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a b s t r a c t

This paper is concerned with the optimal form of reinsurance when the cedent seeks to maximize the
adjustment coefficient of the retained risk (related to the probability of ultimate ruin) – which we prove
to be equivalent tomaximizing the expected utility of wealth, with respect to an exponential utilitywith a
certain coefficient of risk aversion – and restricts the reinsurance strategies to functions of the individual
claims, which is the case for most nonproportional treaties placed in the market.
Assuming that the premium calculation principle is a convex functional we prove the existence and

uniqueness of solutions and provide a necessary optimality condition (via needle-like perturbations,
widely known in optimal control). These results are used to find the optimal reinsurance policy when
the reinsurance loading is increasing with the variance. The optimal contract is described by a nonlinear
function, of a similar form than in the aggregate case.

© 2010 Elsevier B.V. All rights reserved.
1. Introduction

There are many theoretical results in favour of this or that
type of reinsurance, depending on the optimality criterion and
the premium principle chosen. Borch (1960) proved that stop loss
minimizes the variance of the retained risk if the reinsurer charges
a fixed premium dependent only on the expected reinsurance
claims. Taking the maximization of the expected utility as the
optimality criterion, Arrow (1963) proved a similar result in
favour of the stop loss contract. There are some generalizations
of Arrow’s result, a few of them quite recent (e.g. Kaluszka,
2004). Hesselager (1990) achieved an equivalent result using the
adjustment coefficient as optimality criterion.
All these articles in favour of the stop loss contract are based

on the assumption that the ceded claims have a fixed expected
value, although Borch himself has made, in Borch (1969), a
number of negative remarks to his result. In fact the reinsurance
premium with the same loading coefficient (=loading divided by
the expected claim amount), for all the reinsurance schemes, does
not have any practical adherence.
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All these articles consider that reinsurance is placed on the
aggregate. When we consider that reinsurance is placed on
individual terms excess of loss takes the place of the stop loss
contract. See, for instance, Bowers et al. (1987), Gerber (1979),
Gajek and Zagrodny (2000) and Kaluszka (2001). The comments
made about the reinsurance premium can also apply to individual
reinsurance. Froot (2001), using over 4000 catastrophe reinsurance
layers transacted during the period 1970–1998, showed that
the loading coefficient increases for higher layers, as would be
expected. This justifies the need of results that deviate from
the assumption that the premium is calculated according to the
expected value principle.
There are some results on optimal reinsurance that consider

that the premium loading is an increasing function with the
variance of the ceded risk. Gajek and Zagrodny (2000) andKaluszka
(2001) minimized the variance of the retained risk, when the
loading of the reinsurance premium used is based on the expected
value and/or on the variance of the reinsured risk and the premium
is fixed. Kaluszka (2005) generalized that article to other convex
premium calculation principles and other optimality criteria.
Guerra and Centeno (2008) chose as optimality criterion the

adjustment coefficient of the retained risk and assumed that the
reinsurance premium is a convex functional. Note, however that
the amount to pay for the reinsurance arrangements is not fixed,
as is the case in all the papers cited above.
In this article we generalize the results obtained in Guerra and

Centeno (2008), by considering that the reinsurance strategies are
confined to be per claim reinsurance.
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The adjustment coefficient is related to the ultimate probabil-
ity of ruin by the Cramér–Lundberg asymptotic formula and by
Lundberg’s inequality. The minimization of the ultimate probabil-
ity of ruin would be our first goal if it was not such a difficult func-
tion to minimize. On the other hand the numerical comparisons
between the ultimate probability of ruin and the adjustment co-
efficient, for traditional reinsurance forms, have shown that the
Lundberg bound is very close to the ruin probability at the opti-
mal retention levels, see Dickson and Waters (1996) and Centeno
(1997), even for relatively small values of the initial reserve and for
different claim amount distributions. A similar numerical study for
the reinsurance arrangement that we propose in Guerra and Cen-
teno (2008) and in the present paper, would be interesting, but out
of the scope of this paper, given its length.
The probability of ultimate ruin, and the adjustment coefficient

as a proxy, is in our opinion a better measure for reinsurance
purposes, then other measures that only concern one period of
time, like the probability of survival in one period of time used for
instance by Gajek and Zagrodny (2004) or the VaR used by Cai et al.
(2008).
Part of the difficulty in studying the problem of maximizing

the adjustment coefficient lies on the fact that it is defined in an
implicit form and its domain has not a structure appropriate to use
arguments based on classical implicit function theorems. In Guerra
and Centeno (2008) we overcame that difficulty by showing that
to maximize the adjustment coefficient is equivalent to solve a
two-step problem. The first step in this new problem consists in
maximizing the expectedutility ofwealth of the retained risk for an
exponential utility function, for all positive values of the coefficient
of risk aversion. The second step consists in solving a single-
variable equation. The optimal adjustment coefficient equals the
coefficient of risk aversion for which the maximal expected
value of the utility function is −1. The reinsurance policy that
maximizes the adjustment coefficient is the treaty that maximizes
the expected utility of wealth for that particular value of the risk-
aversion coefficient. It turns out that the maximization step in
the two-step problem is easier to deal from the mathematical
point of view than the original one. Thus, both problems are
solved. It was proved that one optimal reinsurance policy always
exists and it was given a necessary condition for a policy to be
optimal. Stop loss is indeed the optimal form of reinsurance if
the reinsurer rates the contracts by the expected value principle,
but when the reinsurance loading is an increasing function of
the variance (for example, in the variance or standard deviation
premium principles), then the optimal form is of a nonlinear type
(not an already known typical form), but very easily constructed
(see Guerra and Centeno, in press).
The paper is organized as follows. Section 2 contains the

formulation of the problem, the basic notation and the blanket
assumptions that will be used. Section 3 contains some essentially
technical elements that will be used to obtain the main results. In
Section 4 we analyse the relationship between the maximization
of the adjustment coefficient of the retained risk and the
maximization of the expected value of the utility of the insurer’s
wealth. In Section 5 we prove existence and uniqueness of optimal
policies for the expected utility criterion. This result is used in
Section 6 to prove existence and uniqueness of a policy which
maximizes the adjustment coefficient. A necessary condition for
optimality is obtained in Section 7. In Section 8 we assume that
the loading on the reinsurance premium is an increasing function
of the variance and provide the optimal necessary conditions.
We show that the optimal treaty is broadly of the same type as
in the aggregate case but some additional issues concerning the
structure of optimal treaties arise in the individual claim case. The
relationship between this structure and the distribution of claim
numbers is discussed in Section 9.
2. Problem setting and assumptions

We consider the classical discrete-time surplus model (see
e.g. Kaas et al., 2008, pp. 98).
Time is divided in periods of equal length (say, years). In

each period the insurer receives a constant income c > 0 from
premiums and faces a random number of claims of random sizes.
The insurer may acquire reinsurance on a ‘‘per claim’’ basis. This
means that a reinsurance treaty is a function Z : [0,+∞) 7→
[0,+∞) mapping each possible claim size to the value refunded
under the reinsurance contract. To acquire a reinsurance Z , the
insurermust pay a premium P(Z) per time period.We assume that
the pricing rule Z 7→ P(Z) is fixed by the reinsurance company
and is known to the direct insurer who seeks to choose the ‘‘best
possible’’ treaty taking into account that pricing rule. Let Ni, i ∈ N,
denote the number of claims received by the direct insurer in the
ith period and Yi,j, i ∈ N, 0 ≤ j ≤ Ni, denote the amount of the jth
claim received in the period i (Yi,0 ≡ 0 for all i ∈ N). Assuming that
the reinsurance treaty Z is in force, the net result in the period i is
the random variable

LZ,i = c − P(Z)−
Ni∑
j=0

(Yi,j − Z(Yi,j)).

Assuming that the insurer detains a certain amount of initial
reserves u > 0 and the same policy remains in force forever, the
probability of ultimate (also called eventual) ruin is

ψZ (u) = Pr

{
u+

n∑
i=1

LZ,i < 0, for some n = 1, 2, . . .

}
.

