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In this paper we analyse the role of the spreadsheet in the development of algebraic thinking of grade 9
students in the study of 2" degree equations. The research aims are (i) to understand how students approach
their tasks in the spreadsheet, i.e., which representations they use and how they coordinate them, and (ii) the
extent to which using spreadsheets in conjunction with working with paper and pencil, influences the
development of algebraic thinking, particularly in the use of more formal (algebraic) language. Data
analysis focuses on the productions and dialogues of a student while solving tasks with the spreadsheet in the
classroom. The spreadsheet, articulated with working with paper and pencil, was important to the student’s
developing of her algebraic thinking in this topic, boosting the use of a more formal language.

Keywords: algebraic thinking; spreadsheet; mathematical representations; quadratic equations; formal
methods

INTRODUCTION

The algebraic language “is the only system that offers opportunity to logically investigate, justifiy,
generalize and prove mathematical hipotheses” (Panasuk, 2010), p. 253). However, for a large
number of students this language remains an obstacle when they are expected to use it. The
spreadsheet is widely recognized as a very useful tool for introducing algebra and for developing
algebraic thinking (e.g., Dettori et al., 2001; Rojano, 2002) as it promotes an understanding of
relations of dependence between variables and encourages students to present algebraic methods
rather than arithmetic methods (Rojano, 2002). Our perspective of algebraic thinking stresses the
distinction between using algebraic notation and understanding algebraic structures, separated by a
gap that is often underestimated. We suggest that this gap can be gainfully filled by working with
suitable spreadsheet activities (Nobre, Amado & Carreira, 2012).

In this paper we analyse the role of the spreadsheet in the development of algebraic thinking of a
grade 9 student during the study of 2" degree equations. We focus on the mathematical
representations that she used and seek to understand how the work on the spreadsheet, in
conjunction with paper and pencil, influences her development of algebraic thinking, particularly in
the use of a more formal language. This paper is part of a wider research project involving the study
of various aspects of the development of algebraic thinking, like the learning algebraic formal
methods, problem solving and mathematical representations. In this paper our focus is on
mathematical representations.

MATHEMATICAL REPRESENTATIONS

Working with different types of representation appears to enhance learning, in that it allows
students to develop a better understanding of mathematics (Clements, 1999; Goldin, 2002; Panasuk,
2010; Tripathi, 2008). Tripathi (2008) stresses that a comprehensive picture of a concept only
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begins to emerge when the object it refers to is viewed from different perspectives. Thus the use of
different representations can be understood as a variety of lenses which provide different
perspectives and allow a broader and deeper understanding of a concept. The author notes that a
discourse around the use of multiple representations can enrich the classroom culture and help
students to actively participate in the learning process. In addition, she argues that students’
representations and their ability to transfer ideas from one representation to another are indicators of
their understanding. And Abrahamson (2006) also suggests that classroom discussions are useful to
help students understand the mathematical ideas associated with different representations.

Duval (2014) points out that one must identify a given object by means of different semiotic
registers and examine, in particular, the transformation of representation registers. Following this
recommendation, we analyse the transformations of representations used by a student, namely
treatments (transformations within a register) and conversions (transformations that result in a
representation in another register). According to Duval (2003), it is the conversion of
representations of a mathematical object for another register that enables the construction of
knowledge: “The originality of mathematical activity relies on the simultaneous mobilization of at
least two registers of representation, or on the possibility to change at any time of register of
representation” (p. 14). Yet, this is not a simple and immediate activity for most students. In
general, when students work on a problem, they think of several registers at once, even when they
favour just one register in the final production. This requires a continuous activity of conversion,
which typically is not produced explicitly but implicitly and spontaneously.

In the work with paper and pencil, we consider the following registers of representations: natural
language, numerical notation system (NNS), algebraic notation system (ANS), and pictorial and
graphical representations. In the spreadsheet environment we consider: natural language, input of
numerical values, formulas (variable-cell and variable-column), graphical representations and
formatting means such as the colour highlighting of specific cells (Haspekian, 2005). In the study of
representations in the spreadsheet we use the notions of conversion and treatment from Duval,
which can be extended to representations created in this computational environment.

