UNIVERSIDADE DE LISBOA
FACULDADE DE CIENCIAS
DEPARTAMENTO DE FiSICA

FC Ciencias
ULisboa

A Kinetic Framework for Particle—~Environment Interactions in
Active Matter

Ana Carolina Ricardo Ribeiro
Mestrado em Fisica e Astrofisica

Dissertagao orientada por:

Nuno Araujo

Cristovao Dias

2025






Acknowledgements

I would first like to thank my supervisors. To Nuno, whose brilliant pedagogical approach has shaped
the way I think about physics. His insistence on focusing on the science itself—the “why” behind every
step—has been invaluable, continuously pushing me to become a better and more thoughtful scientist.
To Cristovao, for the immense technical support, guidance, and patience he offered throughout this work.
His help was essential, and I am deeply grateful for it.

My time at CFTC has been defined by the privilege of being surrounded by people driven by a genuine
curiosity about physics and the world. Discussions were never limited to work-related problems: they
often expanded into spontaneous questions, challenges scribbled on the board, and the joy of collectively
trying to understand something new. I am deeply grateful for this environment—the companionship, the
readiness to help, and the lively group meetings filled with valuable discussions. Beyond the science, |
was fortunate to be part of a community that cared deeply about our shared working conditions and about
improving the environment for students and researchers. The collective awareness, open conversations
about what could be changed, and the sense of responsibility toward our community helped shape my
understanding of what it means to contribute to a fair and supportive environment for people working
together—something I will carry with me into any future workplace. I am also grateful to CFTC for
supporting my participation in conferences, which made it possible to share and discuss this work with
the wider scientific community.

To Henrique, for welcoming me from the very beginning and for teaching me how to navigate the
social dynamics of the faculty. To Julio, for the fun moments and uplifting presence. To Neves, for
encouraging me to maintain a healthy balance between research and the many enriching aspects of life.
To Vasco, for the many conversations that opened my eyes to the broader context of science. To Rafael,
whose extraordinary breadth of knowledge made every discussion a pleasure. And to Daniel, for sharing
my love of science communication and helping me appreciate the joy of hands-on, practical experimen-
tation. Together we built a model of one of my favourite systems, the double pendulum, now hanging on
the wall of CFTC.

I also want to thank my friends—especially Diogo, Lourenco, Lucas, and Duarte—for their compan-
ionship throughout this journey.

Finally, I want to express my deep appreciation to Fatima Mamad, who conducted the experiments
presented here during her summer internship at CFTC, under my and Daniel Matias’s supervision.
Thank you to everyone who shaped this work and the person I became throughout this process.






Resumo

Em fisica estatistica, a matéria ativa, como células, micro-organismos ou micro-nadadores artificiais, con-
stitui um exemplo paradigmatico para o estudo de sistemas fora do equilibrio, pois combina a ndo lineari-
dade das interagdes com a quebra explicita da simetria temporal. Estes sistemas desafiam descrigoes ter-
modinamicas convencionais e permitem explorar novas classes de universalidade e mecanismos de auto-
organizacgdo. Estas particulas convertem energia localmente para gerar movimento auténomo, permitindo-
lhes explorar o espacgo, interagir entre si e responder de forma dindmica ao meio envolvente. Como re-
sultado, exibem uma ampla variedade de comportamentos coletivos — desde a formacgao espontanea de
aglomerados e vortices até a emergéncia de fluxos coletivos e padrdes espaciais complexos. Estes fend-
menos resultam de uma combinagdo de interagdes locais, flutuagdes estocasticas e restrigdes geométricas
impostas pelo ambiente.

Em contextos naturais, as particulas ativas raramente se movem num espago vazio: tipicamente
encontram-se imersas em meios densos, heterogéneos ou deformaveis, compostos por outros agentes,
obstaculos ou geometrias confinantes. Nestas condigdes, as interagdes entre particulas e meio deixam de
ser unidirecionais; sempre que deslocam obstaculos, abrem caminhos ou alteram propriedades locais do
meio, introduzem uma forma de memoria ambiental, na qual o estado atual do sistema depende da sua
historia dindmica. Este acoplamento entre particulas e ambiente ¢ uma das chaves para compreender a
auto-organizagdo em sistemas fora do equilibrio.

Esta tese investiga como a memoria ambiental influencia a mobilidade, a organizagdo espacial e a
emergéncia de estruturas coletivas em sistemas de matéria ativa. O objetivo central é compreender de
que forma a interagdo dindmica entre particulas ativas e obstaculos moéveis pode gerar comportamentos
emergentes, mesmo na auséncia de comunicacéo direta entre os constituintes. Partindo de estudos re-
centes sobre a mediagdo ambiental em matéria ativa, desenvolveu-se um estudo sistematico que combina
teoria, simulagdo e uma comparagdo experimental macroscopica. O nucleo tedrico assenta num modelo
baseado em rede e no método de Monte Carlo Cinético (KMC), no qual particulas ativas se movem so-
bre uma rede discreta e interagem com particulas passivas moveis sujeitas a exclusao de volume. Cada
particula ativa possui uma orientagado preferencial e executa processos de propulsdo, difusdo translacional
e reorientagdo estocastica; as particulas passivas difundem e podem ser deslocadas, permitindo ao meio
reorganizar-se sob acdo das ativas. Para descrever explicitamente a interagdo com o meio, o modelo inclui
dois mecanismos microscopicos: empurrdo (deslocacgdo local de cadeias curtas de obstaculos) e realin-
hamento induzido pelo meio. Estes mecanismos controlam, respetivamente, a transferéncia de momento
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e a capacidade de escapar a bloqueios locais, estabelecendo uma retroacdo entre a persisténcia direcional
e a reorganizacao ambiental.

A abordagem discreta adotada diferencia-se de formulagdes continuas por permitir um controlo direto
sobre os processos microscopicos de propulsdo, colisdo e realinhamento, mantendo uma interpretagdo
cinética clara e um custo computacional reduzido. Este formalismo possibilita a analise sistematica de
como mecanismos locais se traduzem em comportamentos coletivos emergentes, algo dificil de capturar
em equagdes hidrodinamicas continuas.

Um primeiro passo foi a validagdo do modelo num sistema exclusivamente ativo. Na auséncia de
obstaculos moveis, o modelo reproduz de forma robusta as caracteristicas da separacdo de fase induzida
por motilidade (MIPS): a medida que a atividade aumenta, observa-se a passagem de um estado homogé-
neo para um regime bimodal de densidades locais, com coexisténcia de regides densas e diluidas mesmo
sem interacdes atrativas. Essa caracterizag@o foi complementada por uma analise quantitativa baseada
no deslocamento quadratico médio (MSD), confirmando o comportamento tipico de uma particula ativa
livre e validando a consisténcia dindmica do modelo.

Para estabelecer uma correspondéncia quantitativa entre a formulag@o discreta e descri¢des continuas,
derivou-se um mapeamento explicito entre as taxas microscopicas de KMC e os pardmetros efetivos. No
caso unidimensional, obteve-se analiticamente o coeficiente de difusdo efetivo de uma particula ativa, o
que fornece uma regra de correspondéncia direta entre parametros do modelo e grandezas continuas. A
introdug@o de um fator geométrico de mapeamento permite estender essa relagcdo para diferentes geome-
trias, garantindo a interpretacdo coerente de regimes.

A formulagdo proposta oferece, portanto, uma estrutura versatil e extensivel para o estudo de sistemas
ativos e mistos, possibilitando a comparag¢ao direta com modelos continuos e a investigagdo de fendmenos
coletivos emergentes em meios confinados ou heterogéneos.

No estudo de misturas ativo—passivas com difusividades translacionais iguais, analisou-se como o0s
mecanismos microscopicos modulam o transporte em meios densos. As simulagdes mostram que a di-
fusdo efetiva das particulas ativas cresce monotonicamente com a probabilidade de realinhamento, re-
fletindo a facilitagdo de descongestionamento por rotagdo. Em contraste, a dependéncia com a prob-
abilidade de empurrar ¢ ndo monotonica: valores intermédios maximizam a mobilidade ao converter
bloqueios locais em deslocamentos cooperativos. As curvas de deslocamento quadratico médio exibem
o cruzamento balistico—difusivo tipico de movimento ativo, mas com uma regiao intermédia marcada por
canais transitorios, indicativos de uma memoria ambiental.

A tese prossegue com o estudo de misturas ativo-passivas com difusividades translacionais diferentes.
Mostra-se que aumentar a mobilidade passiva atua como parametro de controlo que suprime a formagao
de dominios densos e restaura a mistura homogénea. A partir das flutuagdes do maior aglomerado passivo,
realizou-se uma analise de tamanho finito para testar a existéncia de criticalidade. Embora a transicao se
acentue sistematicamente com o tamanho do sistema, os expoentes efetivos revelaram-se ndo universais,
dependendo fortemente do torque de realinhamento. Esta sensibilidade a pardmetros microscépicos, em
vez de uma mudancga de classe de universalidade, demonstra o caracter especifico de cada sistema em
transi¢oes de fase fora do equilibrio. A falha do colapso de dados completo corrobora a interpretagao de
que se trata de um crossover ndo critico, embora sistematico, evidenciando a natureza distintamente fora

v



do equilibrio da separacdo de fases em misturas ativo-passivas.

Por fim, desenvolveu-se uma comparagdo macroscopica com robds da escala do centimetro, usados
como analogos de particulas ativas em arenas com obstaculos méveis de geometria ctbica e cilindrica.
Foi construida uma arena com fronteiras curvas, concebidas para mitigar a acumulagao junto as paredes.
Observa-se que obstaculos cubicos promovem estruturas rigidas e bloqueios locais, enquanto cilindros
favorecem trajetorias mais fluidas e reorganiza¢des dinamicas. Medi¢des da velocidade efetiva dos ob-
staculos revelam uma dependéncia acentuada com a massa, decaindo mais rapidamente do que o previsto
por colisdes inelasticas, o que confirma o papel dominante de dissipagdo e do contacto intermitente. A
comparagdo com as simulagdes mostra uma correspondéncia qualitativa entre aumento de massa experi-
mental e reducdo da eficiéncia de empurrdo no modelo, validando o quadro mecanistico proposto.

Em conjunto, os resultados demonstram que a inclusdo explicita do acoplamento dindmico entre
particulas e meio ¢ essencial para descrever a transigdo entre regimes de congestdo, mistura e separacdo de
fases em matéria ativa. O modelo proposto fornece uma ponte entre descrigdes microscopicas e continuas,
e constitui uma base para estender o estudo a outro tipo de meios e intera¢des. Estas ideias abrem caminho
para uma compreensao mais profunda da auto-organizagdo em sistemas biologicos e robdticos ativos.

Palavras Chave: Matéria ativa, ambientes complexos, separagdo de fases, sistemas fora do equi-
librio, Monte Carlo Cinético.






Abstract

Active particles, such as cells, microorganisms, or microrobots are paradigmatic examples of collective
dynamics far from equilibrium. They locally convert energy to generate self-propulsion, leading to com-
plex behaviors including clustering, vortex formation, and emergent flows. In realistic environments,
active particles interact with complex or deformable media, leading to a rich variety of collective behav-
iors that emerge from feedback between particle motion and medium dynamics.

This thesis investigates how such feedback influences mobility, spatial organization, and the emer-
gence of collective structures in active—passive mixtures. A discrete kinetic model based on the Kinetic
Monte Carlo method was developed, in which active particles self-propel, diffuse, and interact with mo-
bile passive obstacles through excluded volume and medium-induced realignment. Two microscopic
mechanisms — pushing and realignment — govern momentum transfer and the ability to escape local
jamming.

In the purely active limit, the model reproduces motility-induced phase separation. A mean-squared
displacement analysis confirms the expected ballistic—diffusive crossover and validates the dynamic con-
sistency of the formulation. An explicit mapping between microscopic KMC rates and hydrodynamic
parameters establishes quantitative links to continuum theories.

