, where tj; is the vertex linked to t; by the edge i.

We may conclude that a set of seeds S satisfying the three properties
given above is related to a normalized exchange pattern, by 3.1.6 and 3.1.12.
Consequently, the definition 3.1.22 is the same as 3.1.18 (3), for the particular
case when A is the subring with unit in ZP generated by the elements p;(t),
withi € It € T,.

In the sequel we only consider normalized cluster algebras and use the
definition of [17], since most results of this chapter comes from this paper.

We end this section with a remark that will be useful to the proof of 4.4.4.

Remark 3.1.23. Let A(S) be a cluster algebra of geometric type, that is,
P = Trop(p; : j € J) and each element of P is a monomial in the generators
p; with all exponents nonnegative. For each seed (z,p, B), let B be the
(n+ |J]) x n matrix defined in 3.1.16. Tt is clear that the exchange relations
3.12 are not changed if the sign of every element of B is changed.

3.2 Examples - Triangulations and the Grass-
mannian

Let P,.3 be a regular polygon with n + 3 vertices. Label the vertices by
letters a,b,c.... We use the notation ab to refer to the diagonal or side
of P,.3 that links the vertices a and b. Fix a triangulation 7" in P,.3,
i.e., a set of diagonals that don’t cross each other and divide the polygon
into triangles. Let P = Trop(pe : ab is a border edge of P,,3) and A = Z
[Pap : ab is a border edge of P, 3]. Associate a variable x,;, for each diagonal
of P,.3, and use the convention x,, = 1 for each side ab.

Each diagonal ac in T belongs to two triangles of the triangulation, which
together form a quadrilateral. Let b and d be the other two vertices of the
quadrilateral, as the following picture shows.
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Define the coefficients by

P = Qableds Do = Qadoes

where
{1 if ab is a diagonal,
Gab =

Pap  if ab is a side.

Note that p/, and p. are coprime, so they satisfy the normalization condition.

Define a (2n+3) x n matrix B, called edge-adjacency matriz of T, indexed
by the sides of the polygon together with the diagonals of T', such that the
first n lines and the n columns (that form the principal part B of B) are
indexed by the diagonals of T" with the same order and the rest of the lines
are indexed by the sides, as follows:

1 if ab and cd are two sides of a triangle of T" so that ab rotated
anticlockwise about their common vertex gives cd,
bap,cda = § —1 if ab and cd are two sides of a triangle of T" so that ab rotated
clockwise about their common vertex gives cd,
0 otherwise

The principal part of B is clearly skew-symmetrizable, since babed =

_bcd,ab-
Observe that if ab is a side, and cd is a diagonal, we have

1 if pap is a factor of p:d,
babea = § —1 if pyy is a factor of p_,
0 otherwise.
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If we remove a diagonal ac of the triangulation T', we leave a quadrilateral
[abed] whose other diagonal is bd. Replacing ac with bd we obtain a new
triangulation 7".

Hac
—

Denote by B’ the edge-adjacency matrix corresponding to 7”. The matrix
B’ is obtained from B by matrix mutation in direction ac. Indeed, according
to the definition of the edge-adjacency matrices, we have: bgc o = 1 = bacpe,
bac,cd =—-1= bac,aln bad,ab =0= bcd,bc, bad,cd =1 and ba,b,bc = -1 Simﬂaﬂy?
we have by g = =1 = bygper bhaea = 1 = Upaapr Vogap = —1, begpe = 1 and
wdcd = 0 = b4 As we can see, the entries indexed by ac change the sign
and it is easy to check that the rest of these entries satisfy the rule for matrix
mutation in direction ac. The other entries b, .., of B remain unchanged,
according to the definition of edge-adjacency matrices, since the rest of the
triangles of 7" remains the same. And in this case, we have by ., = 0 or
beyac = 0, and so by the rule of matrix mutation b;:y,zw = byy 2w-

The exchange relations have the form:
_ ot -
Laclbd = PgelabTed + PacladXbe-

The mutation of seeds correspond to combining these exchange relations
with the matrix mutations associated with diagonal flips.

The set of all cluster variables is X = {4 | ab is a diagonal of P, 3}.
The cluster algebra A is generated by the diagonals and sides of P, 3.

Let us illustrate this example for n = 2. We begin with the following
triangulation of the pentagon.
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bd

DPbe Pab
C a
Ped Pae
Dde ¢
So the initial seed is
be
{xbea xbd}v {pibeap;beap:bdap;bd}a be 0 -1
bd 1 0
be
{l‘be, xbd}7 {paevpabpdeapdepbcapcd}v be 0
bd 1
and the subsequent seeds are
be
{xb& xce}v {paepbcupab>pcdapbcpde}a b€ 0
ce —1
ac
{xacu Ice}a {pabapbcpam PedPae; pde}a ac 0
ce 1
ac
{xaca xad}) {pabpcdypb07pdevpcdpae}7 ac 0
ad -1
be
{Zvd, Tad}, {Pbes DabPed, PabPdes Pae > be (0
bd 1

The exchange graph is given below.
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Poe Pab

o
®

Ped Pae

Lad < The d Dde € Lbd < Lee

Lac < Ibc\ /Ebe — Lac
X

ac xCLC
\l o

According to the exchange relations, the cluster variables can be written as
follows:

4

—1 —1
Tpe = 1)y, 2pa = 1/,
__ DdePbe + DedTbe

ce Y

Lbd
o DaePbe + PabTee
ac — The
__ PaeDPbcTbd + DabPcdToe + PabPdePbe

TheTbd
_ PecdPae + Pdelac
xce
Tpd(PedPaeToebd + PaePacPocod + PaePabPoe + PdePabPeaToe)
TpeLvd(PdePbe + Dedbe)

(3.14)

Lad

TvdPae + PabPde
Lhe
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Note that each cluster variable is a Laurent polynomial in the initial cluster
2o = {Tpe, Tpa}, i.e., each cluster can be written as a rational function of xo
where the denominator is a monomial in zy. Also note that the denominators,
xb_el, xb_dl,xbe,xbd and xp.xpg can be interpreted as the negative simple roots
—a, —ap and the positive roots ay, as and ay 4 as in the root system of type
Ay. This will be discussed later.

This example is related to the Grassmannian Gry 5. Each 2-dimensional
subspace of a 5-dimensional vector space over C may be described by its two
spanning vectors, considered as rows, i.e., a 2 X 5 matrix

a1 ayq Q15
a21 a2 25
The 2 x 2 minors
A — ay;  Aly
i — )
Q2; Q2j

with 1 < i < j <5, lie in the homogeneous coordinate ring C[Gry 5] of the
Grassmann variety, and satisfy the relations (called the Pliicker relations):

NipDji = DD + DDy,

fori<jg<k<l.
Suppose we write

Ny = Pab, Doz = Pue, ANgy = Ped, Dys = Pde A5 = Pae;

A13 = Tqc, A14 = Tad, A24 = Tbpd, AQS = Tpe, A35 = Tee-

Then the Pliicker relations coincide with the exchange relations. In fact, the
cluster algebra considered above is isomorphic to the coordinate ring C[Gry 5]
of the Grassmannian Gryp.

In general, C[Grg,3] is isomorphic to the cluster algebra related to the
triangulations of a regular polygon with n+ 3 sides, defined above. For more

details see [17, 12.7].

3.3 The Laurent phenomenon

The exchange relations show that every cluster variable can be expressed
as a rational function of x, where x is the cluster of a given initial seed.
When we compute the cluster variable z’ from z by the exchange relation,
the denominator, which is the numerator for z, may contain a large number

110



of monomials. However, the expression obtained can always be simplified,
getting just one monomial in the denominator. This means that each cluster
variable is a Laurent polynomial in z. This fact, called the Laurent phe-
nomenon, was proved by Zomin and Zelevinsky.

Theorem 3.3.1. [16, Theorem 3.1] In an arbitrary cluster algebra, any clus-
ter variable can be written as a Laurent polynomial in the variables of an
arbitrary fized cluster and the elements of P.

Fomin and Zelevinsky conjectured that the coefficients appearing in these
polynomials are always nonnegative integer linear combinations of elements
in P. This conjecture was proved for some special cases, namely for cluster
algebras of finite type, which will be defined in the following section.

3.4 Finite type classification

Cluster algebras with only finitely many distinct seeds are said to be of finite

type.

Fomin and Zelevinsky proved that the classification of the cluster alge-
bras of finite type is the same as the Cartan-Killing classification of (finite
crystallographic) root systems.

Definition 3.4.1. Let B = (b;;) be an exchange matrix. Define the Cartan
counterpart of B to be the generalized Cartan matrix A = A(B) = (a;;) with

entries:
2 if 1 = 7;
Q5 = e .
—|by| ifi A .

Theorem 3.4.2. [17, Theorem 1.4] A cluster algebra A is of finite type if
and only if the exchange matriz B of some seed of A has Cartan counterpart
A which is a Cartan matriz of finite type.

By this theorem, each cluster algebra of finite type has a well-defined
type, mirroring the Cartan-Killing classification.

The next theorem, obtained by Fomin and Zelevinsky while they were
proving 3.4.2, gives a characterization of the cluster algebras of finite type.

Theorem 3.4.3. [17, Theorem 1.8] Let A be a cluster algebra. Then the
following conditions are equivalent.

1. The cluster algebra A 1is of finite type.

2. The set X of all cluster variables is finite.
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3. for every seed (z,p, B) in A, the entries of the matriz B = (byy) satisfy
the inequalities |byyby.| < 3, for all x,y € z.

4. A= A(Bo,p,), for some sign-skew-symmetric matriz By = (b;;) such
that b;jbi, > 0 for all i,j,k and A(By) is a Cartan matriz of finite
type, and p, isa 2n-tuple of elements in P satisfying the normalization
conditions.

Ezample 3.4.4. The cluster algebra A (which is isomorphic to the coordinate
ring C[Gry,+3]) generated by the diagonals and sides of the polygon P, 3 is
of type A,.

Let ® be an irreducible finite root system with Cartan matrix A =
(@ij)ijer, and let A = A(Bo,}_yo) be a cluster algebra related to A as in
3.4.3. Let Il = {a; : i € I} be the set of simple roots of ® and denote by
O = PT U (—II), where @ is the set of positive roots, the set of almost
positive roots. Let z, = {x; : i € I} be the cluster for the initial seed
(£07 Dy BO)'

Theorem 3.4.5 provides a description of the finite set X" of cluster algebras
of A in terms of the roots in ®>_;.

Theorem 3.4.5. [17, Theorem 1.9] For any root o = Y .. ;cic; € P>_y,
there 1s a unique cluster variable

Lalwo)
[Ler i

where P, 1s a polynomual over ZIP with nonzero constant term. The map o +—
zla] is a bijection between ®>_y and X. Under this bijection, x|—a;| = x;.

(3.15)

z[a] =

Note that the right-hand side of 3.15 is a Laurent polynomial, which
agrees with 3.3.1.

Ezample 3.4.6. Consider the cluster algebra A(B,, B(J)’ where

0 —1
BO = (1 0 > and ]_90 - {paeapabpdmpdepbcapcd}a

presented in Section 3.2 (for n = 2). The Cartan counterpart of By is the
Cartan matrix for the root system ® of type As. Let aq, s be the simple roots
of ® and ®<_; = {—ay, —a9, a1, as,a; + as}. The cluster corresponding to
the initial seed (g, p,, Bo) i 2y = {Tpe, Zoa}. According to 3.14, the bijection
between ®<_; and & is given by: —a; = Tpe, —Q2 = Tpg, Q1 = Taq,
g > Lee, Q] + Qg > Tge.
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3.5 The compatibility degree and root clus-
ters

Given the connection between root systems and clusters estabilished by 3.4.5,
we will now study some properties of clusters in terms of almost positive
roots, and give a geometrical description of the clusters of type A,,.