In figure 1 we show examples of treatments on the spreadsheet: the construction of a numeric
sequence without using a formula or using a formula. The first case shows a linear sequence being
constructed by dragging the handle of a set of cells. The same sequence may be produced by
introducing a formula that establishes a relationship between the two columns. In the second case
the introduction of the formula makes explicit the relationship between the two columns.

=L £z FREQUENCIA - X ¥ Lo =B3"3 - _ e
B B C . A 8 ¢ A B c
, 1
1 3 2
. 3 1]=B3*3 S L 3
4 2
5 4 2 6
= 3 5 3 9
a) b)
c) d)

a) Construction of a numeric sequence. » ] ) )
¢) Writing the formula to establish the relationship.
b) Construction of a sequence establishing a (non ) o )
explicit) relationship with the previous column. d) Construction of a sequence explicitly connecting the two
columns (variable-column).

Figure 1. Implicit treatments (a e b) and explicit treatments (c e d) on the spreadsheet
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Another relevant affordance of the spreadsheet is the conversion of tables into graphical
representations.

THE STUDY OF SECOND DEGREE EQUATIONS

The Portuguese curricular guidelines determine that students solve quadratic equations by resorting
to the square root operation, to the zero-product property and to the quadratic formula. The students
must also be proficient in factoring, as well as in using the special cases of binomial multiplication.

For the teaching of this topic a set of tasks was outlined, as presented in Table 1. The work on the
spreadsheet was always accompanied by some questions to be solved with paper and pencil in order
to promote an interaction between the use of these two resources.

Table 1. Tasks and main resources used throughout the study of the topic

Tasks A3 B3 C3 D3 E3 F3 G3
Diagnosis | Theage of | Factoring | The bouncing | The experience in | The quadratic | Problems
the brothers ball the laboratory formula
Resources PP PP/S PP PP/S PP/S PP PP

Note: PP — Paper and pencil; S- Spreadsheet

In some of the problems solved with the spreadsheet, the use of graphical representations was
suggested to promote a better understanding of the meaning of a quadratic function and its
solutions. This is in line with Vaiyavutjamai and Clements (2006), who claim that students
sometimes are capable to obtain the solutions of an equation like (x—a)x—b)=0 but do not

understand its meaning or what they stand for. Didis et al. (2011) corroborate this idea by stating
that students have difficulty in understanding the meaning of symbols in 2™ degree equations On
the other hand, they suggest that teachers should encourage students to use different techniques for
solving 2™ degree equations as a way to improve students’ understanding of those equations.

RESEARCH METHODS

In this study we aim to understand the contribution of the spreadsheet for students’ learning of 2"
degree equations. As we intend to obtain a holistic view of the researched phenomenon, we elected
a qualitative research methodology. Given the nature of the study, the methodology draws on an
interpretative paradigm because we want to study the phenomenon in all its complexity and in its
natural context (Bogdan & Biklen, 1994). In this research we use a case study design, where the
first author, assumes the dual role of teacher and researcher. The experience took 11 lessons of 90
minutes in a class of 9" grade with 24 students, aged between 14 and 18 years. Aida was chosen as
case study, she has 14 years old and usually does not express difficulties in learning mathematics.
Documentary data hold a relevant place as a prime source for obtaining information on the
researched phenomenon. In the classroom, we collected the students’ productions, recorded the
computer screens, audio-recorded their dialogues and took field notes from participant observation.
The data analysis mainly involved content analysis (Bardin, 1977).

RESULTS

In the work of Aida on 2" degree equations, a special attention was given to the transformation of
representations carried out by the student. From this analysis two charts were produced: (i) one
referring to treatments performed in NNS and ANS on the work with paper and pencil (PP) and on
the generation of numeric sequences and variable-columns on the work with the spreadsheet (S), (ii)
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the other referring to conversions of representations to the NNS and ANS, as well as to graphical
representations (figure 2). The treatments and the conversions are grouped according to the different
types of task (problem solving (PS), exercises/other (E/O).With paper and pencil, we observed an
increase of treatments in ANS as result of a more intense work on manipulation of 2™ degree
expressions and equations. With the spreadsheet, the treatments involved in the construction of
numerical sequences and variable-columns did not present a significant increase. As for
conversions, in the work with paper and pencil, initially the representations in NNS were most
prevalent through calculations in assigning values to unknowns in algebraic expressions. Task B3,
partially solved on the spreadsheet, was fundamental for converting to ANS with paper and pencil.
In tasks D3 and E3, Aida performed conversions on the spreadsheet from the table to graphical
representation that allowed perceiving the variation in parabolas with different types of concavity.