In dense mixtures with uniform diffusivity across species, the interplay between pushing and realign-
ment controls transport: rotation facilitates unjamming, while intermediate pushing strengths maximize
mobility. For mixtures with a diffusivity contrast between species, increasing passive mobility suppresses
clustering and restores homogeneous mixing. Finite-size scaling shows the transition sharpens systemati-
cally with system size, but the associated effective exponents are non-universal and depend on the torque,
indicating a sensitivity of the demixing process to microscopic interaction rules rather than a shift of uni-
versality class. A macroscopic experiment using centimeter-scale robots in arenas with mobile obstacles
qualitatively reproduces the simulated trends, confirming the mechanistic interpretation.

The framework establishes a quantitative bridge between discrete kinetic models and continuum
active-matter descriptions, providing insight into how microscopic interactions govern emergent trans-
port and phase behavior.

Keywords: Active matter, complex environments, phase separation, non-equilibrium systems, Ki-
netic Monte Carlo.
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Chapter 1

Introduction

Carpenter ants are expert navigators, not just because they follow pheromone trails, but because they
physically reshape their environment. By moving twigs, leaves, and other debris, they build bridges
and tunnels [1] that facilitate collective motion. This behavior exemplifies stigmergy, a form of indirect
communication in which individuals modify a shared environment, leaving behind cues that guide fu-
ture actions. Although stigmergy was first studied in social insects, it emerges more broadly in systems
where structure and motion co-evolve, from bacterial colonies tracing nutrient gradients [2] to artificial
microswimmers and robotic swarms [3] whose trajectories are influenced by environmental cues [4].

The emergence of complex, collective behavior from many simple interacting units is observed across
physics, chemistry, biology, and social science [5, 6, 7, 8, 9]. A primary goal, particularly in physics, is
to capture such emergent phenomena using a minimal set of principles. This approach has succeeded
in equilibrium thermodynamics, providing unifying laws that apply from the electronic properties of
materials to the motion of planets. For systems far from equilibrium, however, this remains a central
challenge. A particularly important class is active matter: collections of units that consume energy to
generate directed motion [10]. Because they continually dissipate energy, these systems are intrinsically
out of equilibrium and exhibit behaviors not possible in equilibrium settings, including flocking [6],
clustering [11], vortex formation [12], and spontaneous self-organization [10].

Active matter is deeply rooted in biological systems, where motility arises from energy-consuming
self-propulsion mechanisms. Many microorganisms, including bacteria, spermatozoa, and unicellular al-
gae, move by converting chemical energy into directed motion [13, 14]. At larger scales, collective motil-
ity underpins crucial physiological processes such as tissue growth, wound healing and cancer metasta-
sis [15].

In recent years, advances in micro- and nanoscale fabrication have made it possible to engineer arti-
ficial self-propelled particles that mimic these biological behaviors [12, 16, 17, 18, 19,20, 21, 22]. These
synthetic “microswimmers” serve as controllable model systems for exploring the physical principles of
active motion: they can reproduce key features of living motility while enabling systematic tests of how
propulsion, noise, and interactions give rise to collective dynamics. In this sense, biological and artificial
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active matter jointly provide the experimental foundation for understanding nonequilibrium organization.

To understand how microscopic interactions give rise to such dynamics, one needs coarse-grained
models that reduce microscopic detail while retaining the mechanisms of emergence. A key question
is how much of this complex organization can be captured by physical models based on a minimal set
of rules. Put differently, how much physics is needed to achieve a degree of complexity that resembles
biological motion phenomena. It is important to stress that the aim of such models is not to mimic
any specific organism in detail, but to provide a general framework for analyzing far-from-equilibrium
systems.

Building on this principle, this thesis develops a minimal lattice-based Kinetic Monte Carlo (KMC)
model of active particles coupled to a dynamic environment. The model captures how particles shape their
surroundings and, in turn, have their dynamics modulated by the structures they generate and encounter.
The aim is to identify the essential ingredients that enable environment-mediated organization in active
matter.

This thesis is organized as follows. Chapter 2 introduces the modeling framework. It begins with the
Active Brownian Particle formalism and summarizes previous studies in crowded environments, before
presenting the Kinetic Monte Carlo approach developed here. The model formulation, numerical im-
plementation, and mapping between continuum and lattice descriptions are described in detail, followed
by validation through translational and rotational dynamics and by reproducing Motility Induced Phase
Separation. Chapter 3 investigates active—passive mixtures with uniform diffusivity, focusing on how
self-propulsion influences passive clustering, structure formation, and transport when both species share
the same translational diffusion coefficient. Chapter 4 extends this framework to active—passive mixtures
with diffusivity contrast, using finite-size scaling to test for criticality in the demixing transition and ex-
ploring how the associated scaling trends depend on microscopic interaction rules. Chapter 5 presents a
tabletop experiment that illustrates environment-mediated organization in a macroscopic setting, provid-
ing qualitative analogies with the model predictions. Finally, the appendices compile supporting material:
Appendix A provides a decision flowchart for model implementation; Appendices B and C describe pa-
rameter mappings between continuum and lattice quantities; and Appendix D details the derivation of
time increments in the KMC algorithm.



Chapter 2

Model and Methods

Several theoretical and computational models [23] have been developed to describe the behavior of
active particles, ranging from microscopic particle-based simulations [24, 25, 26, 27, 28, 29, 30, 31]
that include explicit interparticle potentials to continuum approaches based on effective fields [11, 32,
33, 34, 35]. These models differ in their level of detail, computational complexity, and the physical
phenomena they capture, and are typically chosen to suit the spatial and temporal scales or particular
scientific questions of interest.

2.1 Active Brownian Particle (ABP) Framework

The Active Brownian Particle (ABP) model offers a minimal yet powerful description that captures the
essential features of self-propelled motion. In this approach, particles move at constant speed with their
orientation undergoing rotational diffusion, effectively modeling the stochastic reorientation due to inter-
actions with the surrounding fluid and thermal fluctuations. The influence of the fluid medium and other
microscopic forces is incorporated implicitly through an effective Langevin force, balancing persistent
active propulsion with stochastic noise. At the microscopic scale typical of the systems we consider, such
as bacteria or synthetic microswimmers, the inertial effects are negligible because of the low Reynolds
number and the dominance of viscous damping. For this reason, the dynamics of active Brownian parti-
cles are well captured by an overdamped description, where frictional forces and stochastic fluctuations
set the properties of motion.

Although the specific model developed in this thesis does not employ the particle-based equations
of active Brownian dynamics directly, it is instructive to introduce them here. They provide a minimal
theoretical framework that highlights the essential contributions of propulsion, diffusion, and noise in
active systems, and serve as a useful reference point for contrasting the lattice-based approach developed
later. In the overdamped regime, the particle’s position r(t) = (z(t), y(t)) evolves according to [10, 17,
36]:
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@(t) = /2D7 1. (t) + vo cos(0(t)),
y(t) = V2D ny(t) + vosin(6(t)), (2.1)
0(t) = \/2Dp (1),

where vy is the propulsion speed, §(t) the propulsion orientation, and Dy and Dy, the translational and
rotational diffusion coefficients, respectively. The stochastic terms 7),,(t), 17, (t), and ng(¢) are independent
Gaussian white-noise processes with zero mean and unit variance, i.e.,

<77’L(t)> =0, <77@(t) 77]'(75,)> = 6ij 5(t - t/)7 Z.vj € {x’ Y, 9}, (22)

representing thermal and environmental fluctuations.

A central quantity used to characterize stochastic trajectories is the Mean Square Displacement (MSD),

(art() = (jr@ - xO)F),

which measures how far a particle typically wanders after a given time ¢t. For ABPs in two dimensions,
the exact MSD [17] is

(Ar2(t)) = [4Dr + QUgTR]t + 20373 (e_t/TR - 1) , (2.3)

where the characteristic persistence time is

1

=5 (2.4)

TR

Derivations and detailed comparisons to passive Brownian motion can be found in [37]. This ex-

pression interpolates between two distinct transport regimes. For short times ¢ < 7g, the propulsion

orientation has not yet randomized, and the trajectory is approximately straight (ballistic). In this regime,
the MSD grows as

(A2 (t)) ~ v3t2. (2.5)

For long times t > 7g, successive reorientations wash out directional persistence, and the motion crosses
over to diffusive behavior. The MSD then grows linearly in time with an effective diffusion coefficient

Dett = Dy + $v37R, (2.6)

which exceeds passive thermal diffusion, reflecting activity-enhanced transport.

Two characteristic scales naturally emerge from this analysis. The persistence time 7r sets the
timescale over which directed motion is maintained before reorientations dominate, while the correspond-
ing persistence length,

lR = VOTR, (2.7)
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defines the spatial extent of this directed “run”. Together, [r and 7 provide the fundamental dynamical
scales of an active particle, separating short-time ballistic motion from long-time diffusion. These scales
are particularly useful for comparing experiments and models, since they collapse the rich stochastic
dynamics of an ABP into two physically meaningful parameters.

Thus, the ABP framework captures the essential single-particle physics of active matter. However,
real environments often include interactions, obstacles, and multi-particle effects. Important physical
mechanisms such as hydrodynamic interactions, shape anisotropy, and crowding are neglected here but
become critical in dense or confined regimes. These complexities motivate the use of extended models,
which consider other possible interactions.

2.2 Previous Studies in Crowded Environments

Active agents rarely move through empty space; in natural and artificial systems alike, they are often sur-
rounded by other agents or passive obstacles—from cells migrating through tissue and molecular motors
operating inside the cytoplasm to robots and pedestrians navigating crowded spaces [38, 35, 39]. Such
environments, particularly when composed of both active and passive components, fundamentally alter
individual motion and collective dynamics. Crowding and confinement, rather than acting as neutral
backgrounds, can enhance correlations and promote emergent organization across scales [40, 41].

The transport of living and synthetic active species through crowded environments plays a crucial
role in many natural and engineered processes [42, 43]. In these settings, the effective transport proper-
ties of motile microorganisms depend on the interplay between swimmer motility and the boundaries that
define the porous environment [44, 42]. Even passive Brownian particles experience significant slow-
downs in dense or obstructed media: steric hindrance, hydrophobic and electrostatic interactions, and
purely excluded-volume effects can substantially hinder diffusive flux, even at low obstacle concentra-
tions [45, 46, 47]. For active particles, local slowdowns within boundary layers can strongly influence
their overall mobility across porous or heterogeneous materials [42]. Soft, deformable environments such
as mucus, hydrogels, or polymeric networks add further complexity, since surface fluctuations and elastic
deformations feed back into particle motion and can drastically reshape effective transport pathways [42].
Together, these effects highlight how environmental structure fundamentally shapes transport at both the
single-particle and collective level.

Crowding and confinement therefore act as powerful catalysts for self-organization: the spontaneous
emergence of large-scale structure from local interactions without central control. Through repeated
microscopic interactions under environmental constraints, collective patterns arise with properties and
functions absent at the level of single particles, often spanning scales much larger than the constituents
themselves. It is now widely recognised that confinement and crowding do not merely restrict motion,
but also reshape effective interactions, impose symmetry breaking, and modify encounter dynamics in
ways that steer organization [48].

Understanding how active particles behave in such environments is crucial for uncovering the fun-
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damental mechanisms that underlie structure formation, collective motion, and self-organization across
biological, soft matter, and engineered systems. Building on these ideas, several experimental studies
have explored how environmental structure mediates coordination and transport.

