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Abstract The Bus Driver Rostering Problem (BRP) refers to the assignment of
drivers to the daily crew duties that cover a set of schedules for buses of a company
during a planning period of a given duration, e.g., a month. An assignment such as
this, denoted as roster, must comply with legal and institutional rules, namely Labour
Law, labour agreements and the company’s regulations. This paper presents a new
bi-objective model for the BRP, assuming a non-cyclic rostering context. One such
model is appropriate to deal with the specific and diverse requirements of individ-
ual drivers, e.g. absences. Two evolutionary heuristics, differing as to the strategies
adopted to approach the Pareto frontier, are described for the BRP. The first one, fol-
lowing a utopian strategy, extends elitism to include an infeasible (utopic) and two
potential lexicographic individuals in the population, and the second one is an adapted
version of the well known SPEA2 (Strength Pareto Evolutionary Algorithm). The
heuristics’ empirical performance was studied through computational tests on BRP
instances generated from the solution of integrated vehicle-crew scheduling prob-
lems, along with the rules of a public transit company operating in Portugal. This
research shows that both methodologies are adequate to tackle these instances. How-
ever, the second one is, in general, the more favourable. In reasonable computation
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times they provide the company’s planning department with several rosters that sat-
isfy all the constraints, an achievement which is very difficult to obtain manually. In
addition, among these rosters they identify the potentially efficient ones with respect
to the BRP model’s two objectives, one concerning the interests of administration,
the other the interests of the workers. Both heuristics have advantages and draw-
backs. This suggests that they should be used complementarily. On the other hand,
the heuristics can, with little effort, be adapted to a wide variety of rostering rules.

Keywords Bus driver rostering · Bi-objective problems · Evolutionary algorithms

1 Introduction

Rostering is mainly a human resources management problem that may arise in sev-
eral contexts, e.g., in the transport and in the health care sectors. Transport operators
in particular require very careful management of human resources in view of the
increasing burden of costs and the need to provide a high quality service. The roster-
ing problem supports the production of work schedules for a set of workers—called
roster—that must satisfy institutional and legal regulations, during a planning period.
A good roster should also comply with workers’ preferences. These are not only
important for the workers themselves, but also for the employer, insofar as worker
satisfaction lowers the incidence of professional illness, accidents and absenteeism.
Consequently, rostering naturally calls for a multi-objective model to reconcile con-
flicting interests.

Personnel scheduling and rostering has been in the operations researchers’ agenda
since Dantzig’s paper on scheduling collectors at toll booths (Dantzig 1954). There
are many bibliographical references on rostering, as surveyed by Ernst et al. (2004).
However, only a few studies have been published on transit crew rostering, with the
same connotation as bus driver rostering studied here.

It should be noted that the bus driver rostering problem, as well as the vehicle
and crew scheduling problems are the most important issues of the operational plan-
ning phase in public transit companies. However, bus driver rostering differs from
crew scheduling insofar as rostering per se deals with the assignment of duties to a
particular set of drivers of the company during the planning period, whereas crew
scheduling builds a set of duties that cover the bus schedules for a short period, usu-
ally a single day, which are the outcome of the vehicle scheduling problem. In fact,
the literature on crew scheduling is considerable, whereas that on bus driver rostering
is limited. This may be so because, as opposed to the bus driver rostering process,
crew scheduling is more standardised among public transit companies.

Previous approaches to bus driver rostering are surveyed by Odoni et al. (1994) and
the most recent studies have been based on models designed to tackle the cases where
drivers perform cyclic rosters (Emden-Weinert et al. 2001; Pedrosa and Constantino
2001). Cyclic rostering easily embeds the balancing of the workload among drivers,
but does not cope with certain real world specifics, namely the particular requirements
of each driver. We argue the importance of personalised schedules, adapted to satisfy
the different interests and needs of drivers, such as absences for holidays, scheduled
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medical assistance, trade union service, training, etc. In fact, in a non-cyclic rostering
strategy, as drivers are not obliged to cycle from week to week within a set of pre-
defined work schedules, their work schedules cope with those conditions.

As to other rostering problems within the transport sector, those arising in air
transport companies share few similarities with bus driver rostering (see, for instance,
Cappanera and Gallo 2004; Kohl and Karisch 2004). Though the cases of train or
underground crew rostering are not that different from bus driver rostering, they have
also been tackled on a cyclic basis (Caprara et al. 1997, 1998; Dornberger et al. 2008;
Hartog et al. 2009; Lezaun et al. 2006; Sodhi and Norris 2004).

The mathematical models for bus, train or underground driver rostering found in
the literature are either based on networks (Bianco et al. 1992; Caprara et al. 1997;
Carraresi and Gallo 1984); or within set covering/partitioning (Caprara et al. 1997,
1999; Catanas and Paixão 1995; Freling et al. 2004; Portugal et al. 2009). In any case,
the exact methodologies do not handle all real world applications of driver rostering
problems, namely those that give rise to high dimension instances. Hence, the solu-
tion approaches have been a mix of exact, heuristic and relaxation based methods or
heuristic methods alone.

The multi-objective nature has been tackled in various rostering issues, such as
train and/or air crew rostering (Caprara et al. 1998; Dornberger et al. 2008; Lucic and
Teodorovic 1999, 2007), nurse rostering (Moz and Pato 2007; Silva and Le 2008)
and airport staffing (Chu 2007). Catanas and Paixão (1995) proposed a bi-objective
set covering formulation for bus driver rostering. The model considers minimising
both the maximum workload and the total roster cost. The first objective is implicitly
taken into account by introducing side constraints. In order to reconcile the interests
of drivers and the employer in bus transit companies, Emden-Weinert et al. (2001)
proposed a decision support system for rostering with multiple objectives, as well
as algorithms combining integer linear programming and local search. For a general
survey on multi-objective issues for personnel scheduling in different contexts see
Silva et al. (2004).

The above reasoning supports the need for new methodologies to efficiently tackle
real instances of highly constrained multi-objective non-cyclic driver rostering prob-
lems. The Bus Driver Rostering Problem is presented through a bi-objective model in
Sect. 2 of this paper, along with a mathematical formulation in Sect. 3. Section 4 pro-
poses two evolutionary heuristics, followed by Sect. 5 which provides computational
results. Final comments can be found in Sect. 6.