Thus, one interesting criterion for selection of a reinsurance treaty
would be to find the function Z that minimizes ψZ (u) among
all functions in some suitable class. Although very interesting, it
would be a very hard problem.
Assuming that all the LZ,i, i ∈ N, are i.i.d. random variables, it is

well known (see for example Kaas et al., 2008) that the probability
of ruin satisfies the Lundberg inequality:

ψZ (u) ≤ exp(−uRZ ), (1)

where RZ is the adjustment coefficient of LZ , a generic r.v. with
the same distribution as LZ,i. Thus, a large value of the adjustment
coefficient provides a comparatively small probability of ruin in an
infinite-time horizon.
Dickson and Waters (1996) have computed the optimal

retention level that minimizes the ultimate probability of ruin for
the quota-share and excess of loss contracts, under the classical
model. In all their examples the optimal retention is not far
from the value of the retention that maximizes the adjustment
coefficient, at least for not very small values of u, and conclude
that maximizing the adjustment coefficient is a good alternative
to minimizing the ultimate probability of ruin. This is the strategy
that we follow in this study.
To give a rigorous formulation of the problem, we need to

present the underlying assumptions and basic definitions.1

Assumption 1. The number of claims,Ni, i ∈ N, are i.i.d.N0-valued
random variables.
The claim sizes, Yi,j, i ∈ N, j = 1, 2, . . ., are i.i.d. non-negative

random variables, independent of Nk, k ∈ N

1 One supplementary assumption will be introduced in Section 7. The assump-
tions stated in this section guarantee existence of solutions to the problem (see
Sections 5 and 6). The supplementary assumption is used to obtain necessary opti-
mality conditions and, due to its technical nature it is better dealt when explaining
our method to obtain optimality conditions.
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The expected aggregate amount of claims per time period is less
than the insurer’s income:

E
Ni∑
j=1

Yi,j < c, ∀i ∈ N. �

This assumption guarantees that all the LZ,i, i ∈ N, are
i.i.d. random variables and thus the Lundberg upper bound (1)
holds. Clearly, the same holds if we allow (Ni, Yi,1, Yi,2, . . .) to
be dependent, provided they are i.i.d. to (Nk, Yk,1, Yk,2, . . .) for all
i 6= k. Our results in Section 4 to 6 still hold in this more general
framework. However, though necessary optimality conditions
analogous to the results in Section 7 can be obtained, they are
very difficult to compute. This limits practical application to the
simpler case stated in Assumption 1, pending further research on
numerical solutions for the more general case.
It is clear that if the insurer’s income is less than the expected

claim amount, then ruin is certain except in the unrealistic
situation where the insurer can cede part of his risk for a premium
with negative loading.
Taking Assumption 1 into account, we denote by N (resp., Y )

a generic random variable with the same distribution as Ni (resp.,
Yi,j). Concerning the distribution of claim sizes, we assume that

Assumption 2. Y is a continuous random variable with density f .
�

We provide this assumption in order to simplify the technical
content of the text. It plays no role in the arguments proving
existence and uniqueness of solution, but it simplifies considerably
the arguments that lead to the necessary optimality conditions,
retaining the essential features of the approach we propose. If this
assumption is omitted, then perturbations at Lebesgue points and
perturbations at singular points of the distributionmust be treated
separately (see Section 7).
Wewish to consider very general reinsurance treaties. Thus, the

set of all possible reinsurance policies is:

Z = {Z : [0,+∞) 7→ R| Z is measurable and
0 ≤ Z(y) ≤ y, ∀y ≥ 0} .

This reflects the practice of the reinsurance industry: in a typical
treaty claims are not refunded above their value and there are no
situations in which the direct insurer falls under the obligation of
paying the reinsurer for a claim.
We do not distinguish between functions which differ only on

a set of zero probability with respect to the density f . i.e., two
measurable functions, φ and φ′ are considered to be the same
whenever Pr

{
φ (Y ) = φ′ (Y )

}
= 1. Similarly, a measurable

function Z is an element of Zwhenever

Pr {0 ≤ Z (Y ) ≤ Y } = 1.

For convenience of notation we identify any measurable function
φ : [0,+∞) 7→ Rwith the random variable φ(Y ). Hence wewrite
Eφ, Pr{φ ≤ x}, etc. to denote Eφ(Y ), Pr{φ(Y ) ≤ x}, etc.
For each period of time, the premium charged for a reinsurance

policy is computed by a real functional P : Z 7→ R. We consider
that this functional satisfies the following assumption.

Assumption 3. The reinsurancepremium is a convexnon-negative
functional over Z such that P(0) = 0, P(Y ) < +∞ and

Pr{LZ < 0} > 0, ∀Z ∈ Z (2)

(i.e., no reinsurance policy guarantees non-negative profits).
P is continuous in themean-squared sense, i.e., limk→∞ P(Zk) =

P(Z) holds for every sequence {Zk ∈ Z}k=1,2,... such that

lim
k→∞

E
(
(Zk − Z)2

)
= 0. �
The concept of convex premium calculation principles was
introduced in the actuarial literature by Deprez and Gerber (1985).
Convexity is an important simplifying assumption in optimization,
since it plays a major role in existence theory.
The assumptions that premiums are non-negative, P(0) = 0

and P(Y ) < +∞ are not really necessary from the mathematical
point of view but are natural: no reinsurer will pay to accept risk
and the direct insurer pays no premium if he buys no reinsurance.
Also, if the risk is insured, then it should be reinsurable, even if only
for a very high (but still finite) premium.
From a practical point of view, condition (2) just states the

common fact that no company can be sure that it will never
incur any loss. From a theoretical point of view, it guarantees that
the optimal adjustment coefficient must be finite (see proof of
Theorem2, Section 6 below). IfN is an unbounded randomvariable
(i.e., Pr{N > n} > 0 for all n ∈ N), then condition (2) is equivalent
to P(Y ) > c , which is a very realistic assumption. If N is bounded,
then condition (2) may be difficult to check analytically from the
problem data. However, our results still allow for the computation
of treaties with arbitrarily large adjustment coefficient in the case
where condition (2) fails (see Remark 2 in Section 8 below).
Some kind of continuity of the premium is expected in real

life: it would be surprising if ‘‘similar’’ treaties would fetch very
different premiums. The choice of continuity in the mean-squared
sense is a technical option: By providing the space of admissible
treaties with the topology of mean-squared convergence, and
taking Assumption 4 (below),Z becomes a convex closed bounded
subset of an Hilbert space. In this setting, continuity and convexity
of P make existence results very easy to prove (see Sections 5 and
6 below).

Assumption 4. The claim size has finite second moment:

E(Y 2) < +∞. �

This assumption requires the claim size distribution to be not
too heavy tailed but still holds for many distributions widely used
in the trade which do not have finite moment generating function
in any neighbourhood of zero.
Consider the map G : R× Z 7→ [0,+∞], defined by

G (R, Z) = Ee−RLZ , R ∈ R, Z ∈ Z.

Let RZ denote the adjustment coefficient of the retained risk for a
particular reinsurance policy, Z ∈ Z. RZ is usually defined as the
strictly positive value of Rwhich solves the equation

G (R, Z) = 1, (3)

for that particular Z , when such a root exists. Corollary 1 below
shows that (3) cannot have more than one positive solution. This
means that the map Z 7→ RZ is a well defined functional in the set

Z+ = {Z ∈ Z : (3) admits a positive solution} .

We consider a slightly extended definition of the adjustment
coefficient. Namely, we set RZ = 0 (resp., RZ = +∞) for any Z ∈ Z
such that G(R, Z) > 1 (resp., G(R, Z) ≤ 1) for every R ∈ (0,+∞).
Our last assumption guarantees that Z+ 6= ∅ (see Corollary 2,

below).
Throughout this text p denotes the probability law of N , i.e.,

Pr {N = n} = p(n), n = 0, 1, 2, 3, . . . .

Assumption 5. The radius of convergence of the probability
generating function

π(t) = EtN =
+∞∑
n=0

tnp(n)

is ρ ∈ (1,+∞]. �
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Due to Assumption 1, the functional G can be represented as

G(R, Z) = π
(
EeR(Y−Z)

)
eR(P(Z)−c), R ∈ R, Z ∈ Z. (4)

Hence, if ρ = 1 (i.e., the claim number has a heavy-tailed
distribution), then the profit must have a heavy negative tail,
except if the direct insurer cedes all the risk. This means that
no reinsurance placed on individual claims affords effective
protection, justifying the assumption.
Taking into account the definitions and assumptions above, our

problem can be formalized as:

Problem 1. Find (R∗, Z∗) ∈ (0,+∞)× Z+ such that

R∗ = RZ∗ = max
{
RZ : Z ∈ Z+

}
. �

A policy Z∗ ∈ Z is said to be optimal for the adjustment
coefficient criterion if Z∗ ∈ Z+ and (RZ∗ , Z∗) solves this problem.