Let ZIT denote the root lattice, i.e., the set of linear combinations ), ¢;a;
with ¢; € Z. For o € ZII, denote by [a : a4 the coefficient of a; in the ex-
pansion of « in the basis II.

Definition 3.5.1. The compatibility degree is the unique map from ®>_; X
d-. 4 to Zsg, denoted by (|| ), satisfying the following rules:

o (—aillB) = max([f : ], 0),
L] (T:EO‘HT:I:B) = (Oé”ﬁ), for all Oé,ﬁ S (I)Z—l‘

The proof that this function is well defined can be found in [18, Section
3.1].

We gather some properties of the compatibility degree in the following
proposition.

Proposition 3.5.2. [18, Proposition 3.3]

1. If @ is simply-laced, then (||) is symmetric, that is, (o|B) = (0]«a),
foralla, B € ®>_;.

2. If («]|B) = 0, then (B|la) = 0.

3. If a and B belong to ®(J)>_1 for some proper subset J C I, where
®(J) denotes the root subsystem in ® spanned by the set of simple
roots {ay; i € J}, then their compatibility degree with respect to the
root subsystem ®(J) is equal to («||3).

Definition 3.5.3.
1. Two roots «, 3 € ®_; are compatible if («||3) = 0.

2. A subset of ®~_; is said to be compatible if any pair «, 3 of its elements
is compatible.

3. A maximal (by inclusion) compatible subset of ®~_; is called a root
cluster.
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Note that by 3.5.2 (2), the compatibility relation between almost positive
roots is symmetric.

A root cluster C' = {4, ..., 8,} corresponds to the cluster {x[31], ..., z[5,]},
where z[3;] is as in 3.4.5. This follows from Lemma 2.4 and Remark 2.5 of
[17]. By Lemma 2.4 (2), for each root cluster C' there is a seed £(C). So
we also get a cluster corresponding to C'. By Lemma 2.4 (3), the cluster in
X(C) is {z[a] | @ € C}. Since the map a — z[a] of 3.4.5 is a bijection,
C +— 3(C) is a bijection between root clusters and seeds, by Remark 2.5.

It follows directly from the next proposition that in cluster algebras of
finite type of rank n, two clusters are adjacent in the exchange graph if and
only if they agree on n — 1 elements.

Proposition 3.5.4. [17, Theorem 1.12] Let A be a cluster algebra of finite
type. Every seed (z,p, B) in A is uniquely determined by its cluster x. For
any cluster x and any x € x, there is a unique cluster ' with xNz’ = z\ {z}.

The first part of this proposition follows from Lemma 2.4 and Remark 2.5
of [17]. Let z be a cluster. By 3.4.5, x = {z[#],...,z[B,]}, for some almost
positive roots 31, ..., 3,. Let X be a seed whose cluster is . By Remark 2.5,
¥ = 3(C) for some root cluster C. By Lemma 2.4 (3), z = {z]a] | a € C}.
So C' must be the set {f1,...,0,}. Thus, ¥ = X(C) is determined, as
required. Suppose now that z is a cluster and z is a cluster variable that
belongs to z. Let 2z’ be a cluster with z Nz’ = z \ {z}. We know that
z={zla] | a € C} and 2’ = {z[a] | o € C"}, for some root clusters C, C".
As the map a — z[a] is a bijection, C N C" = C'\ {a} for some a € C.
Hence the uniqueness of C’ follows from condition (2.1) at the beginnig of
Section 2 of [17]. Note that the condition (2.1) holds, as it is remarked at
the beginning of Section 4 of this paper.

The next proposition states some properties of root clusters, that will be
needed for the last chapter.

Proposition 3.5.5.
1. If C is a root cluster for ®>_1, then so are 7,.(C) and 7_(C).

2. For every i € I, there is a bijective correspondence between clusters
for ®=_; containing —«; and clusters for ®>_1(I'\ {i}). This bijection
maps C to C'\ {—a;}.

3. If ® s reducible and ¥y, ...,V are the connected components of P,
then the clusters of ® are given by the disjoint unions of the clusters
for Wy, ... Wy
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Proof. (1) By the second property of the compatibility degree, both 7, and
T_ preserve compatibility, which proves the required.

(2) The set ®(I\{i}) is the root subsystem of ® of all roots in ® with no
«; in their expansion in terms of the simple roots. It is clear that {a; | j # i}
is a simple system for ®(I \ {i}) and ®T (I \ {i}) = @* N ®(I \ {i}). Let
C be a cluster in & that contains —«;. Then the almost positive roots
of C'\ {—a;} are compatible with —«;, which means that C'\ {—a;} C
®(I\{i}), by definition of compatibility degree. Furthermore, any two almost
positive roots of C', other than —aq;, are compatible in ® and so they are also
compatible in ®(7 \ {i}), by 3.5.2 (3). Since C' is a maximal compatible set
in &, C'\ {—aq;} is also a maximal compatible set in ®(I\{i}), i.e., C\ {—a;}
is a cluster in ®(7 \ {i}). It follows that removing —q; from a cluster of
® containing —a; gives a bijection from clusters of ® that contain —a; to
clusters of ®(I'\ {i}), being the map C" — C"U{—q;}, where C" is a cluster
in ®(1\ {i}), its inverse.

(3) Let C be a cluster in ®, and write C' = {f11,...,Bin, t U ... U
{Bk1, -, Bn, }, where the set of roots {1, ..., G, }, which will be denoted
by C; for short, lies in Wy, for [ € [k]. We want to prove that C; is a cluster
in Uy, for all [ € [k]. Clearly, C; is a compatible set in ¥, for all [ € [k] (cf.
3.5.2 (3)). Suppose one of these sets, say C}, is not a cluster, i.e., there exists
B € U;\ such that (5]|5;m) = 0, with m € [n;]. If we prove that (8||y) =0,
for v € W, with j* # j, we are done because it implies that C U {#} is
compatible, contradicting the fact that C' is a cluster. Let then ~y be a root
in ¥;, with 5 € [k] \ {j}. Let

T+ = H Ok (Tim )+ = H Ok,

kely ke(Im)+

where [ parametrizes the set of simple roots of ® and I,,, (m € [k]) parametri-
zes the set of simple roots of ¥,,,. For k € I\ I;, we have o, (5) = 3, because
(B, a) = 0. Therefore 74 (5) = (7;)+(8). Analogously, 74(v) = (75:)+(7).
By 1.3.6, there exists g € ((7)4, (7j)—) such that g(8) = —a, for some ! € I;.
Let h be the product obtained by replacing each (7;)4 in ¢ with 7 and each
(1;)— in g with 7_, and A’ be the product obtained by replacing each (7;); in
g with (7;)+ and each (7;)_ with (7;:)_. Then we have h(3) = ¢(f) = —
and h'(y) = h(v). According to the definition of the compatibility degree,
we have that (3[|7) = (h(8)[|h(v)) = (=au[[W'(7)), and (—aul|h(7)) = 0 since
—aqy is a negative root that lies in ¥, and h'(y) € U, O

Proposition 3.5.6. [17, Proposition 3.5, Corollary 4.4] Let C' and C" =
C\{B} U{F'} be two adjacent clusters. Then the roots 3 and ' are such
that (6)|8") = (B'||B) = 1. The converse is also true, i.e., for a pair of almost
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positive roots satisfying (5||3') = (B'||B) = 1, there exist two adjacent clusters
C and C" such that C' = C'\ {B} U{p'}.

FExample 3.5.7. We illustrate these results for a root system of type As. The
Cartan matrix of type A, and the Dynkin diagram are given by:

Write A = I, UI_, where I, = {1} and I = {2}. The permutations
T, 7— of &5y = {—ay, —ag, a1, as, 1 + as} are given by

Ty = (—aqg oq)(—az)(ag o + aw)

T_ = (—041)(—042 042)(041 o1+ 042).

For any 8 € ®-_;, we have (§||3) = 0, since there exists g € (7,7_)
such that g(8) = —a; for some 4, by 1.3.6, and so (8||3) = (9(8)|lg(8)) =
(—a;|| — ;) = 0. Furthermore, we have

(zllar) = (147 (a2)||Ty 7 (1)) = (—azflaz) =1
(uflor + ag) = (T4 (1) |74 (1 + az)) = (—auf|az) =0
0

(allan + ag) = (T—(a) |- (a1 + a2)) = (—azljay) =

Therefore, by 3.5.2 (1), the compatibility degree is given by the following
matrix.

—Q; —Qg Q1 Q9 Q]+ Qs
-y 0 0 1 0 1
—Qig 0 0 0 1 1
oy 1 0 0 1 0
Q9 0 1 1 0 0
a1 + Qo 1 1 0 0 0

The maximal compatible subsets of ®~_;, i.e., the clusters are
{—a1, —aa} {—ai, ap} {ag, a1 + az} {an + g, a1} {an, —as}.

Observe that (—aslja2) = (—aqjar + ag) = (az||an) = (a1 + az|| — ) = 1,
in agreement with 3.5.6. The exchange graph is presented below.
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{—a1, —as}

{ab —Q —Oél,Oé2}

{ag, a1 + s} {ag, 0 + az}

We finish this section with the geometrical description of the clusters of
type A,, given in [18, Section 3.5]. Let P, 3 be aregular n+3-gon. Consider a
diagonal connecting two vertices which have a common neighbouring vertex,
and label it by the root —a;. Then draw a succession of diagonals labelled
by —as,- -+, —a,, such that consecutive diagonals have a common vertex.
We illustrate for n = 3 and n = 4.

This set of diagonals of the polygon is called the snake. The remaining
diagonals of P, 3 can be identified with the positive roots by associating each
Qi = i+ +. .. +oj, where @ < j, the unique diagonal that crosses the di-
agonals —av, =41, ..., —a; and doesn’t cross any other diagonal—ay, of the
snake. For example, the diagonals of a regular pentagon can be parametrised
by the elements of ®-_; of type A, as the next picture shows.
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The following proposition gives a geometric point of view of the compati-
ble sets and clusters of type A,,. The first statement, which is only necessary
to the proof of the second one, won’t be proved but it can be found in [18,
3.1.4].

Proposition 3.5.8. Let ® be a root system of type A, .

1. The involutions T, and T_ are both symmetries of the polygon P, 3.

2. Let a, 3 € ®>_y. The compatibility degree (c||3) is equal to 1 if the
diagonals o and 3 cross each other, and 0 otherwise.

3. Compatible sets are collections of mutually non-crossing diagonals and
the clusters correspond to the triangulations.

Proof. (2) Let 8 be an almost positive root and let & = —q; for some i. By
definition, («||3) = max([B : a4],0), i.e., (a||5) is the coefficient of a; in the
expansion of 3 in terms of the simple roots if § # —q;, and 0 otherwise. By
definition of the corresponding diagonal, such coefficient is 1 if the diagonal (3
crosses the diagonal —q; and zero if not. Hence, the result holds if a« = —q;
for some i € [n]. Let now « be an arbitrary almost positive root. By 1.3.6,
there exists g € (74, 7_) such that g(o) = —ay, for some i. By definition,
(]|B) = (g()]|g(B)) = (—ayllg(B)). By the above, this is 1 if the diagonals
—a; and g(B) cross, and 0 if not. Since g is a symmetry of the polygon (by
(1)), it follows that the diagonals av and 3 cross each other if and only if g(/3)
and —a; = g(«) cross each other, which proves what we wanted.