2 Problem description

The Bus Driver Rostering Problem (BRP) consists of building a work schedule for
each of the company’s bus drivers who are assigned to a specific depot, over a plan-
ning period of 28 days, the rostering period, so as to cover the driving demand for the
period, i.e., the entire set of (daily crew) duties required to perform all the trips of the
depot’s vehicles. The rostering period is, as usual, assumed to begin on a Monday,
thus consisting of four complete weeks, i.e. a month.

Here, by ‘work schedule’ one means a sequence of duties and days off, whose
length is 28, to be assigned to a single driver for the period; while ‘duty’ refers to a
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set of pieces of work with breaks and idle times, to be performed by a single driver
during a specific day. The set of all the drivers’ work schedules in a rostering period
is called a roster. Note that some authors use roster in the same sense as the above-
mentioned work schedule. Hence, this problem takes the duties for each day of the
rostering period, i.e., the output of 28 crew scheduling problems, and produces a
roster, i.e., a set of work schedules, one per driver.

Rosters must comply with the conditions and rules imposed by labour union
contracts, institutional and legal requirements that establish the hard constraints,
such as the number of days off per week, specific days off per week, a mini-
mum/maximum number of days for the length of a rest period, a minimum number of
Sundays/weekends off in the planning period, a minimum number of rest hours be-
tween two consecutive work periods and a minimum/maximum number of days for
the length of a work period. Rosters that cover the demand and satisfy the established
conditions and rules (the hard constraints) may be distinguished by the different fea-
tures that qualify them as good or bad, according to distinct interests or points of view.
For example, good rosters may be characterised by equity in the distribution of Sun-
days/weekends off among drivers, equity in the distribution of overtime work, equity
in the distribution of late duties and, where administration goals are concerned, the
low cost of assignments, reduction of part-time workloads, and small gaps between
each driver’s overall scheduled hours and the respective contracted hours per period.
These requirements are generally taken as soft constraints, as distinct from hard ones,
or even as objectives to attain.

The rostering problem studied throughout this paper considers a set of hard con-
straints and two optimisation objectives that will be detailed next. However, both the
formalisation, described in Sect. 3, and the heuristics, described in Sect. 4, can be
adapted to any of the above-mentioned or other situations, always within the frame-
work of non-cyclic rostering.

For each rostering period of 28 days, the set of duties to be covered, and the re-
spective starting time and length, are known in advance. The hard constraints of the
BRP may be summarised as follows:

(h1) each duty must be assigned to one and only one driver;
(h2) each driver must be assigned one and only one duty or a day off, each day;
(h3) some drivers must be granted specific days off due to planned absences (for

instance, holidays), or all weekends off, in view of seniority;
(h4) each driver must enjoy a minimum rest period between consecutive duties, thus

defining compatible consecutive duties per driver;
(h5) drivers must not work more than g consecutive days;
(h6) drivers must have at least dw days off a week;
(h7) drivers must have at least ds Sundays off in each rostering period;
(h8) drivers must work no more than b1 hours per week and b2 hours per rostering

period.

The rostering within the BRP is guided by the two following objectives:

(o1) minimise the maximum total overtime during the rostering period, per driver;
(o2) minimise the number of drivers whose workload is positive but less than q du-

ties, the contractual number of duties per rostering period.
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The total overtime per driver, in objective (o1), is the sum of the daily excess work-
load over the contractual workload, t̄ . Note that the two objectives in fact represent
the interests of both entities involved in the problem: bus drivers and the company’s
administration. By minimising the number of drivers working below the contrac-
tual workload, q duties—objective (o2)—more drivers of the depot are left with no
duty assignments. Hence, those drivers can be assigned to other depots of the com-
pany. Objective (o2) at the same time increases the scheduled workload of the other
drivers—fewer days off—thus raising total overtime per driver. On the other hand,
objective (o1) not only reduces total individual overtime, and distributes it equitably
among drivers, but also enlarges the set of drivers assigned to work. Therefore, it also
enlarges the set of the drivers that work less than q duties per rostering period.

In short, the BRP sets out to determine a roster capable of fulfilling the demand
expressed by the set of duties for the rostering period, besides satisfying the hard
conditions, (h1) to (h8), and optimising objectives (o1) and (o2) defined from the
most relevant soft constraints faced by driver rostering in the company.

3 Mathematical formulation

The BRP can be modeled as a bi-objective binary non-linear programming problem
as follows.

First, the parameters and the sets necessary for the formulation are introduced:

V = set of drivers of the company;
g = maximum number of consecutive days without a day off;
T w

h = set of duties of day h,h = −g + 1, . . . ,0,1, . . . ,28;
T ϑ

h = {ϑ}, the set with the day off for each day h,h = −g + 1, . . . ,0,1, . . . ,28;
Th = set whose elements are the duties of day h and the day off taken on day h, that

is T w
h ∪ T ϑ

h ,h = −g + 1, . . . ,0,1, . . . ,28;
T v

ih = set including the day off and the duties of day h that are compatible for driver
v with duty i of day h − 1, v ∈ V, i ∈ Th−1, h = 1, . . . ,28;

tih = length of duty i on day h, i ∈ T w
h ,h = 1, . . . ,28;

t̄ = contractual daily working time of a driver;
t ′ih = max{0, tih − t̄ }, i ∈ T w

h ,h = 1, . . . ,28;
b1 = maximum total work time per week per driver;
b2 = maximum total work time per rostering period per driver;
dw = minimum number of days off per week per driver;
ds = minimum number of Sundays off per rostering period per driver;
q = contractual number of duties (working days) of a work schedule;
Fv = set of obligatory days off for driver v during the rostering period, defined by

hard constraint (h3), v ∈ V ;

ev
ih =

{
1, if driver v performed duty i on day h of the previous rostering period
0, otherwise, v ∈ V, i ∈ T w

h ,h = −g + 1, . . . ,0.

Three types of binary variables are used to formulate the BRP:
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yv
ih = 1—if driver v performs duty i on day h or, in case i = ϑ , gets a day off on that

day, 0 otherwise, v ∈ V, i ∈ Th,h = 1, . . . ,28;
ωv = 1—if driver v does not work or is assigned to less than q duties during the

rostering period, 0 otherwise (driver v works q or more duties), v ∈ V ;
ηv = 1—if driver v is assigned to at least one duty during the rostering period, 0

otherwise, v ∈ V .