3. Preliminaries

In this section we study some properties of the map (R, Z) 7→
G (R, Z) which will be useful to prove existence of solutions for
Problem 1.
First, note that the map R 7→ G(R, Z) is just the moment

generating function of the random variable −LZ . The following
Lemma contains the main properties of moment generating
functions. The proof can be found, e.g., in Bhattacharya and
Waymire (2007).

Lemma 1. Consider a random variable X and let

η = sup{R ∈ R : EeRX <∞}.

If η > 0, then the map R 7→ EeRX is continuous in [0, η), admits
derivatives of all orders in (0, η), and

∂kEeRX

∂Rk
= E

(
XkeRX

)
, ∀R ∈ (0, η), k ≥ 0. (5)

If η < +∞, then

lim
R→η−

EeRX = EeηX , (6)

and EeRX = +∞ for all R > η. �

For each Z ∈ Z, let ηZ ∈ [0,+∞] denote the constant

ηZ = sup{R : G(R, Z) < +∞}.

Lemma 1 has the following immediate Corollary:

Corollary 1. For every Z ∈ Z, themap R 7→ G(R, Z) is strictly convex
in [0, ηZ ) ([0, ηZ ]when ηZ < +∞). Hence, Eq. (3) admits atmost one
positive solution.
If ELZ ≤ 0, then RZ = 0. �

The first part of Corollary 1 guarantees that limR→+∞ G(R, Z)
is well defined (possibly infinite) for any Z ∈ Z. Thus, we use
G(∞, Z) to denote this limit. Under this trivial extension, the map
R 7→ G(R, Z) is strictly convex in [0, ηZ ] also in the case ηZ = +∞.
Corollary 1 shows that the map Z 7→ RZ is well defined in

Z+. However, in general Z+ is a strict subset of Z and hard to
characterize. More precisely, the set of reinsurance policies such
that ηZ ∈ (0,+∞) and G (ηZ , Z) < 1 is in general not empty.
Further, if the claims size has an heavy-tailed distribution,2 then
the map (R, Z) 7→ G(R, Z) is discontinuous at every pair (R, Z) ∈
(0,+∞)× Z such that G(R, Z) < +∞.

2 i.e., it does not have finitemoment generating function on the right side of zero.
These facts indicate that optimization methods based on the
implicit function theorem are not suitable to solve Problem 1.3 The
remaining results presented in this section will be used in later
sections to overcome this difficulty.
The following Proposition plays an important role in our proof

of existence of a solution for Problem 1.

Proposition 1. For each Z ∈ Z and η ∈ (0,+∞) such that
G(η, Z) < 1, there exists Z̃ ∈ Z+ such that RZ̃ > η. �

Proof. Fix Z ∈ Z and η ∈ (0,+∞) such that G(η, Z) < 1. For each
M ∈ [0,+∞], let

ZM (y) = max {Z (y) , y−M} .

The dominated convergence theorem guarantees that for every
M0 ∈ [0,+∞],

lim
M→M0

∫
+∞

0

(
ZM (y)− ZM0 (y)

)2 f (y) dy = 0.
Therefore, Assumption 3 guarantees that the map M 7→ P (ZM) is
continuous in [0,+∞]with P (Z∞) = P (Z).
For any M ∈ (0,+∞) (fixed), the map R 7→ EeR(Y−ZM )

is continuous and finite in [0,+∞). Also, the map M 7→

Eeη(Y−ZM ) is continuous in [0,+∞[, with EeηZ (Y−Z0) = 1,
limM→+∞ π

(
Eeη(Y−ZM )

)
= π

(
Eeη(Y−Z)

)
< +∞ and Eeη(Y−ZM ) <

Eeη(Y−Z) whenever Pr{Z 6= ZM} > 0. Hence, we can pick M0 ∈

(0,+∞) such that G
(
ηZ , ZM0

)
< 1 and Eeη

(
Y−ZM0

)
< ρ. For that

M0 we can pick R > η such that G
(
R, ZM0

)
≤ 1.

Let Wλ = λY + (1 − λ)ZM0 , λ ∈ [0, 1]. Again, due to the
dominated convergence theorem and Assumption 3, themap λ 7→
P(Wλ) is continuous and the map λ 7→ EeR(Y−Wλ) is continuous
and bounded byEeR(Y−ZM0 ). Thereforeλ 7→ G(R,Wλ) is continuous
in the interval [0, 1], G(R,W0) = G(R, ZM0) ≤ 1 and G(R,W1) =
G(R, Y ) > 1. Thus, Bolzano’s Theorem guarantees existence of
λ ∈ [0, 1) such that G(R,Wλ) = 1. �

Proposition 1 has the following Corollary

Corollary 2. The set Z+ is nonempty. �

Proof. Taking Proposition 1 into account, we only need to show
that there exists (R, Z) ∈ (0,+∞)× Z such that G(R, Z) < 1.
For each M ∈ (0,+∞) consider the excess-of-loss treaty

ZM(y) = max{0, y − M}. Due to the dominated convergence
theorem and Assumption 3, the mapsM 7→ EZM ,M 7→ P(ZM) are
continuous. Therefore, we can pick a large but finiteM ∈ (0,+∞)
such that ELZM > 0. Since EeR(Y−ZM ) ≤ eRM , we see that ηZM > 0
and Lemma 1 shows that G(R, ZM) < 1 holds for every sufficiently
small R > 0. �

The following Proposition studies the convexity of themap Z 7→
G (R, Z) .

Proposition 2. For any R > 0 the map Z 7→ G (R, Z) is convex in Z.
It is strictly convex in its effective domain,4 unless the random variable
N is concentrated at a unique integer k ≥ 1. In that case the map(
P(Z)
k − Z

)
7→ G (R, Z) is strictly convex in its effective domain. �

Proof. Equality (4) can be represented as

G (R, Z) = eR(P(Z)−c)
+∞∑
n=0

(
EeR(Y−Z)

)n
p(n). (7)

3 For the implicit function theorem in infinite-dimensional spaces see e.g. Lang
(1993).
4 The set where it takes real finite values.
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Consider two reinsurance treaties Z1, Z2 ∈ Z, with Z1 6= Z2. Fix
λ ∈ (0, 1). Then,

G (R, λZ1 + (1− λ) Z2) = eR(P(λZ1+(1−λ)Z2)−c)p(0)

+

∞∑
n=1

(
EeR

(
P(λZ1+(1−λ)Z2)−c

n +Y−λZ1−(1−λ)Z2
))n
p (n) .

Convexity of the premium implies that

G (R, λZ1 + (1− λ) Z2) ≤ eR(λ(P(Z1)−c)+(1−λ)(P(Z2)−c))p (0)

+

+∞∑
n=1

(
EeR

(
λ
(
P(Z1)−c
n +Y−Z1

)
+(1−λ)

(
P(Z2)−c
n +Y−Z2

)))n
p (n) .

Therefore, strict convexity of the exponential and of powers xn
(n ≥ 1, x > 0) imply

G (R, λZ1 + (1− λ) Z2) ≤ (λeR(P(Z1)−c) + (1− λ)eR(P(Z2)−c))p(0)

+

+∞∑
n=1

(
λ

(
EeR

(
P(Z1)−c
n +Y−Z1

))n
+ (1− λ)

(
EeR

(
P(Z2)−c
n +Y−Z2

))n)
p (n)

= λG (R, Z1)+ (1− λ)G (R, Z2) ,

with strict inequality holding unless

P (Z1)− nZ1 = P (Z2)− nZ2

holds for every n ≥ 0 such that p (n) 6= 0.
It is clear that this last condition can be satisfied only when

N is a degenerate random variable taking one single value k with
probability 1. In that case, (7) reduces to

G(R, Z) = e−Rc
(

EeR(Y+
P(Z)
k −Z)

)k
.

Thus, Z 7→ G(R, Z) depends on Z only through the expression
P(Z)
k − Z . Strict convexity of the map

P(Z)
k − Z 7→ G(R, Z) follows

from strict convexity of the exponential. �

4. Maximization of the expected utility of wealth

It was pointed in the previous Section that the map Z 7→ RZ is a
functional defined in implicit form, and since themap Z 7→ G(R, Z)
is in general discontinuous, methods based on implicit function
theorems are not suitable to deal with Problem 1. The issue is
further complicated by the fact that the domain of Z 7→ RZ is hard
to characterize. It turns out that these theoretical obstacles can be
avoided by exploiting the close relationship between maximizing
of the adjustment coefficient of the retained risk (Problem 1) and
maximizing of the expected utility of wealth with an arbitrary
coefficient of risk aversion (Problem 2, below). In this Section we
discuss the relationship between the two problems.
Consider the exponential utility functionwith coefficient of risk

aversion R > 0:

UR (w) = −e−Rw.