The last statement follows from (2). O

3.6 The cluster quiver

For the understanding of the paper [13], we need the definition of a quiver
associated to a cluster of cluster algebra of simply-laced case. In this section
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we present this definition and exhibit a nice rule for quiver mutations asso-
ciated to the matrix mutations, for the case when the matrices are 2-finite.
This subject is studied in sections 7 and 8 of [17].

We begin with a more general definition of a weighted and oriented graph
associated to a sign-skew-symmetric matrix. This definition is parallel to the
definition of Dynkin diagram for a generalized Cartan matrix.

Definition 3.6.1. Let B = (b;;);jer be a sign-skew-symmetric matrix. We
associate to it a weighted and oriented graph, denoted by (g, defined as
follows:

e the set of vertices is indexed by I;
e given i,j € (Qp)o, there is an arrow from ¢ to j if and only if b;; > 0;

e if 4,5 € (@p)o are such that b;; # 0, then the edge that links them has
weight |b;;b;:]. If b;; = 0, i.e., if there is no arrow between i and j, we
say that they are joined by an edge of weight 0.

Definition 3.6.2. An integer square matrix B = (b;;) is called 2-finite if
any matrix B’ = (b;) mutation equivalent to B is sign-skew-symmetric and

satisfies |b;;07;| < 3 for all 4 and j.

The following results are necessary to prove 3.6.6.

Proposition 3.6.3. [17, Proposition 7.2] Every 2-finite matriz is skew-
symmetrizable.

Lemma 3.6.4. If B is 2-finite, then the edges of every triangle in Qp are
oritented in a cyclic way.

Proof. Suppose, for a contradiction, that there is an unoriented triangle in
(), that is, there exist three distinct vertices ¢, j, k such that b;;, b, bx; > 0.
Consider the matrix B’ = p(B). By definition, we have bi; = bij +bixbg; and
b;z- = bj; — bjibri. Since b;;, by, and by; are positive integers, it follows that

b; > 2 and b;; < —2, and so |bj;0);| > 3, contradicting the 2-finiteness. [

We now show how the graph Q,, sy of ux(B), for any index k € I, is
uniquely determined by ), for a given 2-finite matrix B.

Lemma 3.6.5. Let B be a skew-symmetrizable matriz.

1. There exists a diagonal matrix H with positive diagonal entries such
that HBH™! is skew-symmetric. Moreover, the matriz S(B) = (s;;) =
HBH™! is uniquely determined by B by:

o = d Vbl if by 20,
/ —/ |b1]bﬂ| Zf bij < 0.
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2. For any k € I, we have S(p(B)) = i (S(B)).

Proof. Let D be a diagonal matrix with positive entries such that DB is
skew-symmetric. Consider H = D'/?. Since H = H™'D, we have HBH ' =
H-YDB)H™!, and so —(HBH™') = HY(BT)'H™! = (H-Y(DB)H')! =
(HBH™')!, which means that HBH™' is skew-symmetric. Since s;; =
hibz-jhj_l, we have sgn(s;;) = sgn(bi;), because the diagonal entries of H
are positive. Moreover:

S?j = (hlbwhj_l)z
= hibibij(h;')?
= di(—di_ldjbﬂ)bijdj_l
= —bijbji = [bijbjal-

This proves the first part of the Lemma.

It is easy to check that ux(HBH™') = H(uy(B))H™!, for any k € i
and any diagonal matrix H with positive entries. Recall that if B is skew-
symmetrizable, then pg(B) is skew-symmetrizable as well, with the same
skew-symmetrizing matrix. Hence, it follows from (1) that S(ux(B)) =
Hup(BYH ' = up(HBH™') = 113 (S(B)), as required. O

Proposition 3.6.6. Let B be 2-finite and k € I. Then the diagram Q,, ()
15 obtained by the graph Qg as follows:

o The orientation of all edges incident to k are reversed, and their weights
intact.

e [fi and j are two vertices such that i — k,k — j € (Qp), then the
edge between i and j in Q,, sy has weight ¢’ = (vVab — \/c)?, where a,b
and c are the weight of the arrow i — k, k — j and 7 — 7 in Qp,
respectively, and is directed from i to j if ¢ # 0.

o The rest of the edges and their weights in Qg remain unchanged.

Proof. Denote by B’ the matrix obtained from B by matrix mutation in
direction k. Since b; = —by, for i = k or j = k, it is clear that the
orientation of the edges incident to k are reversed and their weights remain
intact.

Suppose now that ¢, 7 are vertices such that ¢ — k and kK — j are arrows
in Qp. Write a = |byby;| and b = |bg;bji|. Due to the 2-finiteness of B, the
triangles in ()p are oriented (3.6.4), so either there is no arrow between i
and j or j — ¢ is an edge in (Jg. Let ¢ be the weight of this arrow, with
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convention that ¢ = 0 if it doesn’t exist. Since the arrows incident to k are
reversed, we have that j — k,k — i € Qp. Because B’ = p(B) is 2-finite
as well (by definition), we conclude that the arrow between i and j in Qp,
if it exists, must be from ¢ to j. Let us now calculate the weight ¢ of such
arrow. We have s, = \/a, sp; = Vb and s;; = —/c, according to 3.6.5. By
the second part of this lemma, we have S’ := S(ug(B)) = ux(S(B)), and so

|sik|sks| + sir|skj]
d=s..=s; J L= ab
Ve J+ 5 Ve + Vab,
as required.
If 7 and j are two edges that are not connected in () via a two-edge
oriented path going through k, then either by, = 0 or by, = 0, and so bj; = by,
which concludes the proof of this proposition. ]

Fomin and Zelevinsky proved a more general rule for skew-symmetrizable
matrices (see [17, Proposition 8.1]). But we are only interested in graphs of
matrices corresponding to the clusters of a cluster algebra of finite type, and
these matrices are 2-finite, by 3.4.3.

Let C be a cluster of a cluster algebra of simply-laced type and B¢ be
the exchange matrix in the unique seed that contains the cluster C' (the
uniqueness comes from 3.5.4). We denote by ()¢ the graph corresponding to
B¢, for short. Note that the entries of By are only —1,0 and 1. Thus, all
edges in ()¢ have weight 1. For this reason, we ignore the weights in )¢ and
the graph Q¢ will be called the quiver corresponding to the cluster C.

Remark 3.6.7. The rule for graph mutations given in 3.6.6 can be rewritten
as follows:

e the orientations of all the edges incident to k£ are reversed.

e given two vertices 7, j such that i — k, k — j € (Q¢), the arrow i — j
is in the mutated quiver if and only if the arrow 7 — ¢ is not in Q¢.

e the rest of the edges remain unchanged.
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Chapter 4

Quivers with relations arising
from clusters (A, case)

Gabriel’s Theorem (see [2, Theorem VII.5.10], for example) states the fol-
lowing;:

Let Q) be a finite, connected and acyclic quiver, K be an algebraically
closed field and A = K@ be the path K-algebra of Q. Then A is representation-
finite if and only if the underlying graph of Q) is one of the Dynkin diagrams
A,, D, withn > 4, Eg, E7 or Eg. Moreover, if this is the case, then there
is a bijection dim between the set Ind(A — mod) of isomorphism classes of
indecomposable A-modules and the set ®* of positive Toots of the root system
® corresponding to the type of the underlying graph of Q. This bijection is
given by

dim : Ind(A — mod) — &*
M — dim(M) := > (dim(M;))ay;,
i=1
where M is the representation (M;, vq)icq, and oy, fori € [n], are the simple

ac@Qq
T001S.

This establishes a connection between representation theory and root
systems. As we have seen in the last chapter, there is a connection between
cluster algebras of finite type and root systems as well.

This chapter is dedicated to the study of [13], one of the papers that
investigates the link between representation theory and cluster algebras.

In this paper, to each cluster C of a finite cluster algebra are associated
certain relations Ro on the quiver Q¢ and the category Mod CQ¢/Rc of
representations of Qo bound by such relations. The main result describes
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the cluster variables of C' in terms of the indecomposables of the category
Mod CQC / Rc.

To define the relations R¢ in ()¢ we first need the definition of shortest
paths. Let i — j be an arrow in Q¢. A shortest path from j to i in Q¢ is a
path with source 5 and target ¢ which doesn’t repeat vertices and such that
the induced subquiver on the vertices of the path is a cycle.

Let i — j be an arrow in (Q¢. If there are two distinct shortest paths w
and w’ from j to i, then we define the relation Rel; ; to be w = '. If there
exists only one shortest path w from j to ¢, then Rel; ; is w = 0. If there is
no such shortest path, there is no relation. The relations Ro are the set of
all the relations Rel; ; for i — j € (Qc)1.

Denote by Ind(Qc) the set of isomorphism classes of indecomposables
of ModCQ¢/Rec. Recall that each vertex ¢ of Q¢ is associated to a simple
module S;. We denote by «; the isomorphism class of that module.

The main result of the article [13] (cf. 4.4.1) is stated as follows:

Theorem. Let C' = {uy,...,u,} be a cluster in a cluster algebra of type A,.
Let V' be the set of all cluster variables for this cluster algebra. There ezists
a bijection
Ind(Qc) — V\C
« —  zlal,
such that
P(uy, ... up)

x|la) = —
where P is a polynomial prime to u; for all i and where n; = n;(«) is the

multiplicity of the simple module o; in the module «.

A key result of this paper (|13, Theorem 2.9], cf. 4.3.1), which is very use-
ful to the proof of the theorem stated above, provides a graphical description
of Mod CQc¢/Rc, where the objects can be viewed as diagonals in a regular
polygon and the morphisms come from rotating these diagonals about their
endpoints.

4.1 The category ModQr/Relp

Fix a nonnegative integer n and denote by P,.3 the regular n 4+ 3-gon.

Recall that the clusters of a cluster algebra of type A,, are in bijection with
the triangulations of P,13 (3.5.8 (3)). Therefore, it makes sense to redefine’
the module category Mod CQ¢/R¢ in terms of diagonals and triangulations
of a regular polygon.
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In this section, we associate a quiver to each triangulation of P, 3, which
corresponds to the quiver of the cluster associated to the triangulation, and
define certain relations, called the triangle relations, which will be seen to be
the same as the relations Rel; ; defined above. The category of modules over
these quivers satisfying the triangle relations corresponds to Mod CQ¢/Rc.

Fix a triangulation T" of P, 3. The diagonals of the polygon that belong
to T will be called negative roots and the others will be the positive roots.
We denote by & the set of these positive roots and I the set of the negative
roots. The negative roots are denoted by —a;, with i € [n] (note that the
number of diagonals of T" is n).

The support Supp a C I of a positive root « is the set of negative roots
that cross a.

Remark 4.1.1. A positive root is determined by its support. Indeed, given the
sequence —ayq, . . . , —ay of crossed negative roots, one can recover the vertices
of the positive root. Denote by 7; and 7., the triangles corresponding to
the diagonal —q;. Let v; be the vertex of T; that is not in 7;,;. We have
that v; and viyq are the vertices of the positive root.