The formulation follows:

minimise

[
f1
f2

]
=

[
maxv∈V

∑28
h=1

∑
i∈T w

h
t ′ihyv

ih∑
v∈V (ωv + ηv) − |V |

]
, (1)

subject to:∑
v∈V

yv
ih = 1, i ∈ T w

h , h = 1, . . . ,28, (2)

∑
i∈Th

yv
ih = 1, v ∈ V, h = 1, . . . ,28, (3)

∑
v∈V

∑
h∈Fv

∑
i∈T w

h

yv
ih = 0 (4)

yv
i,h−1 +

∑
j∈Th\T v

ih

yv
jh ≤ 1, i ∈ Th−1, v ∈ V,h = 2, . . . ,28, (5)

ev
i0 +

∑
j∈T1\T v

i1

yv
j1 ≤ 1, i ∈ T0, v ∈ V, (5′)

g∑
l=0

∑
i∈T w

h+l

yv
i,h+l ≤ g, v ∈ V,h = 1, . . . ,28 − g, (6)

0∑
l=h

∑
i∈T w

l

ev
il +

h+g∑
l=1

∑
i∈T w

l

yv
il ≤ g, v ∈ V,h = −g + 1, . . . ,0, (6′)

7l∑
h=7(l−1)+1

yv
ϑh ≥ dw, v ∈ V, l = 1, . . . ,4, (7)

4∑
l=1

yv
ϑ,7l ≥ ds, v ∈ V, (8)

7l∑
h=7(l−1)+1

∑
i∈T w

h

tihy
v
ih ≤ b1, v ∈ V, l = 1, . . . ,4, (9)

28∑
h=1

∑
i∈T w

h

tihy
v
ih ≤ b2, v ∈ V, (10)
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−
28∑

h=1

∑
i∈T w

h

yv
ih + q − 28ωv ≤ 0, v ∈ V, (11)

28∑
h=1

∑
i∈T w

h

yv
ih − 28ηv ≤ 0, v ∈ V, (12)

yv
ih ∈ {0,1}, v ∈ V, i ∈ Th,h = 1, . . . ,28, (13)

ωv ∈ {0,1}, v ∈ V, (14)

ηv ∈ {0,1}, v ∈ V. (15)

Sets (2), (3) and (4) of equalities impose hard constraints (h1), (h2) and (h3),
respectively. Moreover, constraints (5) and (5′) force hard constraints (h4) as a result
of the definition of compatible duties. Inequalities (6) and (6′) formalise the hard
constraint (h5), whereas (h6) to (h8) are forced by (7) to (10).

Inequalities (11), along with minimisation of the objective function f2 force the
variable ωv to be equal to 1, when driver v is assigned to less than q duties per
rostering period or does not work at all during the period, for each v ∈ V ; otherwise
ωv is set equal to 0. Meanwhile, inequalities (12) along with minimisation of f2
impose the value 1 for the variable ηv , when driver v is assigned to driving work
during the period, otherwise it is set equal to 0, for each v ∈ V .

Finally, conditions (13) to (15) impose the domains of the variables.
The two objectives of BRP, (o1) and (o2), are formalised by minimising the vecto-

rial function in (1). In fact, the first component f1 represents the maximum overtime
per driver and f2 the total number of drivers assigned to work but with an incomplete
workload, less than q duties, during the rostering period. This can be seen from the
following rewriting of the formula for this objective function in (1):

f2 =
∑
v∈V

(ωv + ηv) − |V | =
∑
v∈V

ωv −
(

|V | −
∑
v∈V

ηv

)

where the second expression in brackets represents the number of drivers at the depot
who are not assigned to driving during the period.

The BRP can be proved to be an NP-hard problem on the strength of arguments
similar to those used to prove NP-hardness in the case of the nurse rerostering issue
in Moz and Pato (2007).

Computational experiments revealed the difficulty in reaching optimality for some
real BRPs. In fact, the experience described in Mesquita et al. (2008), with a set of
50 instances and a corresponding number of duties from 420 to 1404, has shown that
even for the single objective problem minimise f1, after linearisation, the CPLEX
11 software optimiser (CPLEX 2007) did not achieve exact solutions for most cases,
within four CPU hours. This experience, already anticipated in view of the high com-
plexity of the problem, besides the dimension of its real life instances, motivated the
authors to use evolutionary heuristics. As a rule, they are well equipped to deal with
high complexity problems and have been successfully applied to other bi-objective
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problems, including nurse (re)rostering issues (Aickelin and Dowsland 2004; Pato
and Moz 2008).

4 Evolutionary heuristics

Two evolutionary heuristics were developed for the BRP: the Utopic Genetic Heuris-
tic (UGH) and the Adapted SPEA2 (ASP), which differ as to the strategy used to
approximate the (exact) Pareto frontier for BRP.

4.1 Common features

The encoding of individuals of the population and the decoder (to obtain solutions
from the individuals) are identical for both evolutionary algorithms being tested.

An individual is characterised by a pair of chromosomes: one associated with a
list of duties—duty chromosome—and the other with a list of drivers—driver chro-
mosome. The first one is a permutation of all the duties to be assigned during the
rostering period—with length r = ∑28

h=1 |T w
h |—and the second one a permutation of

the drivers of the depot—with length |V |. Both are coded by integer vectors.
The main aim of the evolutionary heuristic is to determine feasible solutions for

the BRP, i.e., rosters. Consequently, each individual of the population must be de-
coded so as to produce a roster. As the rostering problem, in fact, includes many
and different hard constraints, namely those concerning a non-homogeneous work-
force, the problem of finding feasible solutions is very difficult. Thus, a constructive
heuristic (the Decoder algorithm) was carefully designed to ensure that the solutions
produced do satisfy all the hard constraints as much as possible. In fact, simple for-
ward planning heuristics cannot easily deal with all the rostering rules of the BRP.
Therefore, to obtain a roster one must take the pair of (different type) chromosomes
characterising a specific individual and run the algorithm Decoder in its CONSTR
version. This process corresponds to a specially devised constructive heuristic using
the two chromosomes as input.