For any given coefficient of risk aversion, R > 0, the expected
utility of wealth obtained by the insurance company in a given unit
of time is

E (UR (LZ )) = −G (R, Z) . (8)

We consider the maximization problem:

Problem 2. Find Z∗ ∈ Z, such that

E (UR (LZ∗)) = max {E (UR (LZ )) : Z ∈ Z} .

Here R > 0 is a given constant (fixed). �
A policy Z ∈ Z is said to be optimal for the expected utility
criterion with coefficient of risk aversion R if it solves Problem 2
for that particular R. When it is clear from the context which is the
coefficient of risk aversion being considered, we will just say that
the policy is optimal for the expected utility criterion.
It follows immediately from (8) that a policy is optimal for the

expected utility criterion if and only if it is a minimizer of the
functional Z 7→ G (R, Z), with the same (fixed) value of R being
considered. The following relationship between Problem 1 and
Problem 2 is the key to our approach.

Proposition 3. A pair (R∗, Z∗) ∈ (0,+∞) × Z solves Problem 1
(i.e., Z∗ is optimal for the adjustment coefficient criterion) if and only
if it satisfies the following conditions:

1. Z∗ is optimal for the expected utility criterion (i.e., it solves
Problem 2) with coefficient of risk aversion R = R∗;

2. G(R∗, Z∗) = 1. �

Proof. Let (R∗, Z∗) ∈ (0,+∞)×Z be a solution of Problem 1, and
suppose there exists Z ∈ Z such that G(R∗, Z) < G(R∗, Z∗) = 1.
Then Proposition 1 guarantees existence of Z̃ ∈ Z+ such that
RZ̃ > R∗, a contradiction to the optimality of (R∗, Z∗). Hence Z∗
must be optimal for the expected utility criterion.
Now, let Z∗ ∈ Z be a solution of Problem 2 with coefficient of

risk aversionR = R∗, andG(R∗, Z∗) = 1. If there exists Z ∈ Z+ such
that R∗ < RZ < +∞, then Corollary 1 shows that G(R∗, Z) < 1, a
contradiction to the optimality of Z∗. Therefore (R∗, Z∗)must be a
solution of Problem 1. �

Proposition 3 suggests that Problem 1 can be solved in two
steps:

1. For each R ∈]0,+∞[ find ZR, the respective optimal policy for
the expected utility criterion. Equivalently, find

ZR = argmin {G (R, Z) : Z ∈ Z} ;

2. Solve the equation with one single real variable

G (R, ZR) = 1. (9)

Below we prove that for any R ∈ (0,+∞), Problem 2 admits
at least one solution and hence that map R 7→ G(R, ZR) =
min{G(R, Z) : Z ∈ Z} is well defined. In the following, ZR denotes
one (arbitrary, if there is more than one) solution of Problem 2 for
the particular coefficient of risk aversion R.

5. Existence and uniqueness of optimal policies for the
expected utility criterion

Theorem 1. For each R ∈ (0,+∞) there exists an optimal policy for
the expected utility criterion.
If Pr{N = k} = 1 for some k ≥ 1, then given an optimal policy

Z∗ ∈ Z, any other policy Z̃ ∈ Z is optimal if and only if

Pr

{
Z̃ − Z∗ =

P(Z̃)− P(Z∗)
k

}
= 1,

otherwise the optimal policy is unique. �

Proof. In our proof we consider the equivalent problem of
minimizing the functional Z 7→ G (R, Z), for the particular value
of R being considered.
Notice that Assumptions 1 and 3 guarantee that Pr{N = 0} < 1.

Fix R ∈ (0,+∞). Proposition 2 states that the functional Z 7→
G (R, Z) is convex. If Pr {N = k} = 1 for some integer k ≥ 1
then G(R, Z) depends on Z only through P(Z)k − Z . Thus, the map(
P(Z)
k − Z

)
7→ G (R, Z) is well defined and strictly convex in its
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effective domain. Otherwise the map Z 7→ G (R, Z) is strictly
convex in its effective domain. Since G(R, Y ) < +∞, we see that
the effective domain of Z 7→ G(R, Z) is nonempty. Since Z is
convex, this proves the part of the Theorem concerning uniqueness
of solutions.
Existence of a minimizer is a consequence of the classical

Banach–Alaoglu Theorem from functional analysis.5
We start by showing that Z 7→ G(R, Z) is lower semicontin-

uous.6 Fix Z ∈ Z and pick a sequence {Zk ∈ Z}k∈N such that
limE

(
(Zk − Z)2

)
= 0. We wish to prove that

G(R, Z) ≤ lim infG(R, Zk). (10)

Without loss of generality, we may assume that limG(R, Zk) exists
and Pr {lim Zk(Y ) = Z(Y )} = 1 (take subsequences if necessary).
Fatou’s Lemma guarantees that EeR(Y−Z) ≤ limEeR(Y−Zk).
Therefore (10) follows from Assumption 3.
The set Z is convex. By Assumption 4, it is bounded in the

mean-squared sense, and it is closedwith respect tomean-squared
convergence. Therefore, the Banach–Alaoglu Theorem states that it
is compact with respect to the topology of weak convergence.7
Since Proposition 2 shows that Z 7→ G(R, Z) is convex and any

convex lower semicontinuous functional is lower semicontinuous
with respect to weak convergence, the result follows immediately
by Weierstrass theorem. �

6. Existence and uniqueness of optimal policy for the adjust-
ment coefficient criterion

In this Section we use the results above to prove existence and
uniqueness of solutions of Problem 1.

Theorem 2. There exists an optimal policy for the adjustment
coefficient criterion.
If Pr{N = k} = 1 for some k ≥ 1, then given an optimal policy

Z∗ ∈ Z+, any other policy Z̃ ∈ Z is optimal if and only if

Pr

{
Z̃ − Z∗ =

P(Z̃)− P(Z∗)
k

}
= 1. (11)

If Pr{N = k} < 1 for every k ≥ 1, then the optimal policy is unique.
�

Proof. Uniqueness is a straightforward consequence of Proposi-
tion 3 and Theorem 1. To see this, suppose the adjustment coef-
ficient admits two different global maximizers, Z∗ and Z̃ ∈ Z.
Proposition 3 states that Z∗ and Z̃ are both optimal policies for
the expected utility criterion with the particular coefficient of risk
aversion R = RZ∗ = RZ̃ . Then, Theorem 1 states that either the
random variable N is such that Pr{N = k} = 1 for some k ≥ 1, in
which case Z∗ and Z̃ satisfy (11), or Z̃ = Z∗.
In order to prove existence, let R∗ = sup

{
RZ : Z ∈ Z+

}
.

Pick a sequence {Rk ∈ (0, R∗)}k∈N such that lim Rk = R∗. By
Theorem 1, there exists an associated sequence {ZRk}. In the proof
of Theorem 1, we have seen that Z is compact with respect to the
weak topology. Hence, we can assume that {ZRk} converges in the
weak sense to some Z∗ ∈ Z (take a subsequence, if necessary).
Notice that G(Rk, ZRk) ≤ 1,∀k ∈ N and, due to Corollary 1 this
implies

5 For this theorem and details of the functional analytic arguments used below,
see e.g. Rudin (1991).
6 A function f is lower semicontinuous at x0 if for every ε > 0 there exists a
neighbourhood U of x0 such that f (x) ≥ f (x0)− ε,∀x ∈ U .
7 Recall that a sequence of square-integrable functions {φk}k∈N converges weakly
to the square-integrable function φ if and only if limE(φkψ) = E(φψ) holds for
every square-integrable ψ .
G(R, ZRk) ≤ 1, ∀k ∈ N, R ∈ (0, Rk).