One illustrative case is the formation and reuse of transient paths, a form of coordination rooted in
stigmergy—indirect communication through environmental modification. Dias et al. demonstrated this
principle in colloidal swimmers navigating disordered landscapes, where swimmers followed transient
trails left by their predecessors [4]. Counterintuitively, crowding enhanced coordination: path reuse was
mediated by a torque that mechanically aligned swimmers along the trail boundaries, creating a shared
environmental memory that even a single particle could later exploit for more efficient search [49]. This
finding illustrates how, in decentralized systems of active units lacking explicit signaling pathways, the
environment itself can mediate coordination.

In a different system, Makarchuk et al. showed that forward scattering of motile bacteria around
micro-obstacles strengthens their propagation along surfaces, as cells maintain directional persistence
while avoiding large deflections [50]. Together, these studies illustrate a general principle: the environ-
ment is not passive but can act as an active mediator of coordination and collective transport. Similar
mechanisms are thought to operate in biological collectives, where environmental shaping enables feed-
back between motion and structure.

Motivated by these findings, the present work employs a lattice-based Kinetic Monte Carlo (KMC)
framework to investigate active particles moving through dynamic environments of passive obstacles.
We explore how obstacle interactions, environmental crowding, and feedback mechanisms give rise to
path reuse, clustering, and emergent collective motion.

2.3 Model

Computer simulations are invaluable for exploring the parameter space of active matter systems and for
revealing emergent phenomena that are often impractical or inaccessible in experiment. By systematically
varying interaction rules and conditions, simulations provide theoretical insight into the rules governing
collective behavior.

A variety of computational approaches exist for modeling active matter, each optimized for partic-
ular spatial and temporal scales. Molecular Dynamics (MD) simulations, for example, can accurately
resolve the trajectories of individual particles, capturing the effects of particle shape and detailed interac-
tion forces when these are relevant [51]. However, for systems with many particles or when fine solvent
details are not critical, MD becomes computationally expensive and impractical for studying large-scale
collective dynamics. To access longer timescales and larger system sizes, coarse-grained or mesoscale
methods — such as Langevin dynamics (which incorporate stochastic and frictional terms to model omit-
ted degrees of freedom) or dissipative particle dynamics (DPD) — trade spatial detail for computational
efficiency, making them more suitable for exploring emergent collective phenomena [52, 53, 23]. In the
next section, we discuss how such mesoscale frameworks can be applied in the context of active matter.
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For the present study, the focus is on emergent collective dynamics, where the essential features are
governed by effective interaction rules rather than atomistic detail. In this regime, the Kinetic Monte Carlo
(KMC) method is particularly well-suited. Unlike standard Metropolis Monte Carlo, KMC is a rejection-
free algorithm that incorporates physical time by directly advancing the system through successive state-
to-state transitions. This enables efficient simulation of long timescales and large system sizes without
tracking every microscopic motion [54].

2.3.1 Kinetic Monte Carlo (KMC) Framework

The Kinetic Monte Carlo (KMC) method models the stochastic evolution of a system by treating its
dynamics as a sequence of discrete uncorrelated events occurring randomly in time. Instead of resolving
all microscopic fluctuations, the method advances the system between well-defined states, with each
possible transition associated with a characteristic rate. Events are selected according to their relative
probabilities, making KMC a rejection-free alternative to standard Monte Carlo: every step produces a
physically meaningful transition. Importantly, KMC explicitly advances time by assigning exponentially
distributed waiting periods to events, thereby reproducing the correct temporal evolution.

A standard lattice-based KMC simulation follows a well-defined sequence of steps. First, the system
is initialized, for example with particles placed on lattice sites in a chosen configuration. For each state, all
possible dynamical events—such as particle movements, rotations, or reactions—are enumerated. Each
event type ¢ is characterized by a rate constant W;, and if n; realizations are available (allowed events
will depend on interaction rules and constraints), its total contribution is

Summing over all types yields the overall rate

Rt = ) Ri. (2.9)

An event type j is then chosen with probability R;/Rio, using a uniform random number 1 €
[0, Riot). From the n; possible realizations of this event type, one is selected uniformly at random,
and the system configuration is updated accordingly. The elapsed physical time before the event occurs
is drawn from the exponential distribution,

In(u)
Rtot ’
where u € (0, 1) is another uniform random number (see Appendix D for derivation). This form arises

At =

(2.10)

because the sequence of events in KMC constitutes a Poisson process: events occur independently with
total rate Ryqt, so the waiting time between successive events is exponentially distributed. This cycle of
event identification, selection, execution, and time advancement is repeated until a stopping criterion is
met, such as reaching a maximum simulation time or steady state.
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In this work, space is represented by a discrete lattice. This approximation balances physical inter-
pretability with computational efficiency: while lattice discretization omits microscopic details below
the lattice spacing, the observables of interest, such as clustering, transport, or path formation, emerge at
scales much larger than the lattice unit. By encoding motion and interaction rules at the lattice level [55],
one can systematically explore the impact of minimal ingredients on emergent dynamics.

Like any modeling framework, KMC requires choices regarding which processes are explicitly rep-
resented as stochastic events. This modularity is a strength: additional processes can be incorporated
iteratively if results suggest they play a significant role. Prior studies have demonstrated that KMC
accurately captures both kinetic pathways and statistical properties [56, 57] across a wide range of sys-
tems [54, 58, 59, 60, 61], making it a versatile and powerful tool for investigating self-organization and
transport in active matter.

2.3.2 Numerical Implementation

Building on the lattice KMC framework introduced above, our model is implemented on a discrete two-
dimensional square lattice of size N = L x L. The lattice representation sacrifices space resolution
but retains essential physical ingredients, such as excluded volume interactions and directional propul-
sion, while remaining computationally efficient. This allows the simulation of large systems over long
timescales, both of which are critical for probing emergent collective behavior.

Particles are hard-core and occupy a single lattice site. Both active and passive particles have identical
size, but differ in their dynamics. The initial configuration is generated by randomly placing a density of
Pa = % active and p, = % passive particles uniformly on the lattice without overlap. Active particles
possess a discrete orientation corresponding to one of the four lattice axes, reflecting the underlying square
symmetry. Each particle is initially assigned a random orientation that defines its propulsion direction.
This discretization introduces anisotropy into single-particle trajectories, an effect that will be revisited
in Section 2.3.3. Passive particles, in contrast, have no orientation and do not self-propel.

For computational efficiency, lattice sites are encoded by integer values: 0 for an empty site; 1-4 for
an active particle oriented left (1), down (2), right (3), or up (4); and 5 for a passive particle.

Without considering interactions, each active particle undergoes three types of events, illustrated in
Fig. 2.1:

1. Active propulsion: hopping one site forward at rate e,
2. Thermal diffusion: hopping one site forward at rate &,
3. Rotational diffusion: changing orientation by +90° at rate w.

Passive particles undergo only thermal diffusion. Here, e controls the strength of active propulsion,
& sets the thermal hopping rate, and w governs rotational noise. Together, propulsion and reorientation
sustain persistent random walks with a mean persistence time 7, ~ w™'. The rate £ effectively sets the
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Figure 2.1: Underlying rules for particle dynamics. Active particles (red) can move in their preferential
direction (1), diffuse thermally into other directions (2), or rotate (3). Passive particles (blue) perform
only thermal diffusion (2). A lattice of size N = L x L is shown with periodic boundary conditions.

Shapes are schematic; all particles occupy a single lattice site.
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translational temperature of the system. In Chapter 3, a single value of £ is used for both active and
passive particles; a generalized model allowing distinct translational temperatures for the two species
will be introduced in Chapter 4.

So far, the dynamics describe isolated particles. We now incorporate interactions between active
particles and their environment, consisting of both other active particles and passive obstacles. These
interactions are implemented through excluded-volume rules that give rise to two additional processes:
pushing and realigning. When an active particle attempts to move into an occupied site during propulsion
(Process 1), one of the following outcomes occurs (Fig. 2.2):

a) Push: if the number of consecutively occupied sites in the propulsion direction is less than or equal

to a model parameter m, the active particle pushes the entire chain one lattice site forward. Rate

.

b) Realignment: if pushing is not performed, the particle may instead change its orientation by +90°,
allowing it to attempt movement into a free neighboring site. Rate ).

¢) Bounce-back: if neither a) nor b) lead to a free site, the particle remains at its current position.

ﬂ Push
= 1
{ lllll l\}“’ ._‘ .
\\-____I, [ B _:
n Re-align
o .
n Bounce back

o-B

Figure 2.2: Interaction processes for active particles encountering obstacles: a) pushing up to m obstacles

(rate ), b) realigning to £90° (rate £2), or ¢) bouncing back if neither process succeeds. Active particles
are shown in red, passive ones in blue; arrows indicate propulsion direction.
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The relative probabilities of pushing a) and realigning b) are tuned by the parameters , §2, and m,
where 7 and €2 control the respective rates of pushing and realigning, while m determines the maximum
length of a consecutive chain of obstacles that an active particle can push. The algorithm is designed
to be rejection-free in the traditional Kinetic Monte Carlo sense; at every iteration, a process is always
selected and executed from the list of all possible events. The bounce-back outcome c) is not represented
by an explicit kinetic rate; rather, it is the deterministic consequence of an attempted move that cannot
be realized by either pushing or realigning. In this case, the particle’s position and orientation remain
unchanged while the simulation clock is advanced. This avoids artificially introducing a high-frequency
“failed move” event while still capturing the physical effect of a collision blockade.

A complete flowchart of the active-particle decision rules is provided in Appendix A. Periodic bound-
ary conditions are applied in both lattice directions to minimize edge effects and mimic an effectively in-
finite system. The lattice side length L is selected sufficiently large to ensure that emergent phenomena
develop at length scales well above the lattice discretization.

Time evolution proceeds through event-driven KMC steps as described in Section 2.3.1. At each step,
the algorithm evaluates all potential microscopic events for each particle and calculates the total system
rate as the sum of rates of all currently allowed events. An event is considered “allowed” only if it does
not violate model constraints such as excluded volume or the pushing limit m.

Explicitly, the total rate at time ¢ is given by:

Rtot (t) = Nactive (t) B + Ndiff(t) 5 + Nrot (t) w, (2-11)

where Nyctive(t) denotes the number of allowed active propulsion attempts at time ¢, i.e., particles whose
target site is either empty or can be vacated by pushing a chain of length < m. Ng;e(t) counts allowed
thermal diffusion hops into empty neighboring sites for both active and passive particles, while Ny () =
2N, accounts for clockwise and counterclockwise rotations of all active particles. Rotational diffusion
events are always allowed, as their feasibility does not depend on neighboring site occupancy.

2.3.3 Parameter Mapping (Continuum to Lattice)

To connect the parameters used in our lattice-based simulations to their continuum counterparts, it is
necessary to systematically map each fundamental rate and coefficient. This enables robust comparison
with theoretical predictions and allows physical interpretation of simulation data.

The first step is translating the rotational diffusion implemented in the lattice model into a rotational
diffusion coefficient for continuous space. In our lattice model, rotational diffusion corresponds to a
discrete two-dimensional random walk, where the particle’s orientation changes in increments of 3
with equal probability at each step. These unbiased turning rates, denoted by w, result in no net drift. A
detailed derivation (Appendix C) shows that the rotational diffusion coefficient Dy in continuous space
is related to the 2D lattice (A = 7) rate w by:

11
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71.2

Dp=w-g (2.12)

This mapping factor %2 accounts for the discretization of rotational increments, enabling direct compar-
ison between lattice simulation and continuum theory.

The corresponding persistence time, which quantifies how long a particle maintains its orientation
before reorienting due to rotational diffusion, is then the inverse of Dg:

1 8
— - 2.13
TR Drp n2w (2.13)

With the rotational mapping established, we next relate the effective translational diffusion coefficient
to its lattice analogs. The analytical expression (Eq. 2.3) for the MSD of an active particle in continuum
theory assumes isotropic motion, whereas our simulations use discrete lattice geometries for computa-
tional feasibility. In the lattice, motion is restricted to a finite set of directions defined by its symmetry
(e.g., n = 4 for a square lattice).