The algorithm Decoder(CONSTR), described in Fig. 1, starts from the two lists,
represented respectively by the vectors duties[i], with i = 1, . . . , r , and drivers[j ],
with j = 1, . . . , |V |, considering that all duties are set free (non-assigned) and all
drivers are also set free—STEP 1. In the main step, STEP 2, the algorithm tries
to attribute each non-assigned duty to a driver, while sequentially testing the hard
constraints. The testing order, shown in STEP 2.1, comes from the need for compu-
tational efficiency, the last constraints being the most difficult ones to satisfy. It is
important to stress that this constructive heuristic may yield an infeasible solution,
i.e., a ‘roster’ which does not satisfy all the hard constraints. In STEP 3, if a fea-
sible solution is found, in order to evaluate the fitness of the respective individual,
one calculates the values of the two objective functions f1 and f2—in the case of
the bi-objective algorithms UGH (main iteration) or ASP—or the value of one objec-
tive function alone—in the case of the single objective auxiliary genetic procedure
to determine the first generation’s population or the utopic individual, see Sect. 4.2.
Otherwise, the solution is infeasible and a penalised fitness value is assigned to the
corresponding individual.
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ALGORITHM Decoder(CONSTR or IMPROV)

STEP 1. {initialisation}
1.1 Set the list of duties equal to the duty chromosome.
1.2 Set the list of drivers equal to the driver chromosome.
1.3 All the drivers for all days are set free and all the duties are set free.
1.4 Set the index of the first duty to assign i = 1.

STEP 2. {assignments}
2.1 Search for the minimum j such that drivers[j ] is a free driver to assign duties[i], verifying

the hard constraints in the order (h3), (h5), (h6), (h4), (h7) and (h8).
IF a free driver is found, drivers[j ], THEN
2.2 Assign duties[i] to drivers[j ], set duties[i] as non free and drivers[j ] as non free for

the corresponding day;
i = i + 1;
IF i ≤ r THEN GO TO 2.1;

ELSE {it is not possible to assign duties[i] to any driver}
2.3 IF version=CONSTR THEN GO TO 3.

IF version=IMPROV THEN
REPEAT

Backtrack to the last duty already assigned, duties[i − 1];
Insert duties[i] in position i − 1, pushing duties[i − 1] and its successors one
position forward;
FOR all k = i to r DO set duties[k] free and the driver assigned to duties[k] free

for the corresponding day;
i = i − 1;
Search for the minimum j such that drivers[j ] is a free driver to assign duties[i]
verifying: (h3), (h5), (h6), (h4), (h7) and (h8);

UNTIL (j is found OR i = 1).
IF j is found {duties[i] can be assigned to drivers[j ]} THEN GO TO 2.2;
ELSE {duties[i] cannot be assigned to any driver} GO TO 3.

STEP 3. {stopping criterion}
IF all the duties are non-free THEN {a roster is found}

Compute the objective value(s) associated with the roster;
ELSE {the solution is infeasible}

Assign an adequate penalty to the objective value(s).

STOP

Fig. 1 Description of the Decoder algorithm

Either in UGH or in ASP the initial population is randomly generated, but within
UGH a genetic initialisation phase follows, searching for feasibility in the population,
in accordance with the description of the respective algorithm.

In both cases, if after the first NINIC generations no feasible solution is found
by the genetic search, then one individual is randomly chosen from the population
of generation NINIC and feasibility is enforced by using an improved constructive
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heuristic, denoted as Decoder(IMPROV), acting as the Decoder(CONSTR) but in a
more sophisticated way. The Decoder(IMPROV) is a constructive heuristic enhanced
with a kind of simplified local search that tries to find a feasible solution for BRP,
searching for feasibility within local neighbours, as briefly described in STEP 2.3 of
Fig. 1 for algorithm version IMPROV. This procedure is called for when, at some
point of the assigning process, a duty cannot be assigned to any free driver, meaning
that the assignment by the specific order cannot reach a feasible solution. The main
idea behind IMPROV is to move back in the process by cancelling some previous
assignments, then to insert that duty in a lower position in the list and resume the
process from that point forward.

In each of the NGER generations of both bi-objective evolutionary approaches,
UGH and ASP, the cardinality of the population is fixed at p individuals, equal for all
generations. The selection operator randomly picks p individuals from the respective
population, thus forming a mating pool with cardinality equal to p.

Crossover and mutation operators act independently on the two types of chromo-
somes of the individuals taken from the mating pool. The crossover operator is ap-
plied in the same way on the chromosomes of the same type (duty or driver) of each
pair of individuals randomly chosen for recombination. After the crossover operation,
two new duty chromosomes are produced, as well as two new driver chromosomes.
By matching each chromosome of one type with a chromosome of the other type
an offspring is obtained. The two offspring replace the two parents in the popula-
tion. The mutation operator is also applied in the same way on both duty and driver
chromosomes of an individual randomly picked for mutation. This operator acts on
that chromosome by swapping the positions of two of its randomly chosen genes. In
the sequence, the Decoder(CONSTR) acts independently on the new individuals (to
produce new rosters) and computes the respective fitness values.

4.2 Utopic genetic heuristic

In evolutionary heuristics, because of the optimisation objective(s), the fitness of each
individual must reflect the quality of the corresponding solution. In the case of UGH
the fitness of an individual is calculated according to the position of the respective
point in the objective space in relation to the Pareto frontier of the current generation’s
population, called Pareto rank (Goldberg 1989). Here, the fitness is simply defined
as the inverse of the Pareto rank. For individuals corresponding to rosters that do
not satisfy all the hard constraints, the respective objective values are penalised, as
mentioned above. As a result, these individuals belong to the last rank and obtain the
lowest fitness value.

Below, Fig. 2 outlines the pseudo-code of the evolutionary heuristic UGH. The
initial population is generated, in STEP 1.1, by running a single objective evolu-
tionary algorithm, guided by objective (o1) alone, sharing all the other features with
algorithm UGH, with the obvious exception of the fitness evaluation and number of
iterations, here INGER.

The selection operator used to obtain the mating pool is based on the roulette wheel
procedure, which states that the probability of an individual’s entering the mating
pool is directly proportional to its fitness. In generation t , the genetic operators act
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ALGORITHM UGH

STEP 1. {initialisation}
1.1 Create the initial population Pop(1).
1.2 Determine the utopic individual.
1.3 t = 1.