We will now define a relation < on the set of negative roots. Suppose —a;,
—a; are two negative roots that bound the same triangle in 7. We say that
—a; < —aj if the rotation with minimal angle around the common vertex
that sends —o; to —a; is anti-clockwise, as is illustrated in the following
picture:

The quiver Q7 is defined as follows: the vertices are the diagonals of T,
i.e., the negative roots, and there is an arrow j — ¢ if and only if —o; < —a;.
In other words, there is an arrow from the diagonal —c; to the diagonal —q;
if —a; is obtained from —aq; by rotating clockwise about a common vertex
without passing through another diagonal of T'. Note that, by definition, the
triangles in these quivers are oriented.

The following picture illustrates an example of a quiver Q.
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Recall that the mutation of a triangulation at one of its diagonals is the
unique triangulation obtained by replacing this diagonal with another one
(see section 3.2) and the mutation of quivers is described in 3.6.7. The next
lemma guarantees that the mutation of clusters is coherent with the mutation
of quivers.

Lemma 4.1.2. The mutation of quivers corresponds to the mutation of tri-
angulations.

Proof. We consider only the case

where i, j,k and k' belong to the triangulation 7" and the other edge is a
border edge of the polygon; the other cases are similar. The quiver of the
triangulation 7" that results from the mutation of the triangulation T by
replacing the diagonal ¢ with the other possible, denoted by #', is the following.
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As we can see:
e the arrows incident to ¢ were reversed;

e the path j — i — K exists in Qp, k' — j ¢ (Qr); and j — k' € (Q7);
and

e the path j — i — k exists in Q7 as does the arrow k& — j, and

j— k& Q)
So Q1 = u;(Qr), as required. ]

Remark 4.1.3. Let A be a cluster algebra of type A,,. Write A = A(BU,]_?O),
as in 3.4.3. Let Cj be the cluster for the initial seed (Cy, BO,QO). The quiver
Qc, is the quiver of type A, (because b;; # 0 if and only if j =i — 1,7+ 1)
with the alternating orientation, i.e., each vertex is either a source or a sink,
since b;;b;, > 0, for all 7, 7, k.

Note that in 3.4.5, Cj is the cluster related to the negative simple roots
of the root system associated to A, i.e., Cy = {z[—ai],...,z[—an|}. The
negative simple roots correspond to the snake triangulation 7¢,. Hence, the
quiver (1, is also of type A,, with the same orientation of ()¢,, according
to the definition of a quiver of a triangulation.

Let C be any other cluster of A. It follows by induction on the number
of mutations needed to get C' from Cj, using 4.1.2, that Q¢ = Q1.

Definition 4.1.4. Let T be a triangulation and Q)7 its associated quiver.

1. We call the relations of the form a3 = 0, where «, 3 are two sucessive
arrows of a triangle of Qr, the triangle relations.

2. The abelian C-category of modules over the quiver )7 with the triangle
relations will be denoted by Mod Qr/Relx, where Rela is the ideal of
CQr generated by the triangle relations.
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Note that in @7, a cycle that doesn’t repeat vertices must have length 3,
i.e., is a triangle. Moreover, for each arrow i — j in Q)7 there exists at most
one shortest path from j to 7, since this situation

k

k,/

cannot happen, by definition of (). These observations permit to conclude
that the triangle relations are the relations Rel; ; defined before.

4.2 The category Cr

We will now define a combinatorial additive C-category Cr which we will be
seen to be equivalent to Mod Qr/Rela.

The objects of Cr are formal positive linear combinations of positive roots.
The indecomposable elements of Mod Qr/Rel will correspond to the posi-
tive roots and a direct sum of indecomposables correspond to a formal linear
combination of positive roots.

It is enough to define the morphisms between positive roots, by additivity.
In order to do this we have to define the pivoting paths and the mesh relations.

Definition 4.2.1. Let a and o/ be two positive roots, i.e., two diagonals of
P, .3 that doesn’t belong to the triangulation 7'.

1. We say that « is related to o/ by a pivoting elementary move if the
corresponding diagonals have a vertex in common, called the pivot, the
other vertices of o and o' are the vertices of a border edge of P, 3
and the rotation around the pivot from « to ' is anti-clockwise. The
pivoting elementary move with pivot v is denoted by P,.

2. A pivoting path from « to o is a sequence of pivoting elementary moves
starting at o and ending at /.

Definition 4.2.2. Let «, o/ be two positive roots such that o’ is obtained
from a by two consecutive pivoting elementary moves with distinct pivots.
The mesh relation for this couple of positive roots is given by Py P, =
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Py P,,, where vy, vy (respectively v, v5) are the vertices of o (respectively o)
such that Py P, (a) = Py P,,(a) = o. The intermediate arrows vy vy, v} va
can be negative roots or border edges, but in this case, the corresponding
term in the mesh relation is replaced by zero, that is, if vy v} is either a
negative root or a border edge of the polygon, the mesh relation will be
0 = Py P, and if v} vy is a negative root or a border edge, the mesh relation
is given by P, P,, = 0. The mesh relation Py, P,, = P, P, is illustrated in
the following figure.

The set of morphisms from « to o/, Home, (o, '), is the quotient of the
vector space over C spanned by pivoting paths from « to o/ by the subspace
generated by mesh relations.

Lemma 4.2.3. Let o, be two positive roots and P = P, P,_1... P be
a nonzero pivoting path from « to o. Then P(a) = P™ % P*(a) for some
natural k and some vertices u and v.

Proof. We prove this by induction on m using the mesh relations. If m =1
there is nothing to prove. Let m > 1 and suppose the lemma is true for m—1.
Hence there exists k& < m such that P,,_;...P(a) = P™*1 Pk(q). Write
Il =m — k — 1 for short. The following picture illustrates this pivoting path,
where x1, %9, ..., 51 = v (respectively u = y1,vya2,...y;, yis1) are the end-
points of the positive roots involved in the pivoting path P*(«a) (respectively
PY(PF())) other than u (respectively other than v).
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Lg+1 =V
u=1u Lk
Y2
T3
Yi—1 T2

T
Yi+1

If P,, = P, we are done. If not, then the pivot of P,, must be y;,1. Let
w be the endpoint of o other than 1;,;. Observe that w is the vertex of the
polygon anticlockwise from v. By the mesh relations, we have

Py Py i...Pi(a) =P, P Pia)
= P, P, P'™* P¥(a).
Using the mesh relations repeatedly, we get
P, ...Pi(a) = P, P, P P¥(a)
=P2p,  P72Pa)
=P p, Pt

_ m—k—1 pk+1
= prkol phil

Thus the result holds for m and the lemma is proved. [

4.3 The equivalence between Mod Qr/Relx and
Cr

In this section we prove the key result of [13], stated below.
Theorem 4.3.1. ModQr/Relx and Cp are equivalent categories.

The equivalence of the categories will be given by the C-linear additive
functor © : Cr — Mod Qr/Rela defined as follows. For each positive root
a, ©(a) is the module (M, f*) = (M, f%) where:

i Jig
{(C ifi € Suppa

0 otherwise

M® —

; and

i

. {z’d(c it M¢ = C = M2,

0 otherwise.
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For a pivoting elementary move P : o — o', O(P) is defined to be the
morphism from (M?, f) to (M, f*) such that

ide if M® =C = M¥
@(P)i:{z c B ¢ v

0 otherwise.

The definition of O is extended to arbitrary objects and morphisms of Cr
by additivity. In order to check that © is well defined, we need to prove the
following assertions:

1. For each positive root a, (M?, f*) is an object of Mod Q7 /Reln, i.e.,
it satisfies the triangle relations.

2. If P: o — o is a pivoting elementary move, then the diagram

is commutative, for each arrow j — ¢ in Q7.

3. The mesh relations hold, i.e., if P?P'(a) = P'P3(a) = v is a mesh
relation and 3 (resp. (') is the intermediate arrow of P2P! (resp.

P4P3), then O(P2P') = O(P4P?), i.c., O(P?)O(P') = O(PHO(P?).

If there was a nonzero composition of two successive maps in a triangle

in Qr, Le., if there was a triangle ¢ — j — k — 4 such that fj f;; £ 0, then

5 # 0 and f5 # 0, which means that M = M = Mg = C. Therefore, a

would cross the three sides of the triangle, which is impossible. This proves
(1).

We will now prove (2). Let P : a — o' be a pivoting elementary move
and j — ¢ be an arrow of Qr. If M7 =0 or M = 0 or if both M® and
M jo" are zero, the commutativity is clear. The commutativity is also obvious
when M, M7, Mf" and M f‘/ are all nonzero, since all the maps are idc.

The only case when the diagram is not commutative is when M = C =
Mio‘/ and exactly one of M, M J‘-’/ is not zero. However, this case is impossible.
Indeed, suppose without loss of generality that M]‘?/ =0 and M # 0. So
i,j € Suppa, i € Suppa’ and j € Suppa’. Since —a; crosses a but doesn’t
cross o' and a@ — o is a pivoting elementary move, we have that —«; and
o' have a common vertex . Since there is an arrow between i and j in Qr,
—a; has a common vertex with —a;, which can’t be x because —c; crosses
both o and ¢, and so we are in this situation:
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~
~
AN
« N\ T

and so —a; < —a;, which contradicts the orientation j — 4 in Q7.
1 2 3 4
It only remains to check (3). Let « Z, G, B U v, « Z G, 3 Z, v be
pivoting elementary moves with «,~ positive roots and 3 # (3'. At least one

of 3, /' has to be positive, otherwise either o or v had to be negative, since
T is a triangulation (see the following figure).

i

B/

Suppose, without loss of generality, that 3 is positive. Assume first that 5
is also a positive root. We want to prove that ©(P?) O(P!) = O(P*) O(P?),
that is, the following diagram commutes

O(PY);
My —— M)

)

o (P%); l J o(P?);
, O(P*);

M —— M)
for all i. If M = 0 or M; = 0, this is obvious. Let us consider the case
when ¢ € Suppa N Suppy then. Observe that any diagonal that crosses «
and v has to cross 4 and (3 as well. Therefore, i € Supp 3N Supp 3'. So the

diagram commutes, since all the maps are the identity in C.

132



Finally, consider the case when (3’ is negative or a border edge. In this
case, the mesh relation is P2 P! = 0. So we have to show that ©(P?); O(P!); :
M® — MP — M is zero for all i. Since 3 is a negative root, there can’t
be a diagonal of T crossing both a and ~. Thus Supp a N Supp~y = (), which
means that either M® = 0 or M, = 0 for each 4, and so the composition
O(P?); ©(P'); is zero. This concludes the proof of (3) and, as a consequence,

the proof that © is well defined.

It will be proved that © is fully faithful and dense. The equivalence
between Cr and Mod Qr/Rela follows by 1.1.14. The following lemmas will
be useful to prove that © is fully faithful.

Lemma 4.3.2. Let o and o be two positive roots. There exists a nonzero
morphism from « to o/ in Cr if and only if the following conditions hold.

e There is a negative root —«; that crosses both « and o, i.e., i €
Supp a N Supp o,

o Let vy, vy be the endpoints of —ay, uy, us be the endpoints of v and uy, u)
be the endpoints of o . If we order these vertices in the counterclockwise
order (in the positive trigonometric direction) starting at vy, we get
v < uyp < Uy < vy < uy < uh. In other words, the relative position of
a,a’ and —a' are as in the following figure.

U1
—d; /
u ! u
1\ 2
V2

In this case, Home, (o, ') is of dimension one.