To account for deviations introduced by this discretization, we introduce a geometric mapping factor
«, which modifies the active contribution to the effective diffusion coefficient (Eq. 2.6). Using the
mapped persistence time 7r (Eq. 2.13), the parameter mapping is given by:

5 8

1
Do = €+ —ae ——- (2.14)
2 oW

In this expression, the translational diffusion coefficient is given by the lattice parameter, Dy = &,
and the effective self-propulsion speed corresponds directly to the activity rate, v = €. The geometric
mapping factor o accounts for the effect of angular discretization on the lattice.

While our primary model uses a square lattice with angular discretization n = 4, to quantify how
« depends on directional resolution, we performed auxiliary simulations with a single active particle
(disabling push and torque interactions), varying the number of allowed orientation directions n. This
isolates the influence of angular discretization on the mapping factor.

Figure 2.3 displays the results for the mapping factor o — 1 as a function of n. The decay of « — 1 is

well described by a power law,
A

a—1= F (2.15)
with fitted parameters A ~ 5.1 + 0.2 and k£ ~ 2.03 £ 0.03.

The mapping factor o decreases rapidly as n increases, reflecting the convergence of the discrete
lattice model to the continuum limit with finer angular resolution.

Based on this general behavior, we then focus on the fixed n = 4 case corresponding to our lattice
geometry. For this end, we take MSD curves for varying translational diffusion rate £, with fixed angular
resolution n = 4, active propulsion strength ¢ = 2, and rotational diffusion rate w = 0.1. The measured
slopes in the diffusive regime allows us to extract the mapping factor « = 1.276 + 0.008. Consequently,

using all the mapping relations previously stated, the effective diffusion coefficient reads for n = 4:

12
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Figure 2.3: Log-log mapping factor « — 1 as a function of angular discretization n. The red curve
represents a power-law fit & — 1 = A/n”, with fitted parameters A ~ 5.1 0.2 and k = 2.03 = 0.03.
Translational diffusion is fixed at &€ = 0.0001. Averaged over 10* samples.
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1
Degr = Dy + 51.281)273. (2.16)

For the 1D case, an analytical derivation of the effective diffusion coefficient is possible and is pro-
vided in Appendix B.

In 2D, the corresponding master equations can be written in analogy with the 1D case (Egs. B.1). We
consider a single active particle moving on a 2D discrete lattice, with spacings Ax and Ay along the z
and y directions, respectively. The particle can move along its preferential direction with rate 5 = ¢ + &,
along transverse directions with rate £, and switch its orientation at rate w. P_(x,y,t), P—(z,y,t),
Py(x,y,t), and P|(x,y,t) denote the state probabilities of a particle occupying site (x, y) at time ¢ with
preferential orientation right, left, up, or down, respectively.

oP

T: = B(Ps(x — Az, y,t) — P) + & (P(2,y — Ay, t) + P(z,y + Ay, 1)

OP_

ot :5(P<_(x+A:r,y,t) _P<—) +§(P<_(x,y—Ay,t) +P<—(xay+Ay7t)
+ P (x — Ax,y,t) =3P ) +w (P + P, —2P_)

OP;
+ PT(ac,y—i— Ay,t) — 3P¢) + w (P<_ + P, — QPT)

0P,

= = BBz y+ Ay 1) = P +E (P + Az,y,t) + P (z — Az, y,1)

+ P(z,y — Ay,t) = 3P)) + w (P + P, — 2P))

Performing a Taylor expansion in Ax and Ay up to second order yields the continuum-limit equations
shown below. Specifically, we retain terms up to O(Ax?, Ay?) in the expansion of the discrete shifts,
while higher-order terms are neglected. However, unlike in 1D, the resulting system of coupled par-
tial differential equations for the four orientation-resolved probabilities does not admit a straightforward
analytical treatment.

14
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oP., Az? 2P, oP.,
o~ Y (2ax2> +E=h) (Aw o )

+¢ AQOQPH Py + P, — 2P
V5, +r (P + P, —2P,)

OP_ Ax? 0?°P_ 0P,
o~ Y <2ax2> +6-4) (M o )

5 0?P
+& (| Ay 9,2 +r(Pr+ P —2P_)
oP; Ay? 0°P; OP;
rr (B+E) <2 0,2 + (£ —B) Ayaiy
20°P;

oP, Ay? 2P, op,
ot (B+E) (2 12 ) + (B —-§) (Ayay)

9P
+¢ (Ax2 &Uj) + k(P + P, — 2P))

For 2D, the continuum limit leads to a system of coupled PDEs for which no closed-form solution
could be obtained. Several standard numerical schemes were evaluated, but none yielded results consis-
tent with the effective diffusion measured in simulations.

For this reason, the Taylor expansion is retained only to document the formal continuum limit of the
lattice model. The quantitative value of the 2D effective diffusion coefficient is therefore taken directly
from simulation results rather than an analytical expression.

These mapping relationships are essential to accurately translate the rotational dynamics observed in
lattice simulations into the continuous-space framework. This enables rigorous comparison with theoret-
ical predictions and experimental observations. By establishing this connection, the current methodology
lays a foundation for quantitatively bridging discrete simulation models with continuum descriptions of

active matter.

2.3.4 Validation

Before analyzing interacting systems, it is essential to validate the simulation code against known theo-
retical results for a single ABP. Interaction parameters {2, 7w and m are therefore equal to 0 throughout this
section. This step verifies that both the translational and rotational dynamics are correctly implemented

within our model’s framework.

15
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2.3.4.1 Translational dynamics

We simulated a single active Brownian particle (IV, = 1, IV, = 0) on a square lattice of size L = 1000
with periodic boundary conditions. The simulation parameters were chosen as active propulsion rate ¢ =
2, rotational diffusion rate w = 0.1, and translational diffusion rate £ = 0.1. Only the stochastic processes
listed in Section 2.3.2 were included. The results were averaged over 10* independent trajectories to
ensure statistical reliability.

Figure 2.4 shows the simulated MSD, validated against the theoretical ABP expression incorporating
the correction factors derived in the previous chapter. Specifically, the effective diffusion coefficient D¢
used for comparison accounted for the geometric mapping factor o modifying the active contribution,
while the rotational diffusion coefficient D was related to w by the mapping formula from Section 2.3.3.

It should be noted that the factor o was derived for the effective diffusion coefficient, that is, in the
diffusive regime corresponding to long times. For short times, however, this factor remains undetermined,
which explains the slight deviation observed between the simulated curve and the analytical prediction.
The agreement at long times confirms the accuracy of our numerical implementation of translational
dynamics.
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Figure 2.4: Mean-square displacement of a single active particle compared to the analytical prediction,
including geometric and rotational diffusion mappings. Parameters: ¢ = 2, Dr = 0.123, Dy = 0.1,
L = 1000, averaged over 10* trajectories.
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2.3.4.2 Rotational dynamics

Next, we validate the rotational dynamics of our model. In the continuous description, the propulsion
orientation #(¢) undergoes pure rotational diffusion, modeled by the stochastic differential equation [36]

0(t) = /2Dy (1), @2.17)
where 7¢(t) is Gaussian white noise. This implies that the angular MSD grows linearly with time:
([6(t) — 6(0)]?) = 2Dgt. (2.18)

In our lattice simulations, ¢ changes in discrete increments of +7 at a rate w, which is mapped to
the continuous rotational diffusion coefficient Dy as described in Section 2.3.3. To validate this, we
measured the angular MSD for multiple values of w and confirmed the expected linear growth with slope
2D g, demonstrating the validity of our rotational update rules (Fig. 2.5).
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Figure 2.5: Angular mean-square displacement for different rotational diffusion coefficients: (a) Dp =
0.012, (b) Dr = 0.062, and (c) Dr = 0.123. Parameters: ¢ = 2, D = 0.001, L = 50, averaged over 5

particles and 10* trajectories.

Additionally, we analyzed the distribution of orientations P(6,¢). By the central limit theorem, for
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sufficiently long times this distribution converges to a Gaussian with variance 0 = 2Dpt:

1 [6(t) — 0(0))?
\/M:DRt exp (_4DRt> . (2.19)

Histograms of ¢ collected from many independent particles at fixed time collapse accurately onto the
theoretical Gaussian distribution (Fig. 2.6), further supporting the correct implementation of rotational

Po,t) =

diffusion and mapping of w to Dp.
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Figure 2.6: (a) Angular distribution P(6, ) att = 10° compared to the Gaussian with variance 2D rt. (b)
Normalized distribution P %Rt) compared with the standard normal distribution N (0, 1), confirming
the expected rotational diffusion behavior. Parameters: ¢ = 2, Dy = 0.001, L = 50, averaged over 5

particles and 10? trajectories.

Together, these benchmarks provide strong validation of our simulation code, confirming that the
rotational dynamics reproduces the expected behavior of the active Brownian particle model in both
MSD growth and orientation statistics.

2.3.4.3 Motility Induced Phase Separation (MIPS)

Motility Induced Phase Separation (MIPS) is a nonequilibrium phenomenon in which active particles
with purely repulsive interactions spontaneously separate into coexisting dense and dilute phases — a
behavior not achievable in passive equilibrium systems [11, 62, 63, 64]. This phase separation arises
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because particles slow down in regions of high density, leading to accumulation and the formation of
clusters [65, 66].

In the passive limit (¢ = 0), particles perform Brownian motion and distribute uniformly. Increasing
activity e alters this behavior through flux-driven dynamics: when particles become neighbors, their mo-
bility is hindered. If the characteristic reorientation time is sufficiently long compared to the arrival time
of other particles, clusters may grow. The competition between persistent self-propulsion and thermal
and rotational diffusion governs the evolution towards either clustering or a homogeneous state [62, 66].

To validate that our model captures the essential physics of MIPS, we performed simulations varying
particle activity € and density p,, analyzing cluster formation and phase coexistence. Simulations were
performed on a 200 x 200 lattice with active particle density p, = 0.2 and no passive particles (p, = 0),
using the rules defined in Figure 2.1.

Figure 2.7 illustrates snapshots of the system configuration at time ¢ = 10 as activity € increases. At
low activity (e = 2), the system remains homogeneous. As e increases, a dense cluster forms and grows,
signaling the onset and development of MIPS. Color coding in the snapshots reflects particle orientations.

Figure 2.7: Snapshots at ¢t = 10* for increasing activity € with p = 20%, Dy = 1, D = 0.123,
and lattice size L = 200. (a) ¢ = 2, (b) e = 5, (c) ¢ = 10, (d) ¢ = 20. The system evolves from
a homogeneous state to one exhibiting macroscopic cluster formation as activity increases. Different
colors indicate particle orientations.

To quantify clustering, the lattice was subdivided into 10 x 10 squares, and local densities were com-
puted over 10? independent snapshots. Figure 2.8 shows the normalized density frequency histograms
at final time ¢ = 10*. This coarse-graining method enables visualization of density fluctuations and
identification of phase coexistence through bimodality.

At low activity (e = 2), the distribution is unimodal near the mean density p, = 0.2, consistent with a
homogeneous phase. Increasing e induces a secondary peak at high density, indicating cluster nucleation.
At higher activity, a clear bimodal distribution emerges, with peaks near zero and close to full occupancy,
reflecting coexistence of dilute and dense phases—hallmarks of MIPS.

These results verify that our model robustly reproduces essential MIPS features, in quantitative agree-
ment with continuum theories and prior experimental and computational studies on active matter. The
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Figure 2.8: Density frequency distribution at ¢ = 10* for varying activity e. Parameters: p, = 0.2,
Dy =1, Dr =0.123, L = 200.
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agreement between the simulated density distributions and the predicted bimodal coexistence confirms
that the minimal lattice formulation retains the key ingredients of motility-induced phase separation.
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Chapter 3

Active-Passive Mixtures with Uniform
Diffusivity

This chapter introduces an extended model to study mixtures of active and passive particles. This
lattice-based Kinetic Monte Carlo framework explicitly incorporates excluded-volume interactions be-
tween the two species, enabling investigation of how these couplings influence clustering, phase separa-
tion, and emergent collective phenomena.