STEP 2. {evaluation and selection}
2.1 FOR all individuals i ∈ Pop(t) DO call algorithm Decoder(CONSTR) to compute objec-

tive values for i.
2.2 Compute Pareto ranks and assign the fitness value to each i ∈ Pop(t).
2.3 Build a mating pool by selecting p individuals from Pop(t).

STEP 3. {recombination and mutation}
3.1 Perform crossover over individuals in the mating pool and submit them to mutation.
3.2 Update Pop(t + 1).
3.3 Perform elitism within Pop(t + 1).
3.4 t = t + 1.

STEP 4. {stopping criterion}
4.1 IF t ≤ NGER THEN GO TO STEP 2.

STOP

Fig. 2 Description of the UGH algorithm

over the individuals of the mating pool, thus creating the population for the next
generation, Pop(t +1). The crossover operator used here is a standard PMX crossover
(Goldberg 1989), specific for permutation encoding.

Elitism is performed by forcing three individuals into the population of generation
(t + 1),Pop(t + 1):

– one individual corresponding to a probably infeasible solution, called utopic indi-
vidual;

– two individuals, lexic1 and lexic2, corresponding to the lexicographic points of the
previous generation, t , i.e., those non-dominated individuals that register the best
value for the objective functions, f1 and f2, respectively;

to substitute three individuals randomly chosen from the mating pool.
The utopic individual corresponds to a feasible solution of the relaxation of BRP

obtained by eliminating three hard constraints (h4), (h6) and (h7). This individual
is the best suited individual resulting from the application of an auxiliary single ob-
jective genetic algorithm, in STEP 1.2. Such an algorithm operates as the one that
initialises the UGH population, the exception being that here the decoder ignores
constraints (h4), (h6) and (h7). Consequently, the utopic individual might correspond
to an infeasible solution for the original problem, BRP. The fitness value of the utopic
individual is set equal to 1. In this way, it will always have the highest probability of
being selected for the mating pool.
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The elitist strategy of UGH was devised to both enforce the search towards the
exact Pareto frontier of the bi-objective optimisation problem, BRP and increase di-
versity in the approximate Pareto frontier. The utopic individual plays the role of an
attractor for good quality solutions of the bi-objective problem. It pushes the solu-
tions generated by the evolutionary algorithm in the direction of the lowest value for
(o1), which is the most difficult objective as revealed by past experience with simi-
lar models (Mesquita et al. 2008). Eventually, the inclusion of the utopic favours the
lowest value for (o2) as well. As for diversity, inclusion of the lexicographic and the
utopic individuals promotes the spread of the individuals along the approximation of
the exact Pareto frontier.

It should be noted that the algorithm UGH was developed by taking the specific
characteristics of the BRP—the hard constraints, (h1) to (h8), and the objectives, (o1)
and (o2)—following the general features of the genetic heuristic for the single objec-
tive nurse rerostering problem by Moz and Pato (2007). The fitness of the individuals
is derived from a Pareto genetic approach, enhanced with the utopic elitism adapted
from Pato and Moz (2008) for a nurse rerostering problem involving constraints and
objectives that differ from those tackled here.

4.3 Adapted SPEA2

The algorithm ASP is an adaptation of the SPEA2—the improved Strength Pareto
Evolutionary Algorithm (Zitzler et al. 2002). SPEA2 has been compared with other
state of the art multi-objective heuristic techniques, and is well known for producing
excellent results. The main features of ASP, whose brief pseudo-code is presented in
Fig. 3, include elitism, a fine-grained fitness assignment scheme and diversification of
solutions in each generation. As stated above, ASP embeds the main components of
UGH, including two chromosomes characterising each individual, the decoder pro-
cedure, the fixed cardinality of the population and the mutation operator.

In each generation t , the algorithm considers a population Pop(t), with a fixed
size p, and an archive Arc(t), whose size is also set constant and equal to a, a < p,
to keep non-dominated individuals found as the genetic search progresses.

In STEP 2.1, the fitness value of the individual i, represented by F(i), is computed
in three phases. Firstly, the force of each individual counts the number of individuals
it dominates within the population and the archive. Secondly, the raw fitness of each
individual sums up the forces of all the individuals that dominate it. Thirdly, an es-
timate for the diversity measure is added to the raw fitness whose aim is to penalise
the individuals whose points are in more crowded regions of the objective space. This
measure is given by 1/(σ k +2), where σk is the distance to the kth nearest neighbour
with k = �√p + a	, the integer part of the square root of the total number of indi-
viduals in the current generation, t . Individuals corresponding to potentially efficient
solutions receive a fitness value below 1, meaning that the genetic search is oriented
to minimise fitness.

Elitism is enforced, in generation t , by keeping non-dominated individuals in the
archive Arc(t +1), built in STEP 2.2 of the pseudo-code. Here, the truncation operator
acts in keeping with the original SPEA2 (Zitzler et al. 2002). If the number of non-
dominated individuals exceeds the archive size, a, then the individual at the minimum
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ALGORITHM ASP

STEP 1. {initialisation}

1.1 Create the initial population Pop(1) by randomly generating p pairs of duty and driver
chromosomes.

1.2 Create an empty archive Arc(1).
1.3 t = 1.

STEP 2. {evaluation and selection}
2.1 FOR all individuals i ∈ Pop(t) ∪ Arc(t) DO

Call algorithm Decoder to compute objective values for i;
Compute F(i).

2.2 Copy non-dominated individuals in Pop(t) ∪ Arc(t) to Arc(t + 1).
IF |Arc(t + 1)| < a THEN fill Arc(t + 1) with

minimal fitness individuals from Pop(t).
IF |Arc(t + 1)| > a THEN apply the truncation operator.

2.3 Build a mating pool by selecting p individuals from Arc(t + 1).

STEP 3. {recombination and mutation}
3.1 Perform crossover over individuals in the mating pool and submit them to mutation.
3.2 Update Pop(t + 1).
3.3 t = t + 1.

STEP 4. {stopping criterion}
4.1 IF t ≤ NGER THEN GO TO STEP 2.

STOP

Fig. 3 Description of the ASP algorithm

distance to another individual in the archive is chosen for removal. Ties are broken by
considering the following smallest distances. Still in STEP 2 (2.3), the mating pool
is produced by performing selection through a binary tournament over individuals in
the archive. Each time selection acts, this operator randomly chooses two individuals
from Arc(t + 1). The individual with the lowest fitness value is introduced in the
mating pool. Ties are solved by randomly choosing one of the two candidates.