Treatments of representations Conversions between representations

PS E/O PS E/O PS E/0 PS E/O PS E/O PS E/O PS E/O PS E/O PS E/0O PS E/0 PS E/0 PS E/O PS E/0 PS E/O
TA3 TB3 TC3 TD3 TE3 TE3 TG3 TA3 TB3 TC3 D3 TE3 TE3 TG3

Numeric Notation System Algebraic Notation System Numeric Notation System Algebraic Notation System

Generation of numeric sequences (S) I Generation of variable - columns (S) Graphical Representation ( S) © Graphical Representation (PP )

Figure 2. Summary of conversions and treatments (in percent) used by Aida

In the following, we present some excerpts of the work developed by Aida, by focusing on three
tasks that she solved with the spreadsheet. Based on the student’s productions, we highlight aspects
that have proved particularly relevant in her use of formal language.

In the task B3 it was proposed to solve a problem with the spreadsheet, as follows:

Carlos, Ana and Ricardo are three brothers. Ana is one year older than Carlos and one year
younger than Ricardo. One day, Ana was making operations with the numbers corresponding to
their ages and said to her brothers: | compared the product of your age with the square of my age
and found something very interesting! See if you can also find it! What may Ana have discovered?
Aida started by identifying the relationship between the ages of the three persons, selected the age
of Ana as an independent variable (column E) and generated a number sequence with an increment
of 1 unit. Then she used the formulas “=E5-1" for the age of Carlos, and “=E5+1” for the age of
Ricardo, thus generating variable-columns, dependent on the age of Ana. Later she entered the
respective formulas for the “product of the brothers’ ages” and for the “square of the Ana’s age”,
also generating variable-columns (figures 3 and 4).

These treatments on the spreadsheet provided by the dragging of cell handles led Aida to realise the
variation in values in the different columns and to discover the relationship between the ages of the
brothers, as she noted: “... if we add one unit to the product of the ages of the brothers, we obtain
the age of Ana”. Afterwards, it was intended that students explained algebraically what they had
concluded in the previous question. Therefore, it was required that students made the conversion of
the relationship found in the spreadsheet into algebraic notation. Aida did not show explicitly the
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relationship between the ages of the three brothers as she did not include the difference of the ages
between them, as may be seen in Figure 5.

Product of the brother’s ages | [ Square of Ana’s age

Carlos Ana Ricardo Pmmws dos irm3os quadrado da idade da Ana
1 0 1 -1 0
0 1 2 o 1]
1 2 3 3 4
2 3 4 8 9

Figure 3. Extract from Aida resolution on the spreadsheet

Carlos Ana  Ricardo Produto das idades dos irmdos quadrado da idade da Ana

=E5-1 0O =E5+1 =F5*D5 =E5*E5
=E6-1 1 =EG+1 =F6*Db =E6*EB
=E7-1 2 =E7+1 =F7*D7 =E7*E7
=E8-1 3 =E8+1 =F8*D8 =EB*ES

Figure 4. Formulas created on the spreadsheet

. d, <
L= Weoe o Amag) age of Ana J product of the ages of the brothers

el e pmm\»\ec\on dedan din emay /\

y .
© - 1dede 98  Riesds age of Ricardo \ = G

o - ; . ; /———— :
e age of Carlos

W j . = ﬁ’uocl:'-c\dg c&o +dode de

»sulma—”‘ 4 ]

A J square of the age of Ana
o

Figure 5. Answer of Aida to task B3

The student shows a caption with the meaning of the variables and writes equalities, which contain
a mix of natural language and algebraic expressions. Finally, she presents two equivalent equations
in response to the question. No student in the class expressed the expected algebraic relation, so it
was necessary to encourage all students to rethink their answers, based on a solution from one of
them. After some questioning about the relations between the three ages, and how they were
expressed on the spreadsheet, the students arrived at the equality(a—1)a+1)=a2 —1. Then the

teacher inquired the class about this equality. Aida was one of the students who did not understand
it at the outset.