Throughout this chapter, both active and passive particles share the same translational diffusion rate &,
corresponding to equal effective temperatures. The effects of temperature mismatch between species will
be addressed in Chapter 4. Here, we focus on two interrelated phenomena: (i) the spatial organization
and clustering of passive particles, and (ii) the transport properties and dynamics of active particles in
mixed environments.

3.1 Passive Clustering and Structure Formation

Passive clustering and structure formation are examined on a lattice of size L = 200 with particle densities
pa = 1.1% (active) and p, = 37.5% (passive), and parameters D = 0.0001, Dp = 0.123, ¢ = 2 and
m = 1. Key parameters such as the push probability 7 and realignment probability €2 are systematically
varied to characterize emergent passive spatial patterns and collective organization.

Pushing interactions in the model predominantly occur between active and passive particles due to
the low density of active particles and the correspondingly small probability of active—active encounters.
Consequently, the parameter 7 (push probability), together with the mass ratio m, effectively controls
the relative inertia of the two species. Different values of 7 can thus be interpreted as tuning the relative
influence of active propulsion on passive rearrangements, making this parameter an implicit proxy for
the effective mass ratio. This subject is further discussed in Chapter 5.

Figure 3.1 shows representative snapshots of the system evolution under various parameter combina-
tions. Initially, passive particles (blue) form transient, interconnected pathways and channels driven
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by sparse active particles (red). These dynamic structures and their partial reuse over time indicate
environment-mediated organization induced by active motion, reminiscent of previous observations in
molecular dynamics studies [4].

At longer times, however, the system undergoes a robust transition beyond transient networks to-
ward macroscopic phase separation. Following rapid initial rearrangements and cluster nucleation, the
passive-particle move rate decays to a steady-state plateau (Fig. 3.3), indicating coexistence of stable
dense passive-rich and dilute active-rich regions.

Figure 3.1: Snapshots of the time evolution, in KMC time units, of an active (red)-passive (blue) particle
mixture at densities p, = 37.5%, p, = 1.1% and activity e = 2. Push probability 7 and realignment
probability €2 are varied across simulations.

As in Section 2.3.4.3, the lattice was subdivided into 10 x 10 squares, and local density measurements
were aggregated over 102 independent snapshots to obtain coarse-grained density histograms, quantifying
spatial heterogeneity in the passive-particle distribution.
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Figure 3.2: Local passive particle density distributions and corresponding snapshots at time ¢ = 10°.
For m = 0, the distribution centers near p, = 37.5%, consistent with a uniform state. Increasing 7 at
intermediate §2 leads to bimodal distributions with peaks near zero and one, indicative of phase separation
into dilute and dense phases.

At zero push probability (m = 0), the system remains spatially uniform, with local densities centered
around the global mean p, = 37.5%. As 7 increases (for intermediate 2), the density histograms de-
velop clear bimodality with peaks near zero and unity, signaling coexistence of dilute and dense domains.
The onset of bimodality marks a nonequilibrium transition akin to motility-induced phase separation but
mediated here by active—passive coupling.

Together, the density histograms and passive-particle move rate demonstrate that the system relaxes
into a nonequilibrium steady state with stable phase-separated structures.

These findings highlight a key distinction from prior active—passive models: while short- and intermediate-
time dynamics are dominated by transient channel formation reminiscent of earlier studies, the system
ultimately evolves toward macroscopic phase separation rather than a sustained dynamic network. This
behavior underscores how even sparse active components can drive large-scale organization in a predom-
inantly passive matrix through mechanical feedback and local rearrangements.
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Figure 3.3: Passive particle move rate as a function of time for (a) 7 = 0 and (b) m = 0.5. The late-time
plateau confirms the attainment of a stationary state. Averaged over 102 independent samples.

3.2 Active Transport and Dynamics

Understanding the transport properties of active particles within crowded, heterogeneous environments is
crucial to characterizing their emergent collective behavior. In this section, we analyze the mean-square
displacement (MSD) and effective diffusion of active particles embedded in passive particle matrices.

Simulations were performed in a lattice of size L = 50 with densities p, = 37.5% and p, = 1.1%,
and parameters D = 0.123, ¢ = 2, 7 = 0.5 and m = 1. Each curve was averaged over 10* independent
realizations.

The MSD curves in Figure 3.4 display the characteristic dynamical regimes of active Brownian mo-
tion. At short times, particles exhibit a ballistic increase, (Ar2(t)) ~ 2, reflecting persistent propulsion
before orientation decorrelation. This regime gradually transitions into an intermediate sub-ballistic be-
havior due to frequent encounters with passive obstacles and local confinement effects. At long times, the
MSD converges toward a diffusive scaling, (Ar2(t)) ~ 2Det, consistent with the analytical prediction
for active Brownian particles (black dashed line).

Increasing the torque €2 reduced the rotational persistence time, promoting an earlier crossover to
diffusion. This effect is evident from the earlier saturation of the MSD slope for higher 2, particularly at
small translational diffusivity D7 = 0.0001, where persistence dominates the short-time dynamics. In
contrast, for larger D = 0.001, translational noise competes with active propulsion, yielding a smoother
and earlier transition to diffusive scaling. The insets emphasize this crossover regime, confirming that at
sufficiently long times the dynamics recover normal diffusion.

Figure 3.5 quantifies these trends through the effective diffusion coefficient D¢ for Dy = 0.0001.
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Figure 3.4: Mean Squared Displacement ({Ar?(t))). The black dashed line represents the analytical
curve, indicating the expected free-diffusion behavior. The insets provide a zoomed-in view of the long-
time regime in lin-lin scale, demonstrating the transition to a diffusive scaling. (a) D7 = 0.0001 and (b)
D7 = 0.001.
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Figure 3.5: Effective diffusion coefficient (D) as a function of (a) torque €2, (b) push 7 for Dy =
0.0001. The red dashed line indicates the analytical value.
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Panel (a) shows that D.g increases monotonically with the realignment probability 2. In this model, €2
does not represent a deterministic torque as in chiral active Brownian motion, but rather the stochastic
probability that a particle realigns by +90° when it cannot move forward (process b)). Larger (2 therefore
facilitates more frequent escape from blocked configurations, reducing the time particles remain trapped
and enhancing long-time transport. This effect is strongest for small translational diffusivity Dy =
0.0001, where motion is persistence-limited; at higher D7, random thermal displacements already assist
unjamming, so the dependence on {2 becomes weaker.

Panel (b) shows the effect of the push probability 7, which instead leads to a non-monotonic de-
pendence of Deg. For small m, active particles are often immobilized because pushes are ineffective,
while increasing 7 enhances the probability of successful displacement of passive obstacles, improving
mobility. Beyond an optimal 7, however, frequent pushing events promote local crowding and transient
jamming of passive particles, which reduce overall transport efficiency. The interplay between 7 and
) thus captures two complementary mechanisms — momentum transfer and realignment — that jointly
determine the collective mobility of the active species [67, 68, 69, 70].

Varying the number of obstacles that can be pushed m changed only the time scale at which the results
were obtained, so this analysis is not made in this chapter. Taken together, these results demonstrate that
the interplay among rotational dynamics, translational noise, and environmental structure governs the
emergent transport of active agents. The intermediate regime corresponds to transient path formation
and local channeling, whereas the long-time diffusive limit reflects large-scale mixing and decorrelation
of trajectories within the crowded matrix.

28



Chapter 4

Active-Passive Mixtures with Diffusivity
Contrast

The phase separation observed in active-passive mixtures, where dense passive clusters form within
a dilute active background, shares visual similarities with liquid-gas phase separation [71, 72, 73]. A
fundamental question is whether this non-equilibrium demixing is accompanied by a true critical point,
where the correlation length diverges and universal scaling laws are observed. While some studies suggest
the presence of such criticality [71, 73, 74], it is not a universal feature of phase separation, and its
existence and character can depend sensitively on microscopic details.

In particular, understanding how specific simulation parameters affect critical behavior requires sys-
tematic investigation of parameter spaces including activity levels (¢), rotation interaction (£2) and sys-
tem size (L). Previous studies indicate that microscopic dynamics — including activity, reorientation
probability, and passive particle diffusion — can modify scaling exponents and alter the transition’s na-
ture [72, 75]. This chapter investigates whether a diffusivity contrast between active and passive particles
can drive the system to a potential critical point and, if so, examines whether the associated scaling ex-
ponents exhibit universality or are sensitive to variations in the underlying dynamics.

Throughout this chapter, the term “diffusivity contrast” refers not to a spatial gradient, but exclusively
to a difference in the effective thermal noise (diffusivity) between passive and active components, i.c.,
DgflSSIVC 7& D%gtive‘

4.1 Active Particles in a Passive Bath

We investigate how differences in the effective temperature between active and passive species - imple-
mented through distinct translational diffusion coefficients - affect phase separation in mixed systems.
The simulation setup consists of systems with size L. = 40, where we fix the active particle diffusiv-
ity at DaTCtive = 0.01 and vary the passive particle diffusivity Djpfmive across the range 0.0007 to 0.01.
Throughout this chapter, we use the notation D7 = DY for simplicity.
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The simulations model binary mixtures with particle densities p, = 37.5% for passive particles
and p, = 1.1% for active particles. Active particles have self-propulsion strength ¢ = 2 and rotational
diffusion coefficient Dy = 0.123, with push 7 = 0.5, m = 1. Each data point represents an average over
103 independent realizations. To ensure the system had fully equilibrated, measurements were sampled
at t = 105, a point within the observed steady state.

We test two distinct rotation interaction regimes by comparing systems with zero torque (2 = 0)
and non-zero torque (2 = 0.5). This comparison allows us to determine whether the observed phase
separation behavior depends primarily on the relative mobilities of the components or is sensitive to the
specific interaction dynamics.

To characterize the phase transition, we define two key observables evaluated at ¢ = 10° during
the steady-state regime. The first is the order parameter, ¢, defined as the fraction of passive particles
belonging to the largest cluster:

_ size of largest]\l;assive cluster, 4.1)

where N is the total number of passive particles. This quantity captures the transition from a dispersed
state (¢ = 0) to a macroscopically phase-separated one (¢ — 1) [72, 76, 77, 74]. The second is the
susceptibility, y, which quantifies the fluctuations in the order parameter and typically peaks near phase

transitions:
n

X:N&(%:N- L Z(qbi—qg)Z, with &:%Zqﬁl (4.2)
i=1

n—14
i=1

These are direct analogues to the order parameter and susceptibility in equilibrium phase transitions,
making them appropriate for criticality analysis.

The peak in x (D7) helps identify the transition region, and we define the transition point D, as the
diffusion coefficient where the coexistence region terminates and the mixture becomes homogeneous in
the large-system limit [71, 76].

To account for finite-size effects, we employ standard finite-size scaling relations. The susceptibility
peak position D’.(L) and peak height x (D7, L) scale with system size L as:

Di(L) = D, 4+ CL™'/", (4.3)
X(Dy, L) ~ L7, (4.4)

where v is the correlation-length exponent and ~ is the susceptibility exponent. It is crucial to note that
these scaling relations assume the system is sufficiently close to the true critical point and that finite-size
effects dominate the scaling behavior. The exponents extracted from simulations using these relations
are estimates for the thermodynamic limit, but may be affected by corrections-to-scaling and the limited
system sizes accessible in simulations.