Proof. In the situation of the diagram it is obvious that there exists a pivoting
path from « to o and all its intermediate arrows have to be positive roots,
due to the position of —q; and the fact that negative roots cannot cross each
other nor the border edges. Hence there is a non-zero morphism from « to

.
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Conversely, suppose that Home, (o, ') is non-zero. Then, there is a
pivoting path P from a to o

P P P
a=a2 a3 ... Bam=d

where the intermediate diagonals o are positive roots and the P; are pivoting
elementary moves. By 4.2.3, we have P,,... P, = P % P¥ for a certain k,
where u is one of the vertices of o and v is the common vertex of o* and «'.

The positive roots o and o/ must intersect, otherwise there wouldn’t be
such a pivoting path. Let V] (respectively V3) be the set of vertices of the
firsts k arrows of P = P,... P, P, ... P, other than u (respectively the last
m — k arrows of P other than v). It follows by the same argument used in
the proof of 4.2.3 and by the fact that P # 0 that all the diagonals with
one vertex in V; and the other in V5 are positive. Hence the quadrilateral
in the polygon formed by the vertices uy, u}, us and u is not crossed by any
negative root from V; to V5. This guarantees the existence of a negative root
—a;, whose endpoints don’t belong to V; nor V5, crossing the quadrilateral,
since T is a triangulation and so we are in the situation of the diagram.

If P’ is another non-zero pivoting path from « to o, then P’ is obtained
from P by mesh relations, which means that P and P’ are in the same class.
Consequently, the vector space Home,.(a, a’) is one-dimensional. O

Lemma 4.3.3. The support of a positive root and the intersection of the
supports of two positive roots are connected as subsets of Qr.

Proof. Let us prove first that, for each positive root o, Supp a is connected.
Given two negative roots —q; and —q; that cross o, we want to prove that
the corresponding vertices 7, j in (Qr are connected by an unoriented path
p:i=iy,la,...,0, = j, such that —a;, € Suppa (I € [p]). Since negative
roots don’t cross each other, —a; and —a; divide the polygon into three
parts. According to the definition of )7, a path from 7 to j in Q7 must be
contained in the middle part, which will be denoted by R;j. We show the
result by induction on the number m of negative roots in R;;. If m = 1 then
we have nothing to prove since —o; = —a;. Suppose now that m > 1 and
the result is valid for m — 1. Denote by A the unique triangle in R;; that
contains —q;. If a didn’t cross any of the borders of /A other than —a; then
it wouldn’t cross —c;. Since a diagonal cannot cross the three sides of a
triangle, o has to cross exactly one of the other two sides of /A, and it can’t
be a border edge of the polygon. So it has to be a negative root —ay. As
—a; and —ag bound the same triangle A, there is an arrow between ¢ and
k in Qp. Since —ay € Supp o, and there are m — 1 negative roots in [y,
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where Ry; denotes the part of R;; other than A, it follows from induction
that there is an unoriented path from k to 7 in Qr N Supp «, as required.
We now prove that the intersection of supports is connected. Let o and
o’ be two positive roots and denote by S (respectively S’) the support of «
(respectively o). Suppose, for a contradiction, that S NS’ is not connected.
Let 7,k € SN S be two vertices that are not connected. It was seen that S
and S’ are connected. So there exist two paths: p: i =14y,49,...,7, =kin S
and p' 1 i = ji1,J2,...,Jq = kin S’ that connect i and k. Let m be the smallest
integer such that i,,,1 # jmy1. Since p is a path in Qr, the diagonals —«;,_,
and —a;, ., of T have a vertex in common with —q;,, and so has —a;, .,
because —ay;,, = —a;,, and p’ is a path in Q7. Since 4,1, im, imy1 € S and a
positive root can’t cross the three sides of a triangle, —cy,, ,, —q;,., —a;, .,
cannot bound the same triangle. The same happens to —ay,, ,, —;,,, =, .,
as lm—1 = Jm-1,%m = Jm,Jmt1 € S'. Hence —oy,,, —a,,., and —ay,, , form
a triangle A in 7. So iy € S\ S and jer € S\ S. Excluding the
triangle A, the polygon is divided into three parts: R;,, R;, ., and R, .,
such that R; contains —ay, | = iy, imt1, jme1- Clearly, R; ., must contain
all —a;,, I >m+1and R;, ., must contain —a;, with [ > m + 1. However,
R

i 2 —, = —ap = —a . € R; ., a contradiction. O

Lemma 4.3.4. For two positive roots o and o, there is a nonzero morphism

from (M, ) to (M, f*) in Mod Qr/Relx if and only if:
1. SNS" is not empty,
2. There is no arrow from S\ S to SN S" in Qr,
3. There is no arrow from SNS" to 8"\ S in Qr,

where S = Suppa and S" = Supp /.
In this case, Homaroagp et ((M®, f), (M, f&)) is of dimension one.

Proof. Suppose Homaroaop/ger, (M9, f9), (M, f¢)) is not zero. Let P =
(P;); be a non-zero element of this vector space. There is at least one i €
(Qr)o such that P, : M — M is not zero. In particular, M® and M?" are
both non-zero, which means that —a; € SN S’. Hence, the first condition
holds. Now, suppose for a contradiction that there exists an arrow ¢ — j
in Qr with i € S\ § and j € SNS. So, M¥ = MF = M = C,
Mia' =0, fj = idc, f;/ = 0 and according to the definition of morphism of
representations, the following square commutes.
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Mg —— M?
P J l P;
0 M

Therefore P; and P; are both zero. Let k be a diagonal of 7" that crosses
both o and o’. Thus, since k,j € S N.S’, there is an unoriented path k =
ki,...,k, =7 in Qr with all k, € SN.S’, by 4.3.3. Because the diagram

o idc o idc idc @
M} Mg e e o
PJ‘\L lpkm—l lpk

o e o idc idc o
M; Fom—1 o M

is commutative and P; = 0, it follows that all P, are zero, in particular
P, = 0. Since P, : My — M is zero for all | € (Qr)o \ (SN S’), because in
this case either M = 0 or M = 0, we have that P = 0 which contradicts
the hypothesis. The argument to prove the third condition is similar.

Conversely, let «,a’ be positive roots such that (1),(2) and (3) hold.
Consider P € Homatodgp/rei, (M, f), (M, f*)) defined as follows

p_ Jide ifiesns
"o otherwise.

Since SN S" # () by (1), P is non-zero. We have to check that P is indeed a
morphism of representations, i.e., that the square

£
MY —— M¢
J

1

ST
’ fla] ’
My —— M}

(2

commutes for all © — 7 in Q7. The only cases when this doesn’t happen is
when M = M = M = C and M = 0 or when M = M = M = C
and M =0, i.e. wheni € SNS and j € S'\ S or when i € S\ S’ and
j €SNS". But by (2) and (3) these cases can’t happen, so the diagram is
commutative.

To prove that the dimension of Homaseagp/rer, (M®, f), (M, f)) is
one if this vector space is not zero, let P = (P});c(g,), be a non-zero morphism
between (M®, f*) and (M®', f*'). Thus there exists i € SNS’ such that P; #
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0. Let j € SNS’. By 4.3.3 there is an unoriented path i = kg, k1, ..., ky, =7
in SN S" and the diagram

o tdc o tdc ide a
M My e M
Pi l lpkl i Pj
id, rid id ’
o' tac (e} € o o € o
Mo M;

is commutative. Hence Py, = P, for [ € [m] and in particular, P; = P,. For
k€ (Qr)\SNS, we have P, = 0. So, the result follows since all vector
spaces M, M are of dimension zero or one. ]

Lemma 4.3.5. The conditions in 4.3.2 and in 4.5.4 are equivalent. As a con-
sequence, for any pair of positive roots o, o, the dimension of Home, (o, &)
equals the dimension of Homroagp /et (M, f&), (M, f)), which is ei-
ther zero or one.

Proof. Let o, @’ be two positive roots such that there is a negative root —aq;
that crosses them and such that the relative position of these diagonals are
as in the following figure.

U1
u o ub
ul ! Uu
1\ 2
V2

It is obvious that SN S’ # (). Suppose now, for a contradiction, that there is
an arrow j — k in Qp from S\ S" to SNS’. Then —q; only crosses a, —ay
crosses @ and o and —ay, < —a;. Thus we are in one of these situations

137



Either way, —ay has to cross —aq;, which is impossible. The proof that
there can’t be an arrow from SN S’ to S'\ S in Qr is similar.

Conversely, suppose that a, o’ are such that S NS’ # () and there is no
arrow neither from S\ S’ to SNS’ nor from SNS’ to S\ S in Q7. Then there
exists —q; in SNS’. This diagonal divides the polygon in two parts. Denote
the right-hand side by R, and the left-hand side by R;. Since —q; crosses
a and o, each of these parts contains exactly one vertex of a and exactly
one vertex of o/. Denote by S; = {—a; = —a;,, —,,...,—;, } the set of
negative roots in R; that cross a and suppose the elements of S; are in order,
in the sense that there can’t be a diagonal —a;,, between —q;, and —a,,, for
all [ =1,...p— 1. Analously, denote by S| = {—a; = —a;,, —,, ..., —q;,}
the set of negative roots in R; crossing o’ in such an order. Let m be the
greatest integer such that —co;,, = —a;,,. There are four cases to analyse:

1. m = p = q. Suppose, for a contradiction, that o and o’ don’t have
the vertices in I; in common. Then the vertices of @ and o/ in R,
and the vertices of the diagonal —aq;,, form a quadrilateral, which must
have a negative root crossing it due to the triangulation. But such
negative root can’t intersect —q, , so it must cross either o or o/ or
both, contradicting the hypothesis. Therefore o and o’ share the same
vertex in R, in other words, we meet o and o’ at the same time going
from the endpoints of —«; in positive direction.

2. If m =p <gq, then —qj, ., € 5"\ S and —q;,, € SNS". Given the
order in S}, —a;,, and —q;, ., bound the same triangle. Hence the
corresponding edge in Q7 is oriented j,,41 — jm by 4.3.4 (3). As the
figure illustrates
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we meet first a and then o’ when going from the endpoints of —q; in
positive direction on the boundary of R;.

Ifm =q <p, then —q;,,,, € S\ S and —oy,, € SNS". Given the
order in S; these two diagonals bound the same triangle in 7. Hence
the corresponding edge in () is oriented i,, — %,,41. So we are in this
situation:

Hence, in this situation we meet « first as well.

.Ifm < pand m < q, then —a;, ., —q;,,—q;, . are three different
diagonals that bound the same triangle in 7. As in the previous cases,
the corresponding edges in Q)7 are oriented i, — 4,41 and Jp01 — Jm-
This implies once more that going from the endpoints of —q; in positive
direction on the boundary of R;, we meet « first and then o'
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Analogously, using the same results in R,., we first meet @ when going
from the endpoints of —q; anti-clockwise on the boundary of R,., which proves
the relative position of a;, @’ and —aq; in 4.3.2, as required. ]

Proposition 4.3.6. The functor © s fully faithful.

Proof. By additivity, it is sufficient to prove that

/

@a,a’ : Hoch(a,o/) - HomMonT/RelA((Ma7fa)7 (MO/7 fa

)
P — O(P)

is bijective, for any two positive roots «,a’. By Lemmas 4.3.2, 4.3.4 and
4.3.5, the vector spaces Home, and Homured g, rein (M, %), (M, f))
are both zero or one dimensional. So, we only have to check that the image
of a non-zero morphism is a non-zero morphism. Let

P:a:alﬂ...Pm_;lam:O/

be a non-zero pivoting path from « to o/. By 4.3.2, @ and o intersect and all
the positive roots o, with k € [m], are contained in the quadrilateral formed
by the endpoints of o and ¢, and so the negative root —a; that crosses « and

o' must cross all the o” as well. Therefore ©(F;); = idc, for each [ € [m —1].
Consequently, ©(P); = idc, so O(P) is not zero. ]

It now remains to prove that © is dense, that is, that each indecomposable
module in Mod Qr is the image of a positive root under ©. This will be done
using Auslander-Reiten theory.