It was then proposed that the students analysed the situation where the brothers would have an age
difference of 5 years and Aida decided to use the spreadsheet. She found that the difference would
then be 25. Finally, it was suggested the situation where the age difference would be k. The students
no longer turned to the spreadsheet:

Teacher: If the age difference between them, rather than one, or rather than 5, is equal to k,
what will happen?

Aida and Carlos: a® —k? [simultaneous answer].

Others: a—k times a+k equalsa2 —k2.
Pedro: Just replace 5 by k.

The discussion led the students to the generalization of the condition they had found earlier. The
solution of this task encouraged the students to do the conversion of the formulas used on the
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spreadsheet to algebraic language. Although Aida showed some lack of clarity in writing the
required expression, this difficulty disappeared with the whole class discussion. In addition, the
variation of the age difference helped Aida as well as other students in realizing that the initial
expression could be generalized.

In task D3, also to be solved with the spreadsheet, the students were asked to represent the
trajectory of a ball that was thrown vertically upwards at various moments and bounced several
times on the floor. Several algebraic expressions for the height of the ball were given as functions of
time: A(t)=—20t% +160t, B(t)=—20t? +120t, C(t)=—20t> +80t, and D(t)=—20t? +40t. The
first question asked for the simulation on the spreadsheet of the first bounce of the ball, and also for
its graphical representation. Aida began to insert the values for the time through a numerical
sequence of increment 1. In the column for the height of the ball, she entered the calculation
“=-20*0"2+160*0" in the first cell, the calculation “=-20*172+120*1” in the second cell, the
calculation “=-20*22+80*2” and finally the calculation “=-20*32+40%*3”. Therefore, in each cell
she changed the formula and the value for time. Her representation was indicative of a still unclear
understanding of the task, since she was using the algebraic expressions of the functions for the
several balls being thrown upwards. After some clarification from the teacher, Aida generated a
variable-column for the height of the ball, as shown in Figure 6. Then the student created a graph-
plot with the spreadsheet.

L\:[ime | [neight| [ time | [neiant]

Tempo | Altura Tempo Altura
0 o o —20"Da"2+160°D4 Altura
1 0| 1 —20°D5°2+160°D5 200
2 a0 |2 = 20"D6%2+160°D6
3 00| |3 = 20°D7°2+160*D7 300
a 320 [a - 20*DE8"2+160%D8 200
5 300, |5 —20°D9°2+160%D9 100 41— Altura
5 20 |5 —20"D10°2+160°D10
7 10| |7 —20D1172+160°D11 o - - T -
8 N EE = 207D12/2+160%D12 o 2 4 & B 1o

Figure 6. Table and graphical representation obtained by Aida for the first throwing of the ball

This conversion of the table to the graphical representation in the spreadsheet allowed the student to
relate the table values with the graphical representation. This was her first contact with the graph of
a parabola. The subsequent questions combined the work done on the spreadsheet with written work
on paper, namely to find the maximum height of the ball and the time when it was reached,
followed by a question on the time elapsed until the ball touched the ground.