We now apply finite-size scaling analysis to systems with different rotation interactions, parameter-
ized by the torque 2. However, it is important to note that apparent power-law scaling in finite-size data
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does not necessarily imply true criticality, as many non-critical crossovers can mimic such behavior over
limited size ranges. The following analysis should therefore be interpreted as characterizing finite-size
trends rather than definitively establishing universal critical exponents.

Table 4.1: Parameters and effective exponents extracted from finite-size scaling analysis.

Q e D, v ~v/v v

0 2 0.00230 £0.00004 0.52+£0.02 2.58+£0.08 1.35+0.07
0.5 2 0.00356 £ 0.0007 1.2+£01 1.48+0.08 1.75+0.17

Figure 4.1 shows that both the peak position and peak height exhibit apparent power-law trends with
system size. The physical significance of these effective exponents is as follows: the correlation-length
exponent v describes how the characteristic cluster size appears to diverge within our finite size range,
while the ratio /v quantifies how dramatically the order-parameter fluctuations grow with system size.
The values for 2 = 0 are markedly different from those for 2 = 0.5, as is also visible in the distinct
slopes shown in Fig. 4.1, suggesting that rotation interactions fundamentally alter the finite-size scaling
behavior.

However, such power-law trends alone are insufficient to establish true criticality. The exponents
extracted from peak fits represent effective scaling over the accessible system sizes and must be validated
through full finite-size scaling collapse. We test for data collapse using the scaling form:

X(Dp, L)L~V = f[(DT — D)LY, (4.5)

where f(x) is a universal scaling function. A successful collapse would be consistent with a continuous
phase transition, though deviations from perfect collapse may indicate systematic errors or that the system
is not sufficiently close to criticality.

Given these apparent finite-size trends and their strong dependence on microscopic parameters, which
already suggests non-universal behavior, we now rigorously test the consistency of the finite-size scaling
hypothesis by examining the asymptotic behavior of the universal scaling function f(z) from Eq. (4.5).
In a standard continuous transition, the large-z limit of the scaling function should follow a power-law
decay, f(x) ~ x77, where the exponent ~y is identical to the susceptibility exponent obtained from
the peak-height scaling x (D7, L) ~ L/¥. This provides a fundamental self-consistency check for the
critical scaling ansatz.

Figure 4.2 shows the log-log finite-size scaling collapse for both torque values. While each individual
curve for a fixed L exhibits an approximate power-law decay in the large-z regime, the rescaled suscepti-
bility curves for different system sizes fail to collapse onto a single universal branch. The asymptotic tails
remain vertically separated, indicating that the factor L~7/* does not fully account for the system-size
dependence. More decisively, the asymptotic slopes yield effective exponents:
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Figure 4.1: Finite-size scaling analysis for different {2 values, and activity ¢ = 2. Data points were
collected at¢ = 10° within the steady state. (Top) The shift of the susceptibility peak position D (L)— D,
with system size L~ /¥, The dashed lines represent power-law fits used to extract the correlation-length
exponent v. (Bottom) The growth of the peak height x (D7, L) with system size. The dashed lines are
fits to extract the exponent ratio v /v.
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Figure 4.2: Log-log finite-size scaling test of the susceptibility for different system sizes L for (a) 2 = 0
and (b) Q = 0.5, rescaled according to Eq. (4.5). Data are sampled at t = 10% within the steady-state

regime.

« Q=0: v~ 0.90 £ 0.04
« 0 =0.5: v~ 0.87 +0.02

These values are fundamentally incompatible with the respective exponents extracted from the peak-
height scaling (Table 4.1).

This discrepancy violates the scaling hypothesis. The lack of a universal data collapse, combined with
the inconsistent asymptotic exponents, demonstrates that the susceptibility defined via the largest passive
cluster does not obey the finite-size scaling form of Eq. (4.5). Consequently, the apparent power-law
scaling of the peak position D7.(L) and height x (D%, L) with system size — while suggestive — cannot
be interpreted as evidence of true criticality. Instead, it reflects a finite-size crossover behavior where
the phase separation transition sharpens systematically with L, yet lacks the universal scaling properties
characteristic of a continuous phase transition.

The failure of the scaling collapse suggests that the order parameter ¢, based on the largest passive
cluster, may not couple to a single diverging correlation length near the transition. In active matter sys-
tems, the interplay between phase separation and the non-equilibrium motility-induced instability can
lead to rich, non-universal phenomenology. The effective exponents reported in Table 4.1 should there-
fore be understood as quantitative descriptors of how the transition sharpens with system size for this
specific microscopic model and order parameter, rather than as universal critical exponents. This behav-
ior is reminiscent of MIPS-like spinodal instabilities, where binodal and spinodal lines converge in the
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large-system limit, producing a sharp but non-critical transition.

In summary, while a mobility contrast between active and passive components robustly tunes the
location and finite-size sharpness of the demixing transition, our analysis reveals that it does not lead
to a conventional critical point for the chosen order parameter. The observed scaling trends represent
system-size dependent crossovers, and the extracted exponents are non-universal, varying significantly
with microscopic parameters such as the torque 2. This tunability and the breakdown of standard scaling
underscore the rich, path-dependent behavior of phase transitions in active matter, which often elude

classification into equilibrium universality classes.
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Tabletop experiment

Active systems provide a unique framework for exploring how local interactions and environmental
structure give rise to emergent collective behaviors. While most studies focus on microscopic or sim-
ulated realizations, tabletop robotic models offer an accessible macroscopic platform for testing active-
matter concepts under controlled and directly observable conditions. In this chapter, we investigate a
system composed of Hexbugs — small, self-propelled robots powered by vibrational motors that act
as analogues of active Brownian particles. Their persistent self-propulsion and stochastic reorientation
capture the essential dynamics of active matter at a scale that enables direct measurement and visualiza-
tion [78].

The main objective was to examine how the geometry of mobile obstacles affects collective motion
and structure formation. Experimental observations are compared with computational simulations to
identify robust behaviors and to determine how discretization of the environment influences emergent
organization. The following sections describe the experimental setup, the influence of obstacle geometry
on collective dynamics, and the connection between the tabletop system and the lattice-based model

introduced earlier.

5.1 Experimental Setup and Measurement Design

This section details the experimental platform used to probe how obstacle geometry and mass influence
collective transport. The system consists of Hexbug robots acting as self-propelled particles and 3D-
printed obstacles serving as passive elements. At this macroscopic scale, parameters such as obstacle
shape and inertia can be precisely controlled, providing a direct physical counterpart to the variables
implemented in the lattice-based KMC model (Chapter 3). The design allows us to test whether the
structures and dynamics predicted in simulations persist in a continuous, real-world environment.
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Figure 5.1: HEXBUG robots used as macroscopic active particles, with approximate dimensions of 40 x
15 x 20 mm and mass 7.2 g. Each device self-propels via internal vibration and undergoes random
reorientation through frictional interactions.

The experimental system was designed to reproduce, in a controlled macroscopic setting, the essen-
tial ingredients of active-particle dynamics. The arena consisted of a custom-built wooden frame with
smoothly curved boundaries that encouraged continuous motion and minimized trapping. The decision
to use rounded boundaries was motivated by the well-established tendency of active particles to accumu-
late near rigid walls due to their persistent propulsion [42, 79, 80, 81, 82, 83]. This accumulation arises
because particles continue to propel toward a surface until reorientation allows them to escape. Curved
boundaries therefore reduce steady-state density gradients and ensure a more homogeneous exploration
of the domain. A photograph of the full experimental arena is shown in Fig. 5.2.

HEXBUG robots acted as active agents, providing persistent propulsion and stochastic reorientation.
Two obstacle geometries were employed — cubic and cylindrical — of comparable dimensions (2.5 ¢m of
side and diameter, respectfully) but slightly different base mass. All obstacles were 3D printed as hollow
structures open on one side, allowing the insertion of screws to adjust their mass. Table 5.1 summarizes
the individual component masses.
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Figure 5.2: Top view of the experimental arena (55.5 X 55.5 x 3.5 cm) with curved boundaries with cubic
obstacles and HEXBUG robots.

Table 5.1: Individual masses of the experimental components.

Component Mass (g)
HEXBUG robots 7.2
Cubic obstacle (3D printed) 5.8
Cylindrical obstacle (3D printed) 5.1
Steel screw M5x16 2.8
Steel screw M5x20 4.1

Mobile obstacles were fabricated using 3D printing and manually distributed to achieve approxi-
mately uniform coverage of the arena floor before each run. Each experiment lasted fifteen minutes,
corresponding to the stable operational time of the robots and allowing for steady-state configurations to
develop. The configuration of obstacles (shape and number of inserted screws) was varied systematically
across six trials to isolate the effects of geometry and mass on collective dynamics. Each trial included
162 mobile obstacles and 5 self-propelled robots.

System evolution was recorded from above using a fixed camera. Snapshots captured the motion
of the robots and obstacles throughout each trial, documenting transient clustering, path formation, and
large-scale rearrangements. In the present work, only qualitative visual inspection was performed to
identify dominant structural patterns and interaction modes. However, the recorded image dataset pro-
vides a valuable basis for future quantitative analysis of trajectories, obstacle displacement, and collision
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statistics.

To complement these qualitative observations of system evolution, we first quantify how the mass
of individual obstacles affects robot transport efficiency. Understanding this single-obstacle dynamics
provides a baseline for interpreting the collective rearrangements and emergent structures observed when
many obstacles interact simultaneously. The next section presents controlled tunnel experiments designed
to isolate and measure the effective velocity of robots pushing obstacles, which will later inform our
analysis of collective behavior in the full arena.

5.2 Velocity Scaling and Comparison with Simulations

Measurements were performed in a narrow, quasi-one-dimensional tunnel (Figure 5.3) to quantify how
obstacle mass affects transport efficiency. In this setup, a single robot pushed either a single obstacle
whose mass was varied by adding one or more steel screws, or a chain of several light obstacles. In
both cases, the effective obstacle mass was systematically increased, and the time required for the robot
to push the load to the end of the tunnel (length 30 cm) was recorded. The effective velocity was then
obtained from the travelled distance divided by this measured time.

Figure 5.3: Custom-built tunnel used for controlled one-dimensional experiments to compare robot mo-
tion with 1D lattice simulations. The tunnel has a total length of 30 cm. The outer walls include a
laser-engraved ruler for precise position measurement.

This configuration isolates direct robot—obstacle interactions and allows an experimental analogy with
the push probability parameter 7 from Chapter 3. In the computational model, 7 controls the probability
that an active particle successfully displaces a passive one during a collision, effectively encoding the
relative efficiency of momentum transfer.

The theoretical prediction for the velocity of an obstacle after a perfectly inelastic collision with a
robot of initial velocity v, follows from momentum conservation:

m,
Vo = U

(5.1)

r—_
My + My
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where m, and m,, are the masses of the robot and obstacle(s), respectively. This idealized model neglects

dissipation and assumes full momentum transfer in a single contact.
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Figure 5.4: Measured obstacle velocity vegr as a function of the mass ratio m,/m,. Blue circles denote
experimental averages with standard-error bars, and the red dashed line corresponds to the ideal prediction
from Eq. (5.1).

The steeper decay of the experimental data relative to the theoretical prediction indicates the presence
of dissipation between robots and obstacles. Unlike the ideal inelastic impact model, momentum is trans-
ferred through multiple short interactions that involve frictional losses and vibrations. Small systematic
deviations between successive measurements can also be attributed to gradual battery discharge during
the sequence of trials, which slightly reduces the propulsion velocity of the robots over time.