Therefore lower semicontinuity of Z 7→ G(R, Z) implies that

G(R, Z∗) ≤ 1, ∀R ∈ (0, R∗). (12)

Assuming that R∗ = +∞, this shows that RZ∗ = +∞ and hence
Pr{LZ∗ < 0} = 0, which contradicts Assumption 3. Thus, R∗ must
be finite. Taking into account Lemma 1, the inequality (12) implies
G(R∗, Z∗) ≤ 1, while Proposition 1 implies G(R∗, Z∗) ≥ 1. Hence
R∗ = RZ∗ and (R∗, Z∗) is a solution of Problem 1. �

7. Necessary condition for optimality

Taking Proposition 3 into account, a natural way of obtaining
optimality conditions for Problem 1 is to search for optimality
conditions for Problem 2 and add the supplementary condition
G(R, Z) = 1.
Proceeding along this line, fix R ∈ (0,+∞). We consider

needle-like perturbations (see e.g. Gamkrelidze, 1978), i.e., we
consider reinsurance policies of type

Zυ,α,ε (y) =
{
ZR (y) , if y 6∈ [υ, υ + ε] ;
αy, if y ∈ [υ, υ + ε] ,

with ε > 0, α ∈ [0, 1].
In what follows, we assume that the expression

∆PZR (υ) = lim
α→

Z(υ)
υ

lim
ε→0+

P
(
Zυ,α,ε

)
− P (ZR)

ε (αυ − ZR (υ))
(13)

is a well defined (real, finite) function in a measurable domain
A ⊂ [0,+∞) such that Pr{Y ∈ A} = 1.
Indeed, in order to obtain some of the following results we also

need to consider compositions of needle-like perturbations. I.e., we
will consider treaties of the type

Zυ1,α1,ε1|υ2,α2,ε2 (y)

=

{ZR (y) , if y 6∈ [υ1, υ1 + ε1] ∪ [υ2, υ2 + ε2] ;
α1y, if y ∈ [υ1, υ1 + ε1] ;
α2y if y ∈ [υ2, υ2 + ε2] ,

for arbitrary υ1 6= υ2 and sufficiently small ε1, ε2 > 0. We
assume that the function∆PZR suitably approximates the effect of
double needle-like perturbations on the reinsurance premium, in
the sense that the estimate

P
(
Zυ1,α1,ε1|υ2,α2,ε2

)
− P (ZR) = ε1 (α1υ1 − ZR (υ1))∆PZR (υ1)

+ε1o (α1υ1 − ZR (υ1))+ o (ε1)
+ ε2 (α2υ2 − ZR (υ2))∆PZR (υ2)

+ε2o (α2υ2 − ZR (υ2))+ o (ε2) (14)

holds for every υ1 6= υ2 chosen in some measurable domain
A ⊂ [0,+∞) such that Pr{Y ∈ A} = 1. It can be shown that
important premium calculation principles like the expected value
principle and the variance-related principles studied in the next
section satisfy these conditions.

Theorem 3. Let ρ ∈ (1,+∞] denote the radius of convergence of
the series π (t) =

∑
+∞

n=0 t
np (n). Fix R > 0 and let ZR ∈ Z be optimal

for the expected utility criterion.
If ZR satisfies (14), then there exists a constant C ∈ (0,+∞) such

that
∆PZR (y) ≤ Cf (y) , if ZR (y) = y;
∆PZR (y) = Ce

R(y−ZR(y))f (y) , if 0 < ZR (y) < y;
∆PZR (y) ≥ Ce

Ryf (y) , if ZR (y) = 0,
(15)

with probability equal to one with respect to the density f .
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Further,

C =
π ′
(
EeR(Y−ZR)

)
π
(
E
[
eR(Y−ZR)

])
holds if EeR(Y−ZR) < ρ , while

C ≥
π ′(ρ−)

π(ρ)
(16)

holds if EeR(Y−ZR) = ρ . �

Proof. Fix υ ∈ (0,+∞), a Lebesgue point8 of the functions f ,
e−RZR f , with f (υ) > 0.
Suppose that ZR (υ) < υ and consider a perturbation Zυ,α,ε with

αυ > ZR (υ) . (17)

Optimality of ZR implies that

0 ≤ G
(
R, Zυ,α,ε

)
− G (R, ZR) , (18)

and (17) implies that EeR(Y−Zυ,α,ε) < EeR(Y−ZR) ≤ ρ. Therefore
the function t 7→ π (t) =

∑
∞

n=0 t
np (n) is continuous in the

interval
[
0,EeR(Y−ZR)

]
, differentiable in

(
0,EeR(Y−ZR)

)
. It follows by

the mean-value theorem that for each α satisfying (17) and each
sufficiently small ε > 0 there exists θ ∈ (0, 1) such that

G
(
R, Zυ,α,ε

)
− G (R, ZR)

= eR((1−θ)P(ZR)+θP(Zυ,α,ε)−c)π
(
(1−θ)EeR(Y−ZR)+θEeR(Y−Zυ,α,ε)

)
× R

(
P
(
Zυ,α,ε

)
− P (ZR)

)
+ eR((1−θ)P(ZR)+θP(Zυ,α,ε)−c)

×π ′
(
(1− θ)EeR(Y−ZR) + θEeR(Y−Zυ,α,ε)

)
×
(
EeR(Y−Zυ,α,ε) − EeR(Y−ZR)

)
.

Since υ is a Lebesgue point of the functions f , e−RZR f , we have

EeR(Y−Zυ,α,ε) − EeR(Y−ZR) =
∫ υ+ε

υ

(
eR(y−αy) − eR(y−ZR(y))

)
f (y) dy

= ε
(
eR(υ−αυ) − eR(υ−ZR(υ))

)
f (υ)+ o (ε) .

Therefore, inequality (18) reduces to

π ′ (xε)
((
eR(υ−ZR(υ)) − eR(υ−αυ)

)
f (υ)+

o(ε)
ε

)
≤ π (xε) R

P(Zυ,α,ε)− P(ZR)
ε

where xε = (1− θ)EeR(Y−ZR) + θEeR(Y−Zυ,α,ε). Taking limits when
ε→ 0+, we obtain

π ′
(
EeR(Y−ZR)

) eR(υ−ZR(υ)) − eR(υ−αυ)
αυ − ZR(υ)

f (υ)

≤ π
(
EeR(Y−ZR)

)
R lim
ε→0+

P(Zυ,α,ε)− P(ZR)
ε(αυ − ZR(υ))

. (19)

Taking limits when α→
(
ZR(υ)
υ

)+
, one obtains

π ′
(
EeR(Y−ZR)

)
ReR(υ−ZR(υ))f (υ) ≤ π

(
EeR(Y−ZR)

)
R∆P(ZR)(υ),

8 Recall that v is a Lebesgue point of a function g : R 7→ [−∞,+∞] if:

lim
ε→0+

1
ε

∫ v+ε

v

g(t)dt = lim
ε→0+

1
ε

∫ v

v−ε

g(t)dt = g(v).

If g is locally integrable, then almost every point is a Lebesgue point. For details see,
e.g., Rudin (1987).
i.e.,

π ′
(
EeR(Y−ZR)

)
π
(
EeR(Y−ZR)

) eR(υ−ZR(υ))f (υ) ≤ ∆PZR (υ) (20)

holds for almost every υ such that ZR (υ) < υ .
If EeR(Y−ZR) < ρ, then EeR(Y−Zυ,αε) < ρ also holds for any

α ∈ [0, 1], provided ε > 0 is sufficiently small. Therefore in this
case, inequality (19) holds for almost every υ such that ZR (υ) > 0.
Therefore, dividing both sides of (19) by αυ − ZR (υ) and taking

limits when α→
(
ZR(υ)
υ

)−
, we obtain

π ′
(
EeR(Y−ZR)

)
π
(
EeR(Y−ZR)

) eR(υ−ZR(υ))f (υ) ≥ ∆PZR (υ) . (21)

This proves the Proposition in the case when EeR(Y−ZR) < ρ.
Now, consider the case when EeR(Y−ZR) = ρ. In this case we

have

EeR(Y−Zυ,α,ε) > ρ

and therefore G
(
R, Zυ,α,ε

)
= +∞ for any needle-like perturbation

with αυ < ZR (υ) and sufficiently small support. Thus we cannot
use the argument above to prove an inequality analogous to
(21). Instead we use double needle-like perturbations such that
EeR(Y−Zυ1,α1,ε1 |υ2,α2,ε2 ) = ρ. Like before, υ1, v2 ∈ (0,+∞) are
Lebesgue points of the functions f , e−RZR f , such that υ1 6= υ2 and
f (υi) > 0, i = 1, 2. EeR(Y−ZR) = ρ implies Pr{ZR < Y } > 0.
Hence we can choose υ1 such that ZR (υ1) < υ1 and fix α1 such
that α1υ1 > ZR (υ1). For any υ2 6= υ1 such that ZR (υ2) > 0, fix α2
such that α2υ2 < ZR (υ2). Then, we have

EeR
(
Y−Zυ1,α1,ε1 |υ2,α2,ε2

)
= EeR(Y−ZR)

+

∫ υ1+ε1

υ1

(
eR(y−α1y) − eR(y−ZR(y))

)
f (y) dy

+

∫ υ2+ε2

υ2

(
eR(y−α2y) − eR(y−ZR(y))

)
f (y) dy.