Another question asked for the t values that would satisfy the
condition A(t)=0and for its meaning in the context of the

problem. Aida did not show difficulty in interpreting the
condition. During the discussion, the teacher also asked the | = =0V - 80t -sc0 =00
students to justify algebraically the values of t obtained. ro V-3

Unlike most students in the class, Aida quickly solved the ’
equation correctly using the zero-product law, as shown in
Figure 7. The teacher eventually reinforced the connection

C 5=

Figure 7. Answer of Aida
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between the representations that the students had before them (the numerical table, the graph and
the algebraic representation) to facilitate the understanding of the meaning of the solution of the
equation:

TeaCher: YOU have already 1.6.Verfica, algebricamente, que {217(713;247():07 ¢ uma equagio equivalente & equaglo
answered this question | -206-@-®=0 s & ctheo
H tacrnen’os em quo & U
by IOOkmg_ at the table -0 (1-3)(y-6) =0 moments when the ball
and observing the graph. e i s | reaches240cm
Now, you have an =i (R R TR
algebraic resolution... In - 80 (+°- 8 £ + 42) =0
your graph where does
the parabola intersects T Ay = ayez0
the x-axis? Figure 8. Answer of Aida
Students: At 0 and 8.
Teacher: So this means that 0 and 8 are the solutions of the equation you have here.

The next question asked the t values so that At)=240. After that, the students had to show,
algebraically, that the equation A(t)—240 = 0 is equivalent to —20(t —2)(t—6)=0.

Many students showed difficulty in solving the question and some initially could not do it. Aida
managed to solve it until the penultimate step (Figure 8). Given the difficulties of a few students,
the teacher took one of their solutions on the board and explained that it is possible to write a
quadratic equation as a product of factors, making its solutions visible, on the form

c(x—r ) (x—rp)=0, where c is a constant and ry an r, are the roots.

Task E3 was carried out using both the spreadsheet and paper and pencil. In this [..
case, an algebraic expression represented the temperature of a substance as a
function of time and its graph was a parabola. Aida did not show difficulty in
solving this task. As in the previous case, the determination of the output of a
given input was requested and vice versa, and also their -

interpretation within the context of the problem. In this task, Aida | !
used a procedure on the spreadsheet similar to that she had already | °
used in task D3 and she noticed that this time the parabola was | -
facing upwards (figure 9). There were also questions about the value |’
of the initial and final temperature of the substance, for interpreting ° : £ d :
the values in the table and in the graph created on the spreadsheet, ~ F'9ure 9. Results of Aida
which Aida had no difficulty in answering.

Temperatura
11
6

U WM o
DWW

From task F3 on, the students learned and applied the quadratic formula. An interview with Aida,
involving solving problems and exercises on the topic, was carried out at the end of the teaching
experiment. Aida resorted to conversions to ANS for writing 2" degree equations and for
converting to NNS in calculations associated with the assigning of values, and in particular, with
the use of the quadratic formula. Throughout the study, we found that problem solving was an
essential activity that promoted conversions to ANS, especially in translating problems into 2"
degree equations, which is important on the learning of this topic.
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FINAL REMARKS

The proposed tasks encouraged the establishment of connections between the work with the
spreadsheet and the work with pencil and paper. The spreadsheet allowed a first approach to the
graphical representation of a quadratic function. This representation, in parallel with the tabular
representation, and with representations in natural language, allowed Aida to understand the
meaning of solving a 2" degree equation even before the formal learning of the algebraic method,
as suggested by research on the role and effectiveness of multiple representations (Clements, 1999;
Goldin, 2002; Panasuk, 2010; Tripathi, 2008).

It is also worth noting the results obtained by Aida with pencil and paper, using formal algebraic
language, especially in solving equations. The kind of connections that were encouraged and
motivated was essential to the development of her algebraic thinking in line with the findings
highlighted by Dettori et al. (2001) and by Nobre, Amado & Carreira (2012). The work in these two
environments provided her the basis for understanding the meaning of factoring a 2" degree
equation based on its roots. According to Vaiyavutjamai and Clements (2006) and Didis et al.
(2011), the students should solve tasks that lead to the understanding of meanings rather than
merely to applying memorized procedures. The conversions performed both on the spreadsheet and
from the spreadsheet into algebraic notation were pivotal to the development of the algebraic
knowledge of Aida, in line with Duval’s (2014) ideas.

We conclude by emphasizing that the environment provided by the spreadsheet proved suitable for
the development of the algebraic thinking of Aida, in her learning of 2" degree equations, without
the constraint of using symbolic algebra from the very beginning. Moreover, the conversions
carried out contributed to her understanding of the meaning of the symbolic algebraic work carried
out with paper and pencil.
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