In practice, these dissipative effects arise because robot—obstacle collisions deviate strongly from the
idealized picture. The robot imparts momentum through repeated, short contacts that involve substantial
energy loss by vibration, friction, and deformation. Consequently, the measured effective velocity de-
cays more rapidly with increasing obstacle mass than predicted by Eq. (5.1). The dominant dissipative
contribution scales approximately as Fyic = um,g, increasing linearly with mass and compounding in-
ertial resistance. For heavier loads, robots spend longer recoiling and less time pushing, which reduces

the mean effective velocity.
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Figure 5.5: Simulation results: effective transport speed as a function of the mass ratio m,, /m,. introduced
via the push probability . Both experiment and simulation display a monotonic decay, supporting the
identification of increased obstacle mass with decreased 7.

The numerical results shown in Fig. 5.5 were obtained using the same KMC model described in
Chapter 2, restricted here to a one-dimensional geometry to mirror the tunnel experiments. The system
consists of a single active particle interacting with passive obstacles arranged along a line. The obstacle
mass ratio m,/m, is incorporated in the model through the push probability 7. For each value of ,
simulation runs were performed and the effective transport velocity vegr was calculated.

The agreement between the experimental and simulated velocity trends in Fig. 5.5 demonstrates that
increasing obstacle mass plays the same role as decreasing the push probability 7 in the KMC model.
Both parameters effectively reduce the rate of successful momentum transfer, leading to slower dynamics
and decreased mobility. Despite the simplicity of the tabletop setup, the tunnel experiments capture the
essential scaling behavior and reproduce the key features of active—passive coupling predicted by the
theoretical framework.

Having established how obstacle mass influences single-robot transport efficiency, we now examine
how obstacle geometry and mass combine to shape the collective structures that emerge in the multi-
obstacle arena. These observations connect the velocity trends measured in the tunnel experiments with
the formation of transient channels, clusters, and patterns in the full system.
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5.3 Obstacle Geometry and Collective Structures

All the experiments described in this section had a duration of fifteen minutes. This time interval was
chosen to ensure that steady-state configurations could develop while keeping the total duration of the
experimental campaign manageable. Longer runs were avoided because the batteries of the HEXBUG
robots have a maximum continuous operation of approximately 1.5 h of continuous operation, after which
their propulsion speed decreases significantly. Each configuration was tested once, except for the cylin-
drical obstacles, which were repeated after the first trial due to a mechanical artifact: in the initial run, the
robots entered through the open sides of the cylinders and became trapped. To prevent this, a transparent
acrylic lid was subsequently placed on top of the arena in all later trials.

(a) Cylindrical obstacles with one screw: smooth tra- (b) Cubic obstacles with one screw: edge interlocking

jectories and dynamic channels. and rigid aggregates.

Figure 5.6: Effect of obstacle geometry at equal added weight. Cylindrical surfaces promote sliding
interactions and fluid rearrangements, whereas cubic shapes enhance trapping, energy dissipation, and
rigidity.

Obstacle geometry plays a dominant role in the emergent collective dynamics when the added weight
per obstacle is identical (Fig. 5.6). As shown in Fig. 5.6(a), cylindrical obstacles facilitate sliding and
rolling interactions, producing continuous trajectories and channels that reorganize dynamically. In con-
trast, cubic obstacles (Fig. 5.6(b)) promote interlocking along their edges, forming rigid aggregates that
locally immobilize the robots. Collisions with cubes result in abrupt reorientations and longer contact
times, enhancing dissipation and generating intermittent motion. Consequently, curved geometries sup-
port higher effective mobility and faster environmental rearrangement, whereas angular geometries favor
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congestion and jamming.

(a) Cylindrical obstacles without screws: highly mo- (b) Cylindrical obstacles with one screw: reduced rear-

bile, rapidly rearranging configuration. rangement and increased local congestion.

Figure 5.7: Effect of obstacle mass for identical geometry (cylinders). Increasing mass reduces rear-
rangement and suppresses channel reorganization.

When geometry is kept fixed, increasing obstacle mass markedly alters the dynamics (Fig. 5.7).
Lighter cylinders, without added screws (Fig. 5.7(a)), move readily upon collision, leading to frequent
rearrangements and the formation of transport channels. Adding a screw to each cylinder increases mass
and friction (Fig. 5.7(b)), resulting in longer contact times and more persistent blocked configurations.
The overall mobility of both robots and obstacles decreases, consistent with the reduced pushing effi-
ciency observed in the discrete model. For angular obstacles, added mass further stabilizes interlocked
clusters and enhances rigidity, amplifying the onset of jamming.

Across all trials, no long-lived or permanent paths were observed, consistent with the stochastic re-
organization characteristic of active systems. However, transient channels frequently appeared and were
repeatedly reused before dissolving, reminiscent of the path formation phenomena described in Chapter 3.

A notable experimental artifact involves robot inversion events, which occurred frequently during ex-
periments. When robots turn upside down, they remain mobile but exhibit markedly reduced propulsion
and less controlled trajectories. This asymmetry introduces a state-dependent mobility: upright robots
drive rearrangements and obstacle displacement, while inverted robots behave as quasi-passive elements
that mostly undergo collisions or limited displacements. Frequent inversion thus contributes to the in-
termittent motion and localized congestion seen in Figs. 5.6-5.7. This effect is not represented in the
discrete simulations, where all agents are assumed to maintain constant propulsion efficiency. This me-
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chanical asymmetry represents an experimental limitation that could be mitigated by improving robot
design or experimental setup to reduce flipping events, but it does not fundamentally alter the geometric
and inertial trends identified in our study.

To explore the correspondence between experiment and theory, lattice-based simulations were per-
formed using parameters chosen to qualitatively reproduce the experimental conditions. A representative
snapshot is shown in Figure 5.8, where dense and dilute regions coexist in patterns qualitatively similar
to those observed in the tabletop system.

Figure 5.8: Simulation snapshot of the active—passive lattice system under parameters corresponding
to the tabletop experiment. The clustering and transient pathways qualitatively reproduce experimental
trends, confirming the influence of obstacle geometry on emergent structures. ¢t = 104, L = 20,e = 2,
Dr =0.123, D7 = 0.0001, 7 = 0.3, Q2 = 0.7.

The qualitative agreement between experiment and simulation supports the interpretation that geom-
etry and inertia together govern the transition between fluid-like and jammed states in active—passive
systems.

While the main focus here is qualitative, the image dataset acquired during the experiments provides
a solid basis for future quantitative studies. Subsequent analyses could quantify path formation through
trajectory tracking, obstacle rearrangement via displacement measurements, cluster development using
image segmentation techniques, and energy dissipation inferred from collision frequencies and robot
displacement statistics. Such quantitative approaches would further strengthen the connection between
macroscopic experiments and computational models of active—passive mixtures.
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Chapter 6

Conclusion

Active matter systems provide a unique framework for studying the emergence of collective behaviors
from simple local rules under non-equilibrium conditions. In such systems, interactions between active
agents and their environment give rise to rich dynamics that depend strongly on crowding, confinement,
and feedback mechanisms. This thesis aimed to investigate how environmental memory—arising from
the capacity of active particles to reconfigure their surroundings—affects mobility, structure formation,
and self-organization in heterogeneous environments.

Using a lattice-based Kinetic Monte Carlo (KMC) model, we developed a minimal yet versatile
framework for active—passive coupling. The dynamics combine stochastic self-propulsion, translational
diffusion, and rotational diffusion (with realignemnt probability §2), together with excluded-volume inter-
actions between active and passive particles. Within these excluded-volume rules, a pushing event occurs
when an active particle encounters a finite chain of obstacles and displaces it forward with probability m
(up to a cutoff m), thereby coupling particle motion to local environmental rearrangements and creating
feedback. Systematically exploring this model over parameter space shows that {2 (rotational decorrela-
tion) and 7 (momentum-transfer efficacy) act as complementary control knobs for mobility, clustering,
and phase behavior in crowded media.

First, we verified that in the absence of passive particles, the model reproduces the characteristic
features of Motility Induced Phase Separation (MIPS), a hallmark of active systems with purely repul-
sive interactions. The simulations revealed a clear transition from a homogeneous phase to coexistence
between dense and dilute regions, with the emergence of a bimodal local density distribution consistent
with previous theoretical and experimental studies.

Second, when mobile passive particles were introduced, the dynamics became dominated by the inter-
play between active propulsion and environmental restructuring. The system exhibited a transition from
transient channel formation to large-scale phase separation. The analysis of local density distributions
and passive-particle mobility demonstrated that crowding can drive organization through purely mechan-
ical feedback, even in the absence of alignment or attraction. The push probability 7 and the realignment
probability 2 were identified as control parameters governing this feedback. Intermediate values of 7
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maximize transport efficiency, while high values promote jamming and clustering. Increasing €2 reduces
trapping by facilitating escape from blocked configurations, thus enhancing long-time diffusion. These
results demonstrate that mobility in crowded active—passive mixtures emerges from the dynamic balance
between persistence, reorientation, and environmental rearrangement.

Third, by decoupling the translational diffusivities of active and passive species, we investigated
the influence of species-dependent motility on phase separation. Finite-size scaling analysis revealed
that while the demixing transition sharpens systematically with system size, it does not exhibit universal
scaling for the chosen order parameter. The apparent power-law trends and effective exponents were
found to be non-universal, varying significantly with the torque. This demonstrates that the observed
finite-size scaling reflects a non-critical crossover behavior rather than genuine criticality, underscoring
how non-equilibrium phase separation can produce sharp but non-universal transitions that are highly
sensitive to microscopic interaction rules.

Finally, to connect theory and experiment, a macroscopic analogue was developed using Hexbug
robots as self-propelled agents and 3D-printed mobile obstacles as passive components. The experimen-
tal observations supported the simulation results: cubic obstacles promoted rigid clustering and energy
dissipation, while cylindrical ones enabled smoother motion and continuous rearrangement. Measure-
ments of effective velocity showed a faster decay with obstacle mass than predicted by ideal momentum
conservation, confirming the role of dissipation and intermittent contact. The correspondence between
increasing obstacle mass in experiments and decreasing push probability 7 in simulations validated the
physical relevance of the model parameters.

Overall, this work establishes a unifying framework linking microscopic interaction rules to macro-
scopic transport and pattern formation in active—passive mixtures. The results highlight how self-organization
in active matter arises not only from interactions among agents but also from the continual reshaping of
the environment in which they move.

Beyond its relevance to the physics of active matter, this study provides insights into broader classes
of systems where motion and environment are dynamically coupled. Examples include the collective
migration of cells in complex tissues, the movement of microorganisms in porous or viscoelastic media,
and the design of adaptive robotic swarms and responsive materials. The conceptual framework and
modeling tools developed here thus contribute to the understanding and engineering of active systems
across scales—from biological to synthetic.

The results presented in this thesis open several promising avenues for future research, both at the
experimental and theoretical levels. Further developments can deepen the understanding of how environ-
mental geometry, particle interactions, and feedback mechanisms govern collective behavior in active—
passive mixtures.

From a modeling perspective, several extensions could enrich the theoretical framework developed
here. A first direction would be to quantitatively characterize the anisotropy and curvature of sponta-
neously formed clusters, linking their morphology to underlying interaction parameters such as push
probability and realignment dynamics. Measuring how these geometric descriptors evolve over time
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could help identify characteristic coarsening scales and the lifetime of transient structures. Additionally,
incorporating weak attractive interactions between active particles would allow testing how cohesion
competes with motility-induced aggregation, establishing connections to biological collectives and syn-
thetic active gels. Finally, the temporal evolution of particle trajectories could be analyzed through graph-
based approaches to identify and characterize transient networks formed by particle motion, quantifying
their connectivity, persistence, and structural evolution over time.

Within this modeling context, identifying an appropriate order parameter represents a crucial chal-
lenge, particularly one that properly captures the critical fluctuations in these non-equilibrium systems.
The failure of the largest-cluster susceptibility to exhibit universal scaling suggests that multi-cluster
statistics or a local density-based order parameter might be necessary to characterize the transition. Fur-
thermore, systematically mapping the full parameter space—including activity €, torque €2, and density—
could reveal whether genuine criticality exists for a different range of parameters or if the transition is
inherently a non-critical crossover. Analytical work to derive effective hydrodynamic theories for these
mixtures could also provide insight into the observed non-universal scaling.