Sinceυ1, υ2 are Lebesguepoints of the functions f , e−RZR f , it follows
that

EeR
(
Y−Zυ1,α1,ε1 |υ2,α2,ε2

)
= ρ + ε1

(
eR(υ1−α1υ1) − eR(υ1−ZR(υ1))

)
f (υ1)+ o (ε1)

+ ε2
(
eR(υ2−α2υ2) − eR(υ2−ZR(υ2))

)
f (υ2)+ o (ε2)

= ρ − ε1 (α1υ1 − ZR (υ1)) ReR(υ1−ZR(υ1))f (υ1)
+ ε1o (α1υ1 − ZR (υ1))+ o (ε1)
− ε2 (α2υ2 − ZR (υ2)) ReR(υ2−ZR(υ2))f (υ2)
+ ε2o (α2υ2 − ZR (υ2))+ o (ε2) .

Therefore, an implicit function-type argument shows that for each
sufficiently small ε2 > 0, (α1υ1 − ZR (υ1)) and (α2υ2 − ZR (υ2))

there exists a unique ε1 > 0 such that EeR
(
Y−Zυ1,α1,ε|υ2,α2,ε

)
= ρ.

Further, such ε1 satisfies

ε1 = −
eR(υ2−ZR(υ2)) (α2υ2 − ZR (υ2)) f (υ2)
eR(υ1−ZR(υ1)) (α1υ1 − ZR (υ1)) f (υ1)

ε2

+ (o (α1υ1 − ZR (υ1))+ o (α2υ2 − ZR (υ2))) ε2
+ o (ε2) . (22)

Since EeR(Y−ZR) = EeR
(
Y−Zυ1,α1,ε1 |υ2,α2,ε2

)
= ρ, we have

G (R, ZR) = eR(P(ZR)−c)π(ρ);

G
(
R, Zυ1,α1,ε1|υ2,α2,ε2

)
= eR

(
P
(
Zυ1,α1,ε1 |υ2,α2,ε2

)
−c
)
π(ρ).
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Therefore, optimality of ZR implies that

P
(
Zυ1,α1,ε1|υ2,α2,ε2

)
− P (ZR) ≥ 0.

Substituting (22) in (14), this inequality becomes

(α2υ2 − ZR (υ2))
(
∆PZR (υ2)−

eR(υ2−ZR(υ2))f (υ2)
eR(υ1−ZR(υ1))f (υ1)

∆PZR (υ1)
)

+ o (α1υ1 − ZR (υ1))+ o (α2υ2 − ZR (υ2))+
o (ε2)
ε2
≥ 0.

Setting (α1υ1 − ZR (υ1)) = − (α2υ2 − ZR (υ2)) and making ε2 →
0+, we obtain

(α2υ2 − ZR (υ2))
(
∆PZR (υ2)−

eR(υ2−Z(υ2))f (υ2)
eR(υ1−ZR(υ1))f (υ1)

∆PZR (υ1)
)

+ o (α2υ2 − ZR (υ2)) ≥ 0.

Making (α2υ2 − ZR (υ2))→ 0−, we see that this implies

∆PZR (υ2)
eR(υ2−ZR(υ2))f (υ2)

≤
∆PZR (υ1)

eR(υ1−ZR(υ1))f (υ1)
. (23)

This shows that (23) holds for any pair of Lebesgue points of the
functions y 7→ f (y), y 7→ e−RZR(y)f (y) such that f (υi) > 0,
0 ≤ ZR (υ1) < υ1, 0 < ZR (υ2) ≤ υ2. Let C denote the infimum
value of

∆PZR (υ)

eR(υ−ZR(υ))f (υ)
over all the Lebesgue points of f , e−RZR f ,

such that ZR (υ) < υ . Inequality (20) shows that C ≥ π ′(ρ)

π(ρ)
and

∆PZR (υ) ≥ Ce
R(υ−ZR(υ))f (v) holds whenever ZR (υ) < υ . Since

(23) guarantees that∆PZR (υ) ≤ Ce
R(υ−ZR(υ))f (v) holds whenever

ZR (υ) > 0, the proof is complete. �

8. The optimal solution for variance-related premium calcula-
tion principles

In this section we apply the results obtained in the previous
sections to the case where the premium principle P : Z 7→

[0,+∞) is a convex variance-related functional, i.e.

P (Z) = ÊZ + g
(
Var(̂Z)

)
, (24)

where Ẑ =
∑N
n=1 Zn is the aggregate value refunded under the

treaty Z and g : [0,+∞) 7→ [0,+∞) is a continuous function,
smooth in (0,+∞), such that

g(0) = 0, g ′ (x) > 0 (25)

and

g ′′(x)
g ′(x)

≥ −
1
2x
, ∀x ∈ (0, B), (26)

with B = sup{Var(̂Z) : Z ∈ Z}. Following Guerra and Centeno
(in press) we can say that if g is twice differentiable in (0, B) and
satisfies (25), then the principle (24) is convex if and only if (26)
is fulfilled. It can be checked that such premium principles are
continuous in mean-squared sense, as required by Assumption 3.
Themost important examples of convex variance-related premium
principles are the standard deviation and the variance principles.
The following proposition provides an expression for∆PZ .

Proposition 4. If the reinsurance premium is computed by a
functional of the form (24), then the following equality holds on a set
of probability one

∆PZ (υ)

=


ENf (υ)+ 2g ′

(
Var(̂Z)

)
(EN (Z (υ)− EZ)

+ Var(N)EZ) f (υ) , if Pr {Z 6= 0} > 0;
ENf (υ) , if Z ≡ 0 and g ′

(
0+
)
< +∞;

+∞, if Z ≡ 0 and g ′
(
0+
)
= +∞. �
Proof. Fix υ > 0, a Lebesgue point of the maps υ → f (υ),
υ → Z(υ)f (υ) and υ → Z(υ)2f (υ), such that f (v) > 0.
By (13), we have

∆PZ (υ) = lim
α→

Z(υ)
υ

lim
ε→0+

P
(
Zυ,α,ε

)
− P (Z)

(αυ − Z (υ)) ε

= lim
α→

Z(υ)
υ

lim
ε→0+

ÊZυ,α,ε − ÊZ + g
(
Var(̂Zυ,α,ε)

)
− g

(
Var(̂Z)

)
(αυ − Z (υ)) ε

.

(27)

The mean-value theorem states that, for each υ > 0, α ∈ [0, 1],
ε > 0, there exists θ ∈]0, 1[ such that

g
(
Var(̂Zυ,α,ε)

)
− g

(
Var(̂Z)

)
= g ′

(
(1− θ)Var(̂Z)+ θVar(̂Zυ,α,ε)

)
×
(
Var(̂Zυ,α,ε)− Var(̂Z)

)
.

Recall that the first two moments of Ẑ can be calculated as

ÊZ = ENEZ, Var(̂Z) = ENVar(Z)+ Var(N)(EZ)2.

Since υ is a Lebesgue point, we have

E
[
Zυ,α,ε

]
− E [Z] =

∫ υ+ε

υ

(αy− Z (y)) f (y) dy

= ε (αυ − Z (υ)) f (υ)+ o (ε) ,

and

Var(Zυ,α,ε)− Var(Z) =
(
E
(
Z2υ,α,ε

)
− E

(
Z2
))

−
(
(EZυ,α,ε)2 − (EZ)2

)
=

∫ υ+ε

υ

(
(αy)2 − Z (y)2

)
f (y) dy

−
(
EZυ,α,ε − EZ

) (
EZυ,α,ε + EZ

)
= ε

(
α2υ2 − Z (υ)2

)
f (υ)− ε (αυ − Z (υ)) f (υ) 2EZ + o (ε)

= ε (αυ − Z (υ)) (αυ + Z (υ)− 2EZ) f (υ)+ o (ε) .