In STEP 3, the recombination operator is a standard OX crossover (Goldberg
1989) and mutation is common to the algorithm UGH and was presented in Sect. 4.1.

5 Computational results

The proposed approaches were tested on 21 instances obtained from the solutions of
the integrated vehicle-crew scheduling problem (Mesquita and Paias 2008; Mesquita
et al. 2009) for the case of a single depot, along with the institutional requirements
and norms of a bus transit company in Lisbon, besides the Portuguese Labour Law
and the drivers’ union contracts.
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Here, each set of trips (see http://people.few.eur.nl//huisman/instances.htm) is
used to build a daily set of vehicle schedules and a set of (daily crew) duties by
running an algorithm for the integrated vehicle-crew scheduling problem. This algo-
rithm runs for a typical week day (a Monday) and for a typical weekend (a Saturday).
Afterwards, by copying these results for all the other days of the rostering period,
the set of duties for the BRP is determined. In fact, following some of the company’s
transport demand patterns, the sets of duties are established as equal for week and for
weekend days, respectively. Consequently, the total number of duties for the rostering
period of four weeks results from the formula 20|T w

1 | + 8|T w
6 |, where 1 is the index

for Monday and 6 for Saturday.
In keeping with reality in most bus transit companies, two different types of duties

are considered: early and late duties. In the sequel, for definition of the sets of com-
patible duties it is assumed that non-satisfaction of (h4) occurs when a driver works
on a late duty on one day and on an early duty the following day.

The main data of these instances is as follows:

– |V | = 45 drivers; g = 6 days;
– relevant data on duties, i.e., the starting time and length (in quarters of an hour) as

well as identification of the early duties, starting between 6:00 h and 15:30 h, and
of the late duties, starting after 15:30 h until 24:00 h;

– T w
h —set of duties of day h,h = 1, . . . ,28, corresponding to the days of the roster-

ing period, and h = −5, . . . ,0 to the last six days (g = 6) of the previous period;
– t = 32 quarters (8 hours); b1 = 192 quarters (48 hours); b2 = 704 quarters (176

hours);
– dw = 2 days; ds = 1 day; q = 20 duties or working days;
– Fv, v ∈ V —set of compulsory days off for driver v;
– ev

ih, v ∈ V, i ∈ T w
h ,h = −5, . . . ,0—giving the assignments of each driver in the

last six days of the previous rostering period.

Next, implementation details are given. The computational experiment undertaken
with the UGH ran on a Pentium IV Dual Core, 2Duo 1.8 GHz processor and the re-
spective procedures were coded in Pascal (Borland Delphi 5.0). The ASP procedures
were coded in C and ran on a 2.8 GHz and 512 Mb RAM Intel Pentium IV processor.
Several possibilities for the algorithm parameters were tested and the results favoured
the values used in the current study:

– NGER = 2000; INGER = 400; NINIC = 200; p = 40 for UGH; p = 29 and a = 10
for ASP;

– crossover and mutation probabilities are 0.8 and 0.2, respectively.

Tables 1, 2 and 3 present results taken from the last generation of each of the ten
runs per instance identified in column 1. The BRP instances are grouped according to
the dimension of the integrated vehicle-crew scheduling instances from which they
are taken. One set involves 80 trips per week day (P0_80 to P10_80), and the other
100 trips per week day (P1_100 to P10_100). In order to access the dimension of the
BRP instances, column 1 also displays the respective total number of duties for the
rostering period.

http://people.few.eur.nl//huisman/instances.htm
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Table 1 Computational results of UGH—averages from ten runs per instance

Instances/n. duties UGH—absolute metrics

n. feasible Wave Approximate Spread n. candidate

individuals Pareto frontier efficient

size solutions

1 2 3 4 5 6

P0_80/708 39.0 12.2 4.0 17.0 4.8

P1_80/456 39.0 11.8 4.2 16.0 6.2

P2_80/352 39.0 11.6 4.4 17.2 5.5

P3_80/472 39.0 10.7 3.6 9.5 6.1

P4_80/456 39.0 12.3 3.7 13.8 4.6

P5_80/444 39.0 12.9 3.7 12.3 5.0

P6_80/416 39.0 11.6 3.8 15.9 7.3

P7_80/476 39.0 12.0 3.8 12.8 5.0

P8_80/568 39.0 11.2 3.8 13.6 6.1

P9_80/440 39.0 11.7 3.9 17.5 5.6

P10_80/592 39.0 11.2 4.2 12.0 5.3

tot. average_80 39.0 11.7 3.9 14.3 5.6

P1_100/720 39.0 11.1 4.4 14.9 5.5

P2_100/628 39.0 10.8 4.7 14.7 5.6

P3_100/648 39.0 11.6 3.9 17.0 5.2

P4_100/572 39.0 11.0 3.6 12.3 5.5

P5_100/648 39.0 11.6 3.7 15.8 5.0

P6_100/516 39.0 11.3 3.5 14.9 6.6

P7_100/624 39.0 12.7 3.7 16.6 4.6

P8_100/656 39.0 12.8 3.9 22.5 4.7

P9_100/704 39.0 11.8 4.1 15.0 5.7

P10_100/452 39.0 12.4 4.1 20.4 5.4

tot. average_100 39.0 11.7 4.0 16.4 5.4

At this point, one does not know if the solutions obtained from the evolutionary
heuristics are indeed efficient ones, nor does one know the distance from the re-
spective approximate Pareto frontiers to the exact frontier. However, the approximate
frontiers built by these heuristics were studied from different standpoints, by using
simple metrics defined, for instance, in Collette and Siarry (2005). The following
columns found in Tables 1 and 2 show some absolute metrics for the quality of the
results from the last generation of the UGH and from the ASP respectively, whereas
Table 3 evaluates both evolutionary heuristics through relative behaviour metrics, as
explained later.