It would also be valuable to establish a quantitative mapping between model parameters—such as
the push probability 7, the realignment probability €2, and the translational diffusion Dr—and experi-
mentally measurable quantities, including obstacle mass, surface friction, and robot velocity. This corre-
spondence would enable systematic comparison between simulation and experiment, providing physical
grounding to the parameter space explored computationally. In parallel, analytical treatments of the ki-
netic equations governing active—passive coupling could help identify universal scaling relations and link
the discrete model to continuum or hydrodynamic descriptions.

On the experimental side, the tabletop robotic system can be refined to enable quantitative investiga-
tion of structure formation and transport dynamics. A particularly interesting direction would be to sys-
tematically vary the shape of mobile obstacles, starting from cubic geometries and progressively rounding
their edges to form hexagonal, cylindrical, and eventually spherical shapes. Such a gradual modification
would make it possible to study how curvature influences the transition between rigid, jammed config-
urations and fluid, reconfigurable assemblies. Parallel measurements of the characteristic lifetime and
size of clusters would provide quantitative insight into the stability and evolution of emergent structures.
Tracking these quantities across different obstacle shapes and masses could reveal scaling relations be-
tween inertia, aggregation, and orientational ordering, which preliminary observations suggest may lead
to larger orientation domains at higher obstacle mass.

A complementary goal is to extract quantitative information from the video recordings acquired dur-
ing the experiments. Automated image analysis could be employed to reconstruct trajectories, measure
collision frequencies, and determine spatial correlation functions that characterize the degree of collective
organization. Correlating the collision rate with obstacle mass would clarify how energy dissipation and
friction control the effective dynamics of the system. Spatial mapping of collision events could also serve
to identify regions of high mechanical activity, connecting dissipation to emergent path formation and
collective transport. Although the present work focused on qualitative observations, such quantitative
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analysis would provide a robust bridge between the macroscopic experiments and simulations.

Finally, the framework developed here could be generalized to include other forms of environmental
feedback beyond mechanical displacement. Active particles that deposit or respond to chemical gradi-
ents, modify substrate stiffness, or reshape deformable boundaries would introduce additional coupling
channels between motion and environment. Exploring these extensions would bring the model closer
to real biological systems—such as migrating cells, bacteria navigating porous media, or self-organizing
robotic collectives—and would open the way toward designing adaptive materials and autonomous active

systems capable of exploiting environmental memory to coordinate their collective behavior.
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Appendix A

Movement decision flowchart for process 1
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Appendix B

1D Parameter mapping for D, ff

This appendix provides a detailed derivation of the effective diffusion coefficient D¢ for an active par-
ticle moving in one spatial dimension. The result supports the mapping relation for the geometric factor
« presented in Section 2.3.3.

Analytically examining the one-dimensional case is particularly valuable because it provides an ex-
act, tractable solution that captures the essential balance between self-propulsion, rotational decorrelation,
and translational diffusion. This simplified geometry eliminates the complexities of higher-dimensional
motion while preserving the physical mechanisms that determine long-time transport. The resulting ex-
pression for D thus serves as a benchmark for validating numerical simulations and for generalizing
the mapping to higher-dimensional systems.

We consider a single active particle moving on a 1D discrete lattice, with spacing Az. The particle
can move forward along its preferential direction with rate 5 = € + &, in the opposite direction with rate
&, and switch its orientation at rate w. The master equations governing the probability densities P, (x,t)
and P_(x,t) (for right- and left-facing states, respectively) are

6& = B [Ps(z F Az, t) — Pr(z,1)]

ot
+ € [Pe(z + Az, t) — Py(x,1)] (B.1)
+w[Px(x,t) = Pe(,1)].

Expanding P, (z + Az, t) in a Taylor series and keeping terms up to second order gives a Fokker—

Planck-like form,

OPy OPy 0?Py
— — 4+ D—— P-—P B.2
ot +v Oz + (r_)xg +w ( F :I:) 3 ( )

where the drift velocity and translational diffusion coefficient are defined as

(84 &)Ax?
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To solve these coupled equations, it is convenient to work in Fourier space. The Fourier transform of

P:t (.’I}, t) is

Py(k,t) = / Py(z,t) e dg, (B.3)

—0o0

which converts spatial derivatives into algebraic factors:

oP - 0*P ~

F{— ¢ =ikP, F{—= v =—k’P.
{ax} Z {ax2}

The transformed equations become

oPy

B T Ll P, —k*DP, +w(P_ — P,), (B.4)

P . _ .

5 = v P - k*D P_ +w(Py — P_). (B.5)
At t = 0 the particle is located at the origin and has equal probability of being oriented left or right,

Pi(x,O):%(S(x) N Pi(k,m:%.

Next, we apply the Laplace transform in time,
A 0 ~
Palh,s) = / =P (I 1) di.
0

which turns time derivatives into algebraic terms via E{@tﬁi} = sP. — Py(k,0). The Laplace-
transformed equations are then

- - 1
(s +ivk + Dk* + w)Py —wP_ = 5 (B.6)
. - 1
—wPy + (s — ivk + DE* + w)P_ = 5 (B.7)
This linear system can be expressed compactly in matrix form:
wk + A - P 1/2
skt _ “ N / ., where A = Dk? + w. (B.8)
—w s—ivk+A| | P_ 1/2
The determinant of the coefficient matrix is
det(M) = (s + A)? + v?k* — w?,
and its inverse is
1 1 s+ A — vk w
M= .
(s + A)2 + v2k? — w? w s+ A+ vk
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Multiplying by the right-hand side yields
~  (s+A—ivk)/2+w/2

Pi(k,s)= B.9
+( >8) (S+A)2+U2k2*w2 ) ( )
- (s+ A+ ivk)/2 +w/2
P_(k,s)= . B.10
Summing over orientations gives the total probability density in Laplace—Fourier space:
) A Dk? +2
P(k,s) = Py + P — s+ D+ 2w (B.11)

(s + Dk?2 + w)? + v2k? — w?’

To obtain the time dependence, we invert the Laplace transform. Introducing A = vw? — v2k2, we
rewrite the denominator as
(s + DE* + w)? — A%,

which allows decomposition into partial fractions,

. A B
Pk, s) =
ks) = P re A s Do N

with

A_w—i—)\ B_)\—w.

o2 2
Performing the inverse Laplace transform gives

P(k,t) = Ao~ (PR +w=Nt | po—(Dk*+w+A)t.

For long times, the second exponential decays much faster (~ e~2+%), leaving

Pl 1) ~ th\)‘e—(DW—i-w—)\)t.

In the limit of small wavenumbers (kv/w < 1), we expand \ as

2.2
vk
A=Vw?2 -2k ~w— ,

2w

so that
F)(k‘,t) ~ e—(D+v2/(2w))k2t‘

The term in parentheses defines the effective diffusion coefficient,

U2
Der=D + —.
2w

Finally, performing the inverse Fourier transform yields the Gaussian propagator

1 [ 2 1 2
P , t - —Deffk t lkwdk — —X /(4Defft)’ B 12
(2,7) 27 /_OO ¢ c AT Deogrt c ( )
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demonstrating that, at long times, the active particle behaves as an effective Brownian walker with

(8- &)A?

2w

2
Degr = (€ +5)A§ +

This result confirms that at long times the active particle performs an effective diffusive motion with
a renormalized diffusion coefficient incorporating both passive and active contributions. The first term,
proportional to (¢ + 3)Ax? /2, represents the baseline translational diffusion arising from random hop-
ping, while the second term, v?/(2w), captures the enhancement due to persistent self-propulsion over
the characteristic reorientation timescale 1/w. This decomposition provides the physical basis for the
geometric mapping factor « introduced in Section 2.3.3, where analogous mechanisms govern the rela-
tionship between microscopic propulsion parameters and macroscopic transport in higher dimensions.
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Appendix C

Parameter mapping for Dp

This appendix provides the detailed derivation of the rotational diffusion coefficient Dp, for a particle on
a lattice with angular discretization n, as summarized in Section 2.3.3.

The master equation for the probability P(6,t) of a particle having orientation 6 at time ¢, given
discrete angular steps of size A and turning probabilities ¢ (left) and p = 1 — ¢ (right), is:

PO, t+ At) =qP(0 — AO,t)+ (1 —q) P(6 + Ab,t).

Expressing this in terms of rates k+ = (1 — ¢) /At and k_ = ¢/At, and noting that for our unbiased
case ky = k_ = 7/2 and k = 7, the master equation can be rewritten as:

aP(0,t)
ot

—k_P(0—AO,t) + ks PO+ AO,t) — kP(0,1). (C.1)

We now derive a continuum approximation of this discrete master equation via Taylor expansion.
Expanding the spatial terms P(0 + A6, t) around 6 gives:

2
P06+ A0,t) ~ P(6,1) 1+ a02P + 1A028 P

50 507 + O(A?). (C2)

Substituting expansion (C.2) into the right-hand side of Equation (C.1) yields:

oP oP 502
o N (P A—a + A9 892)

or 1 O?P
ko [P+ A0— A92 — kP.
+ *( Tole T ae2>

Grouping similar terms:
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P
O ke +hy— k)P

ot
0P
—k_ 4+ k) A0—
+ ( + k) 20
1 9P
—(k- + k) AP ——.
Since k = k4 + k_, the first term cancels to zero. Substituting k. = k_ = 7/2 for the unbiased

case simplifies the expression to:

2
o _Lap?2l

ot 2 002"

This is the standard diffusion equation in angular space, %—f =D R%QTI;, from which we identify the

(C.3)

rotational diffusion coefficient:

1
Dp = ime? (C.4)
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Appendix D

Derivation of time increments in KMC

To derive the temporal increment At between events in a KMC algorithm, note that the waiting times
separating consecutive events are distributed according to a Poisson process. This ensures that the prob-
ability of no events occurring over a given interval decays exponentially with the total rate of all possible
transitions.

At

Figure D.1: Time interval At + dt with infinitesimal increment d¢.

Let p(At) be the probability that no event has occurred in a time interval [0, A¢]. For an infinitesimal
additional interval dt, the probability that an event occurs is Riqta1 dt, Where Ryota) is the sum of all event
rates (Fig. D.1).

The probability of having no event by time At + dt equals the probability of having no event by time
At, minus the probability that an event occurs during the interval [At, At + dt], that is,

P(AE -+ dt) = p(AF) = Riogar dip(AY). (D.1)
Dividing by dt and considering the limit d¢ — 0, we obtain the differential equation:

p(At + dt) — p(At)
dt

= — Riotal P(AL), (D.2)
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or, in standard differential form,
dp(At)

dt
The minus sign reflects that the probability decreases with time, its rate of change set by both the present

= _Rtotalp(At)' (D3)

probability and the cumulative event rate. This is the standard equation for the decay of probability in a
Poisson process, which underpins the stochastic timing in KMC.
Solving, we find the exponential distribution:

P(At) = e~ Frota AL, (D.4)

This solution gives the probability the system remains unchanged for at least time At. In simulations, it
is necessary to draw random waiting times distributed according to this law. To do this efficiently, we
employ the inverse cumulative method: a uniform random number v € (0, 1] is drawn, and we set

P(At) = u. (D.5)
Solving for At,
Inu
At = — . D.6
Rtotal ( )

This formula produces waiting times that are correctly distributed, ensuring that the simulation clock
advances in accordance with Poissonian statistics. By mirroring the stochastic nature of rare processes,
this procedure guarantees that the elapsed time between transitions adheres to the true statistical distribu-
tion dictated by the rates, thereby faithfully reproducing the foundational physics of KMC algorithms.
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