It follows that

ÊZυ,α,ε − ÊZ = ε (αυ − Z (υ))ENf (υ)+ o (ε) ; (28)

Var(̂Zυ,α,ε)− Var(̂Z)

= EN
(
Var(Zυ,α,ε)− Var(Z)

)
+ Var(N)

(
(EZυ,α,ε)2 − (EZ)2

)
= ε (αυ − Z (υ)) ((αυ + Z (υ)EN − 2EZ)
+ 2Var(N)EZ) f (υ)+ o (ε) . (29)

In the case when Pr {Z 6= 0} > 0, substitution of (28)–(29) in (27)
yields immediately the desired equality.
In the casewhen Pr {Z 6= 0} = 0, equalities (28)–(29) show that

∆P0(v) = lim
α→0+

(
EN + g ′

(
0+
)
αυEN

)
f (υ)

=

{(
EN + g ′

(
0+
)

ENαυ
)
f (υ) , if g ′

(
0+
)
< +∞;

+∞, if g ′
(
0+
)
= +∞.

This completes the proof. �

Using Proposition 4 we can state the following Corollary to
Theorem 3:

Corollary 3. Fix R > 0, and let ZR ∈ Z be optimal for the expected
utility criterion. If g ′ is bounded in a neighbourhood of zero, then the
following set of conditions holds with probability equal to one with
respect to the density f :

y ≤ α1 + α2, if Z (y) = y; (30)

y = Z (y)+
1
R
ln
Z (y)− α2

α1
, if 0 < Z (y) < y; (31)

y ≤
1
R
ln
−α2

α1
, if Z (y) = 0. (32)
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α1, α2 are constants satisfying

α1 =
π ′
(
EeR(Y−Z)

)
ENπ

(
EeR(Y−Z)

)
2g ′

(
Var(̂Z)

) , if EeR(Y−Z) < ρ; (33)

α1 ≥
π ′
(
EeR(Y−Z)

)
ENπ

(
EeR(Y−Z)

)
2g ′

(
Var(̂Z)

) , if EeR(Y−Z) = ρ; (34)

α2 =
EN − Var(N)

EN
EZ −

1

2g ′
(
Var(̂Z)

) , (35)

where ρ is the radius of convergence of π(·), the probability
generating function of N.
If g ′ is unbounded in any neighbourhood of zero, then the optimal

treaty must be either a function of the type described above or Z ≡ 0
(no reinsurance at all). �

Remark 1. Notice that in the Corollary above α1 is always strictly
positive while α2 may be either positive or negative. So, the
structure of a nonzero optimal treatymust be one of the following:

(a) If α1 + α2 > 0, then the right-hand side of the inequality in
(32) is not a positive real number. This is to be understood as
meaning that Pr{Z = 0} = 0 (because the inequality in (32) is
the logarithmic version of (37), in the proof below). Hence Z is
defined by (30)–(31) alone.

(b) If α1 + α2 < 0, then (30) shows that Pr{Z = Y } = 0 and hence
Z is defined by (31)–(32).

(c) If α1 + α2 = 0, then the right-hand sides of the inequalities in
(30) and (32) are both zero. Hence Pr{Z = Y } = Pr{Z = 0} = 0
and Z is defined by (31) alone.

Remark 2. Though this may not appear to be obvious, Corollary 3
is sufficient to actually compute the optimal treaty.
First, notice that for any (R, α1, α2) ∈ (0,+∞)× (0,+∞)×R

(fixed), equality (31) defines one unique function ẐR,α1,α2 : R 7→ R
and thus a treaty ZR,α1,α2 ∈ Z defined as

ZR,α1,α2(y) = min
{
y,max

{
0, ẐR,α1,α2(y)

}}
, ∀y ∈ [0,+∞).

Further, it can be shown that for every y ≥ 0 (fixed) the Newton
algorithm applied to the equation

z +
1
R
ln
z − α2
α1

= y (36)

exhibits global quadratic convergence.9 Thus, computation of
ẐR,α1,α2(y) is not significantly harder than computation of the left-
hand side of (36) for a given z > α2.
This shows that Corollary 3 reduces the space of possible

solutions for Problem 2 to a two-dimensional (nonlinear) space
parameterized by (α1, α2). So the problem reduces to finding the
optimal values of (α1, α2). This can be done either by classical
mathematical programming techniques (minimizing G(R, ZR,α1,α2)
as a function of (α1, α2)), or by solving the equalities (33)–(35). A
discussion of methods for numerical solutions of these equations
is out of the scope of this paper. We just point to the fact that all
integrals required to evaluate the terms of (33)–(35) can be made
explicit by the change of variable y = ζ + 1

R ln
ζ−α2
α1
(see Guerra

and Centeno, in press).
In order to solve Problem 1, we need to find (R, α1, α2)

simultaneously. Due to Proposition 3, this can be done by a simple
search algorithm:

9 See e.g., Quarteroni et al. (2000).
1. Pick an initial R ∈ (0,+∞).
2. Solve Problem 2 finding the optimal (α1, α2).
3. If G(R, ZR,α1,α2) < 1: increase R and repeat from step 2.
If G(R, ZR,α1,α2) > 1: decrease R and repeat from step 2.
Stop when G(R, ZR,α1,α2) ≈ 1 within preset error tolerance.

Notice that this scheme also converges when the optimal
adjustment coefficient is +∞ (i.e., when condition (2) of
Assumption 3 fails) in the sense that the final R will approach
infinity when the error tolerance goes to zero.

Proof of Corollary 3. First, suppose that Pr {ZR > 0} > 0 holds,
and let C ∈ (0,+∞) be as stated in Theorem 3. Due to
Proposition 4 the optimality conditions become

2g ′
(
Var(̂Z)

)
(EN (y− EZ)+ Var(N)EZ)+ EN ≤ C, if Z (y) = y;

2g ′
(
Var(̂Z)

)
(EN (Z(y)− EZ)+ Var(N)EZ)+ EN = CeR(y−Z(y))

if 0 < Z (y) < y;
2g ′

(
Var(̂Z)

)
(−ENEZ + Var(N)EZ)+ EN ≥ CeRy if Z (y) = 0.

This is

y ≤
C

2g ′
(
Var(̂Z)

)
EN
+

EN − Var(N)
EN

EZ −
1

2g ′
(
Var(̂Z)

) ,
if Z (y) = y;

eR(y−Z(y)) =
Z (y)−

(
EN−Var(N)

EN
EZ − 1

2g ′(Var(̂Z))

)
C/
(
2g ′

(
Var(̂Z)

)
EN
) ,

if 0 < Z (y) < y;

eRy ≤ −

EN−Var(N)
EN EZ − 1

2g ′(Var(̂Z))

C/
(
2g ′

(
Var(̂Z)

)
EN
) , if Z (y) = 0. (37)

Hence the result follows immediately from Theorem 3 by making
α1 =

C
2g ′(Var(̂Z))EN

, α2 = EN−Var(N)
EN EZ − 1

2g ′(Var(̂Z))
.

Now, consider the case when g ′ (x) is unbounded in any
neighbourhood of x = 0. Then, Pr{|∆PZ | < ∞} = 1 if Z 6= 0,
and ∆PZ ≡ +∞ if Z ≡ 0. Therefore, Theorem 3 does not exclude
the possibility that Z ≡ 0 be optimal. �

9. Structure of the optimal treaty: Dependence on the distribu-
tion of claim numbers

According to Corollary 3, if the optimal treaty for a variance-
related principle is not identically zero, then it is a member of the
family of functions with two parameters (α1, α2) ∈ (0,+∞)× R,
satisfying (30)–(32). It can be shown that in the aggregate claim
case an optimal treaty satisfying α1 + α2 = 0 always exists (the
limit case α1 = α2 = 0 corresponding to the case when zero
reinsurance is optimal) — see Guerra and Centeno (2008).
Below we show that a similar result holds for the individual

claim case when the number of claims N follows a distribution
belonging to the so-called Katz family, also known in actuarial
literature as the Panjer or (a, b, 0) family of distributions. This
family is important for practical applications, including some of
the most widely used claim number models (the Poisson and the
Negative Binomial), see for instances Duvall (1999), Pitrebois et al.
(2005) and Viswanthan and Lemaire (2005). However, we also
show that both the cases α1 + α2 > 0 and α1 + α2 < 0 do occur
in individual claim reinsurance, provided the number of claims
follows appropriate distributions.
We start with an interesting relationship between the structure

of π(·) — the probability generating function of N — and the sign
of α1 + α2.
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Theorem 4. Suppose that the optimal treaty is not identically zero
and satisfies EeR(Y−Z) < ρ , the radius of convergence of the series
π(t).