In Tables 1 and 2, column 2 presents the average number of individuals of the last
population, in case of UGH, and of the last population plus the archive, in the case of
ASP, that correspond to feasible solutions (rosters) of the respective BRP instance.
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Table 2 Computational results of ASP—averages from ten runs per instance

Instances/n. duties ASP—absolute metrics

n. feasible n. points in the Approximate Spread n. candidate

individuals last generation Pareto frontier efficient

size solutions

1 2 3 4 5 6

P0_80/708 39.0 9.4 2.2 1.5 9.8

P1_80/456 39.0 6.8 2.4 2.8 11.2

P2_80/352 39.0 7.8 3.0 3.2 10.4

P3_80/472 39.0 6.8 2.4 2.8 14.2

P4_80/456 39.0 8.2 2.0 2.4 9.6

P5_80/444 39.0 13.6 2.2 1.8 13.0

P6_80/416 39.0 8.4 2.2 2.1 13.6

P7_80/476 39.0 11.4 2.4 3.8 13.2

P8_80/568 39.0 11.6 2.0 2.2 14.0

P9_80/440 39.0 9.8 2.4 2.6 12.0

P10_80/592 39.0 10.2 1.8 1.6 13.8

tot. average_80 39.0 9.5 2.3 2.4 12.3

P1_100/720 39.0 11.9 1.3 0.9 13.2

P2_100/628 39.0 9.8 1.6 1.3 12.8

P3_100/648 39.0 13.4 1.7 3.2 12.9

P4_100/572 39.0 9.6 2.2 1.4 13.6

P5_100/648 39.0 11.6 2.0 1.5 11.0

P6_100/516 39.0 12.4 1.9 1.7 15.0

P7_100/624 39.0 15.6 2.6 3.2 12.4

P8_100/656 39.0 17.2 2.6 4.0 11.0

P9_100/704 39.0 12.1 2.1 1.9 10.4

P10_100/452 39.0 8.9 2.2 1.6 14.9

tot. average_100 39.0 12.3 2.1 2.1 12.7

Column 3 in Table 1 refers to the wave metric—the average number of different
ranks, again in the population of the last generation. This wave metric is only cal-
culated for the UGH, as it is the only one to use the Pareto rank fitness function,
according to the descriptions in Sects. 4.2 and 4.3. As for column 3 in Table 2, it
indicates the number of different points in the objective space that correspond to the
individuals of the last generation attained with the ASP.

Columns 4 and 5 of the same tables display the average size of the approximate
Pareto frontier of the last generation—the number of non-dominated points in the
objective space—and the average of the spread metric (see Collette and Siarry 2005).
Here the spread metric is set equal to the Euclidean distance between the two lex-
icographic points of the last generation, the outer points of the final Pareto frontier
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Table 3 Comparative computational results of the evolutionary heuristics

Instances/n. duties Relative metrics Size of the

best frontierPotential non- Contribution to the

dominated points best frontier

UGH ASP UGH ASP

1 2 3 4 5 6

P0_80/708 0.80 1.00 0.67 0.50 6

P1_80/456 0.50 1.00 0.50 0.50 4

P2_80/352 0.25 1.00 0.25 0.75 4

P3_80/472 0.67 1.00 0.67 0.33 3

P4_80/456 0.20 1.00 0.33 0.67 3

P5_80/444 0.25 1.00 0.33 0.67 3

P6_80/416 0.00 1.00 0.00 1.00 3

P7_80/476 0.25 1.00 0.33 0.67 3

P8_80/568 0.33 1.00 0.50 0.50 2

P9_80/440 0.20 1.00 0.25 0.75 4

P10_80/592 0.50 1.00 0.67 0.33 3

tot. average_80 0.36 1.00 0.41 0.61 3.45

P1_100/720 0.75 0.50 0.75 0.25 4

P2_100/628 0.60 1.00 0.60 0.40 5

P3_100/648 0.75 0.50 0.75 0.25 4

P4_100/572 0.67 1.00 0.67 0.67 3

P5_100/648 0.33 1.00 0.33 0.67 3

P6_100/516 0.50 1.00 0.50 0.50 4

P7_100/624 0.33 1.00 0.33 0.67 3

P8_100/656 0.00 1.00 0.00 1.00 4

P9_100/704 0.00 1.00 0.00 1.00 2

P10_100/452 0.67 1.00 0.33 0.67 3

tot. average_100 0.46 0.90 0.43 0.61 3.50

approximation. Note that, in the case of UGH, these points correspond to the lexic1
and lexic2 individuals defined in Sect. 4.2.

Lastly, column 6 of both tables shows the average number of different solutions of
each BRP instance that correspond to the points of the approximate Pareto frontier,
whose cardinality is given in column 4. Such solutions are candidates for efficient
solutions.

In analysing the last generation (columns 2 and 3 in these two tables), one may
see that both algorithms were able to achieve a maximal set of feasible individuals.
In fact, the cardinality of the population in UGH is 40 and the utopic was always
infeasible, while, for ASP, the cardinality of the population plus the cardinality of the
archive is 39.



206 M. Moz et al.

In the case of UGH, the number of points in the last population is at least the value
given by the wave metric, as this metric counts the number of ranks and each rank has
one or more points. Therefore, although the last generations present the same number
of individuals, these correspond to 11.7 or more different points for the UGH against
9.5 different points for the ASP, in the case of 80-trip instances. In the 100-trip case,
on average ASP generated 12.3 different points, whereas UGH showed a wave metric
equal to 11.7. Again, this may suggest that the UGH produces a more diverse set of
points, because each rank seldom contains only a single point.

From the optimality perspective, the metrics evaluating the approximate Pareto
frontier per run (columns 4 to 6 in Tables 1 and 2) show that, on average, the UGH
produced frontiers of a larger size, 3.9 against 2.3 of the ASP for the 80-trip instances,
and 4.0 against 2.1 for the 100-trip instances. On the other hand, the corresponding
sets of candidates for efficient solutions were, on average, larger for ASP. This means
that each point of the approximate Pareto frontier corresponds to more solutions,
given the ratio of 5.3 (12.3/2.3) solutions per point for the ASP against the ratio of
1.4 (5.6/3.9) for the UGH, in the first set of instances, and the ratio of 6.0 (12.7/2.1)
against 1.4 (5.4/4.0) for the second set of instances. The average spread values ob-
tained by the ASP were smaller than the corresponding figures for the UGH (2.4 and
14.3, respectively for ASP and for UGH, in the case of 80-trip instances; 2.1 and 16.4,
respectively for ASP and for UGH, in the case of 100-trip instances), thus revealing
the UGH’s ability to obtain more widely spread out non-exact Pareto frontiers.