Throughout, we set () = @7, for short, since the triangulation 7T is fixed.
Before proving the theorem, let us compute the projective and injective mod-
ules of Mod@/Reln, which will be needed in the sequel. Let 4,1 be two
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vertices of (). There is at most one path from ¢ to [ modulo the triangle re-
lations. So, according to 2.2.4 (1), (P;), = C if there exists such an oriented
path from ¢ to [ and (P;); = 0 otherwise. Similarly, by 2.2.4 (2), (1;); = C
if there is an oriented path in @) modulo the triangle relations from [ to ¢
and (1;); = 0 otherwise. The maps of P; and of I; are idc whenever possible
and zero otherwise. Note that these modules are multiplicity free, i.e., each
vector space of the representation is zero or one dimensional.

We say that a Q/Rela-module M is of type A if the full subquiver of Q)
on the support of M, which is defined to be the set of vertices of () for which
the component of M is nonzero, is of type Ay for some k € N.

Lemma 4.3.7. Let M be an indecomposable @/ Rela-module of type A and
let N be any indecomposable QQ/Rela-module. If there exists an irreducible
morphism from N to M or from M to N, then N 1is of type A.

Proof. Suppose first that Homea/rer,, (N, M) contains an irreducible map.
Let @ denote the full subquiver of () given by the support of M, Qf :=
{1,...,m}. By hypothesis, Q' is of type A,,. Renumbering the vertices one
can suppose that the extremal vertices of Q)" are 1 and m and the edges link
1 with ¢ £ 1.

Note that as M is an indecomposable ()-module of type A, so it is also
an indecomposable -module of type A. In type A,, ®© = {a; + ... +
aj 1 < i <j <n}, where {oy]i € [n]} is a simple system, is the set of
positive roots. By Gabriel’s Theorem, M corresponds to a positive root,
Le., dim(M) = >"  dim(M;)a; = o; + ...+ «, for certains 7, j such that
1 <i<j<n. Hence, M is multiplicity free.

Suppose that M is not simple (m > 1). Observe that there exists at
most one vertex in @y \ @, which will be denoted by 0 (resp. m + 1), such
that 1 — 0 (resp. m — m + 1) and such that there exist no other edges
between @ and 0 (resp. m + 1). In fact, if there existed two vertices, 0 and
0', satisfying such conditions, we would be in one of these situations:

o 04
1 >
® 9 0 2
0 0

However, the first situation can’t happen because a vertex of () can only be
the source of two arrows at most, and in the second situation there must be
another arrow , which can’t be between 0 and 0" since the triangles in @) are
oriented, so either 0 or 0 is linked to 2, which contradicts the hypothesis.
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Let k € Q. Let i(k) be a vertex in Qg \ Q; such that i(k) — k is an arrow
of Q. If k is a sink in Q" and k # 1, m, then there is no such vertex. For the
rest of the vertices, there are at most two vertices satisfying such conditions.
If k is a source, then there must be an arrow from k — 1 to i(k) or from k+1
to i(k). Observe that there can’t be these two arrows simultaneously. If &k
is such that k — 1 <« k < k 4+ 1, then there must be an arrow from k£ — 1
to i(k) since k+ 1 and k — 1 are not connected, and finally, if k is such that
k—1—k—k+1, then k+ 1 — i(k) is an arrow of Q.

We denote by (k)™ (resp. i(k)™) the vertex such that k + 1 — (k)"
(resp. k—1—i(k)7), if it exists.

We follow the argument of the proof on the following example of )’, where
m = 8.

i(6)

(1) i(3)" i(7)*
aaRTaT e
(- i)t

i(1)” i(4)"

If M is projective, then N is a direct summand of the radical of M by
2.4.16. In particular, N is a submodule of M. Hence Supp N C Q. As N is
indecomposable, N must be of type A.

Suppose now that M is not projective. Let us prove that the sequence
P! — PY - M — 0, with P° := ®;crP;, where R is the set of sources of @,
and P! := @®;cp P;, where R’ is the union of {0,m + 1} with the sinks of @’
not equal to 1 or m, is a minimal projective presentation of M. We have that
for each i € R and k € Qq, dim(P;);, = 1 if there is a path from ¢ to k in @,
not going through two sides of a triangle and dim(P;); = 0 else. So dim(P°);
equals the number of such paths from sources of )’ to k. It is obvious that
P and P! are projective modules. For each i € R consider the morphism
i : P — M such that (¢;)g : (P;)r — My is the identity in C when possible
and zero else. Observe that each 1); is nonzero since (P;); = C for each source
i in '. The morphism py = @iertl; : P° — M is surjective since for each
k € Qy, there exists at least one source i in @ such that (P;); # 0. Note
that it is necessary to take all P;, with ¢ € R, as summands of P° for the
surjectivity of pg. Otherwise, if there was a source j in ()" such that P; is not a
summand of P°, then (P°); = 0 and py wouldn’t be surjective. It remains to
prove that Ker py is superfluous in P? in order to see that P° is a projective
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cover of M. Write K = Ker py, for short. Let us compute K. For j € R and
j € Qpsuchthat j—1 — j — j+lorj—1+« j«— j+1, dim(P°); =1 and so
dim K; = dim(P°); —dim Im (py); = 0. If j is a sink in @’ different from 1 or
m, then it is reached by two sources and so dim(P%);, = 2. Thus, dim K; = 1.
Let us analyse now the vertices j outside ). In this case the dimension of
K equals the dimension of (P°);. Let k € Q such that k —1 —k — k+1
(resp. k—1 « k <« k+1) and denote by j(k) the successor of k outside ', if
such a vertex exists. Observe that there is at most one vertex satisfying such
conditions. We must have k — 1 « j(k) (resp. k+1 « j(k)). Consequently,
(P%) ;) = 0, due to the triangle relations. So the multiplicity of K is zero at
any vertex along a path out of " with origin in j(k). Let now k be a sink
in @ other than 1 and m. Denote by j(k)~ (resp. j(k)*) the successor of k
such that j(k)~ — k — 1 (resp. j(k)™ — k + 1), if there exist such vertices.
The source of ) preceeding k gives rise to non-zero spaces for K along the
path beginning at j(k)*, but not along the path beginning at j(k)~, due to
the triangle relations. Analogously, the source of )’ succeeding k gives rise
to non-zero spaces for K along the path beginning at j(k)~, but not along
the path beginning at j(k)*. Hence, we get multiplicity 1 in K at all vertices
along the paths (that doesn’t go through two sides of a triangle) beginning
at j(k)T and at j(k)~. Let us consider now the extremes of )'. Suppose
that the vertex 1 is a source of )'. Then the only successor of 1 outside
is 0. If there exist two paths starting at 0, one of them doesn’t count for the
multiplicity of K due to the triangle relations and the fact that there must
be an arrow from one of the successors of 0 to 1. Along the other path, the
multiplicity of the kernel is one. Finally, suppose 1 is a sink of )’. Then the
first source of )’ gives rise to non-zero spaces for K along the path beginning
at 0. Thus we get multiplicity 1 along the path with origin in 0. If there
exists another successor (' of 1, then there must be an arrow from 0’ to 2,
and so the multiplicity of K at the vertices along the path starting at 0’ is
zero. For m is similar. So, dim K; is zero or one at every vertex 7. As far
as maps are concerned, they are the identity in C where possible and 0 else.
We check this only for maps between sinks in ' and their successors out of
Q’, the other cases are trivial. Let then k be a sink in @'. Let kT (resp.
k™) be the source of Q' preceding (resp. succeeding) k. In P° we have this
situation:



Note that (1,—1) € C? belongs to the kernel of (pg)x. So (1,—1) spans
K} and maps to a generator 1 of K+ and to a generator —1 of Kjq,-.

Thus the Kernel is of the form:
(y )
0—C<0
-1

/

We can choose {—1} to be the basis of each copy of C in the path starting
at j(k)~, since the tree structure ensures that we never get back to @’ or any
other such path. So all the maps are the identity. In order to see that K is
superfluous in P, let X be a submodule of P such that K + X = P°. We
want to prove that X = P°. At vertices of @’ that are not sinks of ', the
component of X must be C. Note also that X cannot have multiplicity zero
at sinks of ). Hence, the multiplicity of X at vertices along the paths (that
doesn’t go through two sides of a triangle) starting at 0, m + 1 and at the
successors of the sinks of ', is one, since X embeds in P°. It remains to
prove that X, = C2, for the sinks k of ). Let k be a sink in Q’. Suppose, for
a contradiction, that X}, = C. Consider the following commutative square
from the embedding of X into PY.

C:Xk_1—>(C:Xk

| |

C=P , — C*=P

Let (a,b) in C? = P? be the image of 1 in X}, z € P)_, be the image of 1 in
X1 and y be the image of 1 under the map X, 1 — Xj. Note that x # 0
as Xy_1 embeds in P? |, but y can be zero. By the commutativity of the
diagram, we have (x,0) = (ya,yb). Hence 2 = ya and yb = 0. If y = 0, then
x = 0, a contradiction. So b must be 0. Similarly, we obtain that a = 0 from
the commutativity of the diagram

(C:Xk‘—(C:X]H_l

| 1

Ct=P) —— C=P,,.

Therefore, the map from X}, to Py os zero, which contradicts the fact that X
embeds in P). We have already observed that X} # 0, so X}, has dimension
2, as required.
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The argument to prove that P! is a projective cover of Ker py is similar
to the computation of the projective cover of M just done.

By 2.4.10, the sequence 0 — 7 M — I' — I° is a minimal injective
presentation of 7 M where I' := Djerl; = vP! and I° := ®;crl; = vP° (by
2.4.2).

Let us introduce some terminology. Denote by Sy, resp. S,,.1, the sup-
port of the injective module associated to 0, resp. m+1, in the full subquiver
of @ with set of vertices @ \ 1, resp. @ \ m.

From the tree structure of @, the set Qf := Sp U Qf U Sy is the set of
vertices of a full subquiver Q" of @ of type A. In the following figure, Q)" is
the set of the open nodes. The support Sy, resp. Sy, is formed by the open
nodes not labelled on the left, resp. on the right.

i) i(3)" i6)- (1)t

VAVANRIVANIVAN
Y

i(1)” 1) S 1o (- ae

For each source k or k = 1,m, denote by S;- the support of the injective
module associated to i(k)* in the full subquiver of Q with set of vertices

Qo \ Qo-
For k in R', let kT, resp. k~, be the source of Q' succeeding, resp.
preceding, k. If there is no such source, we set k¥ = m, resp. k= = 1.

Then, for each sink k of Qf, the support of I is given by Supp(Ilx) =
S USEH U (Supp(Ix) N Q). The vertices of the full subquivers S, S,
and S;°, where | € {k= +1,...,k — 1,k +1,...,kT — 1}, don’t belong to
(Supp(Ix))o due to the triangle relations. In the example, consider the sink
k=5 of Q. We have k= = 3 and k™ = 7. The support of I5 is given by the
set of the open nodes.
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The support of Iy is S;” U (Supp(Ip) N Qf), where [ is the lowest source
of Q. Similarly, the support of I, is given by Supp(ln1) = S; U
(Supp(Im+1) NQy), where g is the greatest source of . In our example, we
have g = 7 and the support of 9 is given by the open nodes of the following
picture.