Next, in Table 3, columns 2 and 3, a relative metric is used to compare the final
approximate Pareto frontiers from the two heuristics. Each of these frontiers is de-
termined by merging the approximations of the Pareto frontier obtained from the ten
runs of the respective evolutionary algorithm and determining non-dominated points
within the resulting sets.

Column 2 displays the percentage of points in the final approximate Pareto frontier
obtained by the UGH that are not dominated by or are equal to points in the corre-
sponding final Pareto frontier approximated by the ASP, whereas column 3 shows
the same relative measure for the points obtained by the ASP. For the set of 80-trip
instances, one can see that, on average, 36% of UGH’s points are non-dominated by
those of ASP, while all ASP’s points are non-dominated by UGH’s, thus revealing an
average difference of 64% in favour of ASP. The relative behaviour of the heuristics
for the 100-trip instances is similar: on average, 90% for ASP compared to 46% for
UGH, also demonstrating a superior relative performance of the ASP of around 44%,
though the figure is smaller than the one found for the 80-trip instances. Instances
P1_100 and P3_100 are exceptions to this behaviour.

Columns 4 and 5 of Table 3 display another relative metric: the contribution of
each heuristic to the ‘best’ approximation of the Pareto frontier per instance. This
frontier was obtained by selecting all non-dominated points among those belonging
to the 20 approximate frontiers from the ten runs of both heuristics, thus building the
best approximation of the real Pareto frontier. The figures show that the two heuristics
are able to effectively contribute to the production of points that are candidates to
optimality. Although, on average, the ASP contributes with a larger percentage of
points (61% against 41% for the first set of instances and 61% against 43% for the
second one—some points were attained by both heuristics), the UGH contributes with
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a significant number of potential non-dominated points which the ASP was unable to
reach. This reveals that though the UGH seems to perform worse, it was able to
explore regions of the objective space unexplored by the ASP. Both heuristics present
complementary advantages, thus meaning that they may be used in cooperation rather
than in competition.

Finally, column 6 presents the size of the best approximate Pareto frontier for each
of the 21 instances. By taking four illustrative instances, P0_80, P6_80, P1_100 and
P5_100, Fig. 4 displays the respective approximate final Pareto frontiers obtained
for all runs of each heuristic, as well as the best approximation. Graphs P0_80 and
P1_100, on the left, display two cases where UGH performs better than ASP. For
the graphs on the right, P6_80 and P5_100, the opposite happens, and ASP performs
better than UGH. In particular, for instance P6_80, ASP is able to build the best
approximation by itself.

As for the computation times, the average executing time of the ten runs per in-
stance was calculated. Although these times were not comparable because the two
algorithms ran in different computers, the maximum figures found were six minutes

Fig. 4 Illustrations for the approximate Pareto frontiers
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for UGH and eight minutes for ASP, far below the two hour limit stipulated by the
planning department.

In summarising, both evolutionary approaches achieved large sets of feasible solu-
tions of the BRP, i.e. rosters satisfying all the hard constraints. These can provide the
decision-making agents with a diverse set of good alternatives from which they may
choose the roster to adopt for the next planning period. The UGH attains a higher
diversity within the approximate Pareto frontiers, which is an important ability in
the bi-objective context. On the other hand, the ASP attained more solutions that
are candidates for efficiency, although they correspond to fewer points in the objec-
tive space. Nevertheless, we should bear in mind that the exact Pareto frontier is, as
yet, unknown. However, both heuristics can cooperate to approximate it, as they are
able to find, in different regions, points that are candidates to be non-dominated, thus
helping to build a more accurate approximation.

6 Final comments

This paper presents a model for bus driver rostering that copes with a wide variety
of situations within a non-cyclic rostering context. Although non-cyclic approaches
have been less common in practical bus driver rostering systems, they are more gen-
eral, thus allowing for a diversity of scheduling constraints for each driver. Moreover,
as the model is of a bi-objective nature it can easily tackle the contradictory inter-
ests of the parties involved in the process: the drivers and the administration of the
bus transit company. Two bi-objective evolutionary heuristics, UGH and ASP, were
designed for the problem addressed. Although they are based on previously devised
methods, they had to be carefully adapted to meet the characteristics of the BRP.
For instance, as the construction of feasible solutions for the BRP always requires
an appropriate procedure, within these evolutionary algorithms an indirect encoding
embedding a special purpose constructive heuristic was adopted. The computational
experiment described concerns publicly available vehicle scheduling data and the
specific case of a bus transit company in Portugal. This experiment enables one to
evaluate the proposed heuristics’ behaviour and to compare them through perfor-
mance metrics.

The tests performed on two sets of instances have demonstrated that both evolu-
tionary algorithms can obtain good results while consuming an acceptable amount of
CPU time. In fact, both produced large sets of feasible solutions—rosters for the com-
pany’s bus drivers that comply with all the hard constraints. It should be noted that, in
practice, at the bus companies themselves non-violation of hard constraints is seldom
attained. Where the objective space is concerned, the algorithms also yielded several
solutions with low global violations of soft constraints, expressed by low values for
the two objectives of the model. Since, for the moment, the exact Pareto frontier for
this bi-objective model is not known, the solutions obtained are only candidates for
efficiency.

In fact, small cardinality Pareto frontier approximations were achieved by the
heuristics. Nevertheless, even for a single non-dominated point, the bi-objective op-
timization approach provided a set of equivalent solutions (multiple solutions in the
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decision space). This allows the scheduler to consider different choices at once, in
detail, thus providing an in-depth knowledge of the solution space. As for the means
of supporting decision-making in a real-world context, the leading conclusion is that,
in practice, such bi-objective evolutionary heuristic approaches are quite appropriate.

The results did not permit the authors to conclude that one heuristic always per-
forms better than the other. Although ASP is able to find a larger number potentially
non-dominated points, it is unable to reach regions of the objective space which are
explored by UGH. This reveals that the elitism based on the utopic and lexicographic
individuals provides the capability to spread out individuals along the approximate
Pareto frontier during the genetic search.

As future research, it is intended to test both heuristics in a broader set of real in-
stances. Moreover, the innovative elitism with a view to improving the SPEA2 based
heuristic should be explored, thus combining the relative advantages of both strate-
gies.

One important feature of the proposed approaches concerns the possibility of in-
troducing, removing, or changing the rules used to produce rosters, thus revealing the
flexibility whereby they can be adapted to new settings in the company or even to
other rostering problems.
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