S
t
S\n
—~
\]
SN—
|

It is obvious that, for each source k of @, the support of I} contains S,:ct.

Consequently, the support of 7 M is contained in Q.

By 2.4.13 (a), there exists an almost split sequence 0 — A(M) — X —
M — 0. Note that, in particular, the map X — M of this sequence is
right minimal almost split. Since Homg(N, M) # 0, we deduce that N is
a direct summand of X, by 2.3.13 (b). Therefore Supp(N) C Supp(X) C
Supp(A(M)) U Supp(M) C Q. Thus, N is an indecomposable Qj-module
and the Lemma follows.

If M is simple, we are in the situation illustrated as follows.

1See 4.3.8 (1)
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The vertex 0" plays the role of m+1 in the nonsimple case. The projectives
of the minimal projective presentation of M, if this is nonprojective, are
P° = P, and P! = Py@® Py. The proof of the Lemma for this case is exactly
the same.

We have just proved the Lemma to the case when Homasoa @y /ret, (N, M)
contains an irreducible. Suppose now that there is an irreducible morphism
f: M — N. Observe first that Mod Q7 = Mod Qr~, where T* is the mirror
triangulation, that is, T™ is T reflected in a line of symmetry of the polygon.
Take as an example the following quiver Qr:

Reflecting by the dashed line of symmetry and using the rule for the
orientation of the arrows in the quiver (7, we obtain 7™:
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N

This quiver is the same as the following (obtained by reflecting again by
the previous line of symmetry):

which is the opposite of Qr.

Moreover, Q7 is bound by the same relations. So Q7 = Qr+. The du-
ality functor D = Hom¢(—, C) gives an (anti)-equivalence between Mod Qr
and ModQ® = ModQr«. Let f € Homg (M,N) be an irreducible. We
claim that D(f) € Homg,. (D(N),D(M)) is irreducible. Indeed, if D(f)
was a section, there would exist a morphism A : D(M) — D(N) such that
hD(f) = idp). But D is an (anti)-equivalence, so h = D(g) for some
g € Homg, (N, M) and so idpny = hD(f) = D(g9)D(f) = D(fg) which
implies that fg = idy, i.e., f would be a retraction. Similarly, D(f) is not a

148



retraction. Finally, suppose D(f) = g192, with g1 € Homg,.. (D(X), D(M))
and go € Homg,. (D(N),D(X)), for some X € Modg,.. Thereis f; €
Homg, (M, X) and f, € Homg, (X, M) such that g1 = D(f1), 92 = D(f2).
Thus, D(f) = D(f1)D(f2) = D(f2f1), which implies that f = f5f;. Since f
is irreducible, either f5 is a retraction or f; is a section. By what we have
just proved, we conclude that either go = D(f3) is a section or g1 = D(f1) is
a retraction, as we wanted. Therefore, Homg,. (D(N), D(M)) contains an
irreducible. Since D(M) is an indecomposable Qr+-module of type A and
D(N) is indecomposable, we conclude that D(N) has type A, from what we
have proved. Hence, N has type A. ]

Remark 4.3.8.

1. I have been unable to prove that Supp T M C Qf. Here is one attempt.
We want to prove that (Ker (I' — I°)); = 0 for j ¢ Qp, as T M =
Ker (I' — I%). Let k € R. Then the map I' — I° cannot kill all
of I, Otherwise, I, would be contained in the Kernel of I' — I°,
and so it would be a summand of 7 M. Since 7 M is indecomposable,
it follows that 7 M = I, is injective, which implies that I = 0, a
contradiction. Therefore, the restriction of I' — I° to I* is non-zero.
But dim Hom(Iy, I;) = dim (Iy);, where [ € R. Since Supp Iy N R =
{k*, k™ }, we conclude that the only possible nonzero maps from I}, to
summands of I° are to I+ and I—. Let f be a nonzero map from I}, to
I~ (if such a map exists). Suppose the map f; : (I); — (Ix-); is zero,
for j € S;_. Then all the maps f;, with [ € S,_, are zero, which implies
that f = 0, a contradition. Therefore, as dim (Iy,);, = 1 = dim (I-),
for | € S,_, we have dim Ker (I, — Iy-); = 0. Consequently, the map
I — I° is nonzero on any vertex in S,_, since I is the only summand
of I' that has support in S,—, which implies that the jth-component
of the map I' — I°, for j € S__, is the same as the jth-component of
the restriction to I. Similarly, if there exists a nonzero map from I
to I+, then the map I' — I° is nonzero on any vertex in S,:l. Hence,
Ker (I' — I°) has no support on S,_ or Ker (I' — I°) has no support
on S,;Z, but this argument doesn’t prove that these two situation occur,
as there could be a nonzero map from I, to I+ while the map from I,
to [,- is zero, or vice versa.

Here is another approach that was considered. Because 0 — 7 M —
I' % I° is a minimal injective presentation of 7 M, The morphism
Imu — I° is minimal, that is, every nonzero submodule of 7° must
intersect the image of w : I' — I°. But I can’t think of any useful
nonzero submodule of I°.
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2. Lemma 4.3.7 was already known from a different context, the string
algebras (cf. [12]). A path algebra A = KQ/I is said to be a string
algebra if it satisfies the following assertions:

(a) Any vertex of @ is the source of at most two arrows and the target
of at most two arrows, as well.

(b) For each arrow « of @, there is at most one arrow 3 whose source
is the target of av and such that a3 ¢ I, and there is at most one
arrow v whose target is the source of a and such that ya ¢ I.

(c¢) For each arrow « of @, there is n, € N such that any path
aqy ... ay, of @ whose first arrow is v contains a subpath in 7,
and there is n/, € N such that any path «; ..., 1o of @ whose
last arrow is « contains a subpath in I.

It is easy to check that the path algebra associated to a quiver Qr
(where T' is a triangulation of P,,3) bound by the triangle relations is
a string algebra.

A string of length n > 1is a path ¢; ... ¢,, where each ¢; is an arrow of
Q or ¢; = a~! for some a: a — b € 1, where o~ ! is the arrow b — a,
such that the source of ¢;y; is the target of ¢;, forall i =1...n — 1,
and such that the following conditions hold:

(a) ciy1 # ¢t foralli=1...n—1,

(b) There are no subpaths ¢;¢iiq ... ¢ such that ccipq ... ¢ or
1 ._
(CiCiv1 -+ Citk) " 1= Ciyk ... Ciy1¢; belongs to 1.

We define also two strings of length 0 for each vertex a of (), denoted
by 1¢,,1) and 1(4 1), whose both source and target is a, and we define

1(_651) = 1(a,7i)a for + = —1, 1.

Let C =c¢y...cqy or C = 1y, witht = 1,-1, a € (o, be a string.
Denote by u(7) the target of ¢;_1,7 =2,...,n+1 and by u(1) the source
of C. The string module M(C') associated to C' is the representation
M(C) = (M(C)y, fa) of @ bound by the relations in I defined as

follows:
(a) For each vertex v of @, M(C), is the K-vector space with dimen-
sion equal to the cardinality of the set I, = {i | u(i) = v}.

(b) Let @ : * — y be an arrow of @ and let {z; | ¢ € I,} be a
basis of M(C), and {z] | i € I,}. Suppose a = ¢; for some
i€{2,...,n+1}. We have that x is the target of ¢;_1, so z = u(i),
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and y is the target of ¢;, so y = u(i +1). The K-linear map
fo: M(C)y — M(C), is defined by

)z ifg =1,

Jal2s) = {0 if j # i,

Suppose now a = ¢; * for some ¢; : ¥ — y, 4 € {2,...,n+1}. Then

Ja : M(C)y — M(C), is defined by fo(zi,,) = 2z; and fo(2}) = 0,
for j #i.

If a is any another arrow of (), then f, := 0.

It is easy to check that M (C') satisfies the relations in /. Furthermore,
M(C™') is isomorphic to M(C) and M(1(,4) is the simple representa-
tion corresponding to the vertex a.

Consider the path algebra CQr/Rela. In this case, none of the strings
contains a cycle, because any cycle of ()7 contains a triangle relation,
and according to the definition, the strings cannot contain any relation.
We can deduce that the string modules are the same as the modules of
type A for the path algebra CQr/Reln.

In [12] is given a list of almost split sequences, called canonical exact
sequences, where the start and end terms and all summands of the
middle terms are string modules, and it is proved that these canoni-
cal exact sequences are exactly the almost split sequences containing
string modules. Lemma 4.3.7 follows from this result for the irreducible

morphisms are components of morphisms in almost split sequences (see
2.3.2, 2.3.13 and 2.4.13).

Proof of Theorem /.3.1.

We are now able to finish the proof of the Theorem 4.3.1. The objective
is to prove that each indecomposable module in Mod ()7 is the image of a
positive root under ©.

Let M be an indecomposable Q7-module bound by the triangle relations
of type A. By 4.3.7, the component of M in the Auslander-Reiten quiver
contains only modules of type A. Thus, this component is finite and by 2.5.10,
every indecomposable module is of type A and in particular is multiplicity
free. So there exists a one-to-one correspondence between indecomposable
Qr/Relp-modules and full subquivers of @ of type A with no paths going
through two sides of a triangle. Since there is exactly one full subquiver
of type A of Qr, with no paths going through two sides of a triangle, with
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extremes ¢ and j, for each pair 7, j of vertices of ()7, the number of these full

subquivers of type A is equal to nntl) - So there are “t indecomposable

( 2 2
Qr-modules.

Let a be a positive root and let M = (M, f*) be the image of a under ©.
We know that o can’t intersect all the sides of a triangle T" and the support
of o is connected, by 4.3.3. Hence, according to the definition of M*, M is an
indecomposable of type A. Moreover, by 4.1.1, different positive roots have
different supports. Thus, the map © : &, — { M | M = O(«) for some « €
. } is injective. Since the number of positive roots is equal to w, the
same as the number of indecomposable (Q7-modules, we conclude that this

map is bijective as required. O

Denote by Ind(Qr) the set of the indecomposable Q7-modules bound by
the triangle relations. Note that we showed in this proof that Ind(Qr) =
{(M?, f*) | « diagonal of P, 3 not in T'}.

We end this section with a straightforward corollary of 4.3.1.

Corollary 4.3.9. There ezists a bijection ¢ between Ind(Qr) and the diago-
nals of the polygon not in T'. Moreover, for M in Ind(Qr) and any vertex i
of Qr, the multiplicity of the simple module S; in the module M is 1 if p(M)
crosses the it" diagonal of T and 0 if not. In particular, for two isoclasses
M, M" in Ind(Qr), we have M = M’ if and only if n;(M) = n;(M") for all

1.

4.4 The exponents in the Laurent polynomi-
als

Recall the theorem 3.4.5, which gives a bijection between the cluster variables
of a cluster algebra of finite type and the set of almost positive roots of the
corresponding root system, such that each cluster variable x[a] is described
as a Laurent polynomial in a certain cluster z,, with the denominator given
by the linear combination of « in terms of the simple roots.

The main result of [13] gives a description of any cluster variable of a
cluster algebra of type A, as a Laurent polynomial in an arbitrary cluster
C, where the denominators are related to the indecomposable modules of
Mod Qr/Rela (or equivalently, Mod Qc/Rc¢), and is stated as follows.

Theorem 4.4.1. Let C = {uy,...,u,} be a cluster of a cluster algebra of
type A, and let V be the set of all cluster variables of the algebra. Let Q¢ be
the quiver with relations associated to C' and Ind(Q¢) the set of isoclasses of
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indecomposable modules. Then there is a bijection

Ind(Qc) — V\C

a —  z[al,
such that
P(uy,...,un
tla] = S,
=1 "
where P is a polynomial not divisible by any u; (1 = 1,...,n) and n;(«) is

the multiplicity of the simple module o; in the module «.

This last section is devoted to the proof of this theorem. The proof of the
existence of the bijection uses 4.3.9 and 3.4.5. The results presented in this
section are related to the calculation of the exponents in the denominators
of the Laurent polynomials.

Firstly, let us introduce the terminology used in the sequel. Let A be a
cluster algebra of finite type and rank n. Denote by ®-_; the set of almost
positive roots, and by z[a] the cluster variable corresponding to «, by the
bijection of 3.4.5. Fix a cluster C' = {uq,...,u,} and let f;,..., 3, be the
almost positive roots such that z[3;] = u;.

By the Laurent phenomenon 3.3.1, each cluster variable z]a] (o € &> _4)
can be written in the form:

Ra,C
l’[a] - HT,LI u[awghc}a (41)
where R, ¢ is a polynomial in the variables u, ..., u, such that none of

the u; divides R, ¢, and [a, 5, C] € Z.

Lemma 4.4.2. For any pair of almost positive roots «, 3; and any pair of
clusters C,C" such that u; = z[3;] € C N C’, we have [, 5;, C] = [, B;, C'].

Hence, we can denote [, 3,C| by [, (], for any pair o, 3 of almost pos-
1tive roots.

Proof. Let us prove first that the exchange graph for clusters containing
the given cluster variable u; is connected. Let C; and Cy be two clusters
containing a fixed cluster variable and suppose they are adjacent, and write
Cy = Cy \ {B} U{F'}. Let 7 be one of the involutions 7., 7_. Applying 7 to
these clusters, we get two clusters 7(C4) and 7(Csq) satisfying 7(C2)N7(Ch) =
7(C1) \ {7(8)}, for 7 is a bijection. Recall that in finite type, two clusters
are adjacent in the exchange graph if they agree on n — 1 elements (where
n is the rank of the cluster algebra). Thus, 7(C}) and 7(Cs) are adjacent.
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Hence, the exchange graph of clusters containing a fixed cluster variable is
mapped to an isomorphic graph by the action of 7.

The clusters in ® containing —a; are the union of {—«;} with a cluster C
of ®;, where ®; is the root subsystem of ® obtained from ® by removing —q;
(cf. 3.5.5 (2)). Two such clusters {—a;} UC and {—a;} UC" are adjacent in
the exchange graph if and only if C' and C” have the same elements except
one, i.e., C' and C" are adjacent in the exchange graph for ®;. Let Uq,..., U,
be the connected components of ®;. Then, the clusters of ®; are given by
disjoint unions of clusters for ¥y,..., U, (cf. 3.5.5 (3)). Two clusters are
adjacent in ®; if and only if their components in ¥; are the same for all j
except one, where they are adjacent in the exchange graph of ¥;. Therefore,
the exchange graph of ®; is the product of the exchange graphs of the V.
Each of these exchange graphs is connected, as it is the exchange graph of
a cluster algebra of finite type corresponding to its Dynkin diagram. Hence
the direct product of these graphs is connected as well and so is the exchange
graph of ®;. Consequently, the induced subgraph of the exchange graph of ®
on the vertices corresponding to clusters containing —aq;, which is isomorphic
to the exchange graph of ®;, is connected.

If we show now that the exponent of w; in the denominator of z[a] is
unchanged in mutations which do not exchange u;, the lemma is proved.
Consider the mutation C' — C” that exchanges the cluster variables u; € C

and u; € C'. The exchange relation gives u; = Ml;i_Mz, where M; and My

are monomials without common divisors in the variables C'\ {u;}. From
equation 4.1, we obtain by substitution

My +Mo
Rmc(ul,...,’u]‘_l, o ,uj+1,...,un)
J

zla] =
«a,F;,C .08;

Hl;éj ul[ l ](Mlu;;%)[ 3¢

By the Laurent phenomenon, z[a] is also a Laurent polynomial in the vari-

/
ables uy, ..., uj, ..

U
f
d S
(Hk;éj “kk> (U})dj
where f is a polynomial in wy,...,u}, ..., u,, not divisible by any of the
variables. We want to show that d; = [, §;, C]. We have

(4.2)

zla] =

My+Mo
Ra,C(“h sy Uj—1, T?uj-i-l? s 7un)
J

H u[aaﬂlvc] My+Mo
I#i,5 u;

u*afa] =

)[a,ﬁj,C] (4.3)
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The denominator is non-zero at u; = 0, as the first part does not involve w;
and M, Ms have no common divisors, in particular u; doesn’t divide both
M, and Ms, Hence My + Ms|,,—0 # 0. On the other hand we have

M, + M,

Ra,C(Uh e 7un)’ui:0 = Rac(Ub ceey Ui, —u’ y Ujt1y e v 7un)|u1_<_M1+Mz u;=0
. J Uz
i J
M, + My
= Ra,C(ub ey Uity 5 U1, - - ,Un) u; =0 |u/_(_]”1+1\/[2 o
U] J uj U=
By assumption, Ry c(u1, ..., Uy)|u=0 7 0. Hence
My + M,
Ra,C(ula ceey Uj—1, T,Ujﬂ, cooy Un)|u=0 # 0.

J
Therefore, the right-hand side of 4.3 is defined and non-zero at u; = 0. Using
4.2, the left-hand side of 4.3 is given by

f

- d A [5:,0]°
Hk;éj,iukk(u;')d]u' €1

(2

0 alal

(4.4)

u

Suppose d; > |a, §;,C]. Then, the right-hand side of 4.4 is not defined at
u; = 0, a contradiction. If d; < [«, §;, C], the right-hand side of 4.4 is zero
at u; = 0, a contradiction too. Therefore, d; must be equal to [«, §;, C], and
the Lemma is proved. [

Lemma 4.4.3. [17, Lemma 4.8] Let (z,p, B) be a seed. Denote by by, 5(C)
the entry by (3 of B, where x|al,x[f] are two cluster variables of x. For

T € {7, 74}, we have by (o) -3 (T(C)) = —ba(C).
From now on we only consider simply-laced root systems.
Lemma 4.4.4. Let o, 3 be two almost positive roots. Then
o, 8] = [rza, 72 0].

Proof. Let Cy be a root cluster that contains a and C},, be a root cluster that
contains (3. These two clusters are connected by a sequence of adjacent root

clusters
Co— Cp ... Ch, (4.5)

in the exchange graph. Applying 7, where 7 is one of the involutions 7,7,
we get another sequence of adjacent root clusters

T(Co) < 7(C1) < ... = 7(Cy), (4.6)
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where 7(a) € 7(Cy) and 7(5) € 7(C,,) (this was already observed in the
proof of 4.4.2). We can obtain an expression for the cluster variable z[a]
(resp. z[r(a)]) in terms of the cluster variables of C,, (resp. 7(C.,)) us-
ing the exchange relations associated to the mutations of the sequence 4.5
(resp. 4.6). Note that these exchange relations depend only on the matrices
B(Cy),...,B(Cy,) (resp. B(1(Cy)),...B(1(Cy,))) associated to the clusters
Co,...,Cy (resp. 7(Ch),...,7(Cy)). Thus, by 4.4.3 and because the ex-
change relations are not changed by the minus sign (cf. 3.1.23), those expres-
sions are the same. In particular, [a, 5] = |o, 5, Cy] = [7(@), 7(8), 7(C)] =
[T(a), 7(B)], by 4.4.2. ]

Lemma 4.4.5. Let —ay; be a simple negative root and o an almost positive
root. Then

[, —a;] = ni(@).

Proof. Let Cy be the cluster whose cluster variables correspond to the nega-
tive simple roots, i.e., Co = {z[—ay], ..., z[—a,]}. By 4.1, [a, —ay, Cp] is the
exponent of x[—cq;] in the denominator of the Laurent polynomial expression
of z[a] in terms of the elements of Cy. On the other hand, by 3.4.5, which
gives an expression for z|a] in terms of the cluster Co, [a, —ay, Co). By 4.4.2,
[, —ay, Co| = [, —y], and we are done. O

Proposition 4.4.6. Let a, 8 be two distinct almost positive roots. Then

[, 5] = (| 6).
Proof. Consider the function b: ®&>_4 x &>_; — Z>( defined by

if
b(a, B) = {é@a] i Z i g’

If we prove that b is such that b(—a;, 3) = max(n;(3),0), where n;(3) is
the coefficient of a; on the expression of ( written as a linear combination
of the simple roots, and b(7+(a), 7+(5)) = b(a, B), for any almost positive
roots «, 3, then we conclude that b(a, 3) = (f]|«), since the compatibility
degree is the unique function satisfying these properties, and the lemma
follows since (||) is symmetric in the simply-laced case.. Indeed, we have
B, —a;] = n;(B), by 4.4.5, and so b(—ay, 5) = max(n;(3),0). The second
property follows directly from 4.4.4. O

Now we are able to prove the theorem 4.4.1.
Let A be a cluster algebra of type A,. Let D be the set of diagonals
of P,.3. The almost positive roots correspond to these diagonals, as it was
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observed in the end of section 5 of the chapter 3. Moreover, the root clusters
correspond to the triangulations of P, 3 (cf. 3.5.8 (3)).

On the other hand, theorem 3.4.5 gives a bijection « — z]a] between the
set of almost positive roots and the set V' of the clusters variables. So there
is a bijection, say ¢, between D and V.

Fix a cluster C' = {uy,...,u,} of A. Let {31,...,3,} be the correspond-
ing root cluster, i.e., u; = x[3;], Vi € [n]. Denote by T¢ the triangulation of
P, 3 that corresponds to this cluster. Thus, ¢ takes the elements of T to
the elements of C'. Since ¢ is a bijection, it maps D \ T¢ to V' \ C.

By corollary 4.3.9, there is a bijection ¢ between Ind(Qr.) = Ind Q¢ (cf.
4.1.3) and D \ T¢. Therefore, the composition of ¢ and ¢ yields a bijection
from Ind Q¢ to V'\ C.

Let M“ be an element of Ind ()¢, with the corresponding diagonal « in
D\ T¢. By 4.1 and 4.4.2,

P e
[Tis w
where P(uy,...,u,) is not divisible by any of u;, i = 1,...,n. We want to

show that [«, ;] = n;(«) for each i € [n|, where n;(«) denotes the multiplicity
of the simple module corresponding to the vertex ¢ of Q)¢ in the module M®.
Note that as a ¢ T, o # ;. Hence, by applying 4.4.6, we get [a, 3;] =
(]| Bi). By 3.5.8 (2), («]|5;) is one if the diagonals a and 3; are crossing,
which is to say that [3; lies in the support of «, and zero otherwise. Hence

0 otherwise,

. 3] = {1 if 3; € Supp(a),

which is equal to n;(«), since f3; belongs to the support of « if and only if
the simple corresponding to the vertex ¢ of Q¢ occurs in M*. O
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