(a) If the function q(t) = π(t)
π ′(t) is convex, then α1 + α2 ≤ 0 holds;

(b) If q is strictly convex, then α1 + α2 < 0 holds;
(c) If q is concave, then α1 + α2 ≥ 0 holds;
(d) If q is strictly concave, then α1 + α2 > 0 holds. �

Proof. It easy to check that

EN = π ′(1), Var(N) = π ′′(1)+ π ′(1)− π ′(1)2.

Therefore, Corollary 3 states that

α1 =
q(1)
q(x)

1

2g ′
(
Var(Ẑ)

) ; (38)

α2 =
q′(1)
q(1)

EZ −
1

2g ′
(
Var(Ẑ)

) , (39)

where x = EeR(Y−Z). Eq. (39) is equivalent to

1

2g ′
(
Var(Ẑ)

) = q′(1)
q(1)

EZ − α2.

Substituting in (38), we obtain

q(x)α1 = q′(1)EZ − q(1)α2. (40)

Now, suppose that q is convex and α1 + α2 ≥ 0 holds. Corollary 3
implies that

x = EeR(Y−Z) =
∫ α1+α2

0
dF(y)+

∫
+∞

α1+α2

Z(y)− α2
α1

dF(y)

=
1
α1

(
EZ − α2 +

∫ α1+α2

0
(α1 + α2 − y)dF(y)

)
.

This is

EZ = xα1 + α2 −
∫ α1+α2

0
(α1 + α2 − y)dF(y).

Substituting in (40) and rearranging we obtain(
q(x)− q(1)− q′(1)(x− 1)

)
α1 +

(
q(1)− q′(1)

)
(α1 + α2)

= −q′(1)
∫ α1+α2

0
(α1 + α2 − y)dF(y). (41)

Notice that
∫ α1+α2
0 (α1 + α2 − y)dF(y) ≤ α1 + α2, with strict

inequality holding unless α1 + α2 = 0. If q′(1) ≤ 0 then the
second term on the left-hand side of (41) is non-negative and not
smaller than the right-hand side term. By convexity, the first term
on the left-hand side is non-negative (strictly positive if q is strictly
convex). Hence (41) can hold with q′(1) ≤ 0 only if α1 + α2 = 0
and q is linear in [0, x].
Now, note that

q(1)− q′(1) =
Var(N)
(EN)2

> 0. (42)

Therefore, if q′(1) > 0 then the second term in the left-hand side
of (41) is non-negative while the term on the right-hand side is
nonpositive and (41) can hold only if α1+α2 = 0 and q is linear in
[0, x]. It cannot hold if q is strictly convex.
To prove (c) and (d), suppose that q is concave and α1+ α2 ≤ 0

holds. In this case, Corollary 3 implies that
x =
∫ 1

R ln
−α2
α1

0
eRydF(y)+

∫
+∞

1
R ln

−α2
α1

Z(y)− α2
α1

dF(y)

=
1
α1

(
EZ − α2 − α1

∫ 1
R ln

−α2
α1

0

(
−α2

α1
− eRy

)
dF(y)

)
.

This is

EZ =

(
x+

∫ 1
R ln

−α2
α1

0

(
−α2

α1
− eRy

)
dF(y)

)
α1 + α2.

Substituting in (40) and rearranging we obtain

q(x)− q(1)− q′(1)(x− 1)

= q′(1)
∫ 1

R ln
−α2
α1

0

(
−α2

α1
− eRy

)
dF(y)

+(q(1)− q′(1))
(
−α2

α1
− 1

)
. (43)

By convexity the left-hand side is nonpositive (strictly negative if
q is strictly concave). If q′(1) ≥ 0, then the right-hand side of (43)
is non-negative, being zero only if α1 + α2 = 0. If q′(1) < 0 then
rearrange the right-hand side of (43) to obtain

q(x)− q(1)− q′(1)(x− 1) = q(1)
(
−α2

α1
− 1

)
−q′(1)

(
−α2

α1
− 1−

∫ 1
R ln

−α2
α1

0

(
−α2

α1
− eRy

)
dF(y)

)
,

where the right-hand side is obviously non-negative, being zero
only ifα1+α2 = 0. Hencewe see that (43) holds only ifα1+α2 = 0
and q is linear in [0, x]. �

Remark 3. When the distribution of claim values has a heavy
tail, some part of the risk must be ceded under the optimal
arrangement, irrespective of the distribution of claim numbers
(otherwise the adjustment coefficient would not exist). Therefore
the possibility of zero reinsurance being optimal indicated at the
beginning of the Theorem can be immediately excluded in such
cases.

Theorem 4 shows that the case in which the function q is
linear has the special property α1 + α2 = 0. One such case
is aggregate claim reinsurance, analysed in Guerra and Centeno
(2008). Indeed, it is clear that the random variable N ≡ 1 has
probability generating function π(t) = t and hence q(t) = t is
simultaneously concave and convex. It turns out that there exists
also an important family of nondegenerate distributions with this
property. This is the so-called Katz family (see (Johnson et al.,
1993, pg. 38)). It consists of the binomial, Poisson and negative
binomial distributions.

Corollary 4. Assume that the distribution of the number of claims N
belongs to the Katz family.
If g ′ is bounded in a neighbourhood of zero, then the optimal policy

satisfies

y = Z (y)+
1
R
ln
Z (y)+ α

α
;

α =
π ′
(
EeR(Y−Z)

)
ENπ

(
EeR(Y−Z)

)
2g ′

(
Var(̂Z)

)
If g ′ is unbounded near zero, then either Z ≡ 0 is optimal or the
optimal policy satisfies the conditions above. �

Proof. Recall that Katz-type distributions are characterized by
having a probability generating function of the type
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π(t) =
(
1− at
1− a

)−(a+b)/a
, (44)

with a < 1, a+b > 0 and b = −(k+1)a for some k ∈ Nwhen a <
0 (in the case a = 0, it is π(t) = lima→0

( 1−at
1−a

)−(a+b)/a
= eb(t−1)).

It follows that q is the linear function

q(t) =
1− at
a+ b

,

hence it is simultaneously concave and convex. The radius of
convergence of π is ρ = 1

a if a ∈ (0, 1) or ρ = +∞ if a ≤ 0. In the
casewhen a ∈ (0, 1), we have limx→ρ− π(x) = +∞. It follows that
the optimal reinsurance policy must satisfy EeR(Y−Z) < ρ and the
result follows immediately from Corollary 3 and Theorem 4. �

In order to see that there are cases where α1+α2 < 0 and cases
whereα1+α2 > 0 holds, recall that the Katz family of distributions
can be embedded in the larger Sundt and Jewell family (Sundt and
Jewell, 1981). These are combinations of a Katz random variable
with a random variable concentrated at N = 0.
The probability generating function of a Sundt and Jewell

distribution is

π(t) = c + (1− c)
(
1− at
1− a

)−(a+b)/a
,

with a, b like in (44) and (1−a)(a+b)/a

(1−a)(a+b)/a−1
≤ c < 1. Since this is

a combination of a Katz random variable with the null random
variable, the proof of Corollary 4 shows that the optimal treaty
must satisfy EeR(Y−Z) < ρ. Therefore, due to Theorem 4, we only
need to check the convexity of q = π

π ′
.

A simple computation shows that a Sundt and Jewell distribu-
tion satisfies

q′′(t) =
c(2a+ b)

(1− at)(π(t)− c)
.

Since a+ b > 0 and b = −(k+ 1)amust hold when a < 0, we see
that 2a+ b > 0 holds except in the case when a < 0, b = −2a. In
this case N is a Bernoulli random variable and hence any mixture
with the null random variable is still Bernoulli.
Therefore we see that, except in the Bernoulli case, q is strictly

convex (i.e., α1 + α2 < 0) if c > 0 and it is strictly concave
(i.e.,α1+α2 > 0) if (1−a)(a+b)/a

(1−a)(a+b)/a−1
≤ c < 0. It is linear (i.e.,α1+α2 =

0) if c = 0.
The discussion above shows that the case α1 + α2 = 0 is a

very particular one, being destroyed by small perturbations of the
distribution of claim numbers. To see this consider that N follows
a Katz distribution and it is not Bernoulli. This is a Sundt and Jewell
distribution with c = 0. By changing the value of c by any small
amount (i.e., by changing Pr{N = 0}, adjusting proportionally
the remaining probabilities in such a way to obtain a probability
function) we can either obtain the caseα1+α2 < 0 orα1+α2 > 0,
according to the sign of c.
Notice that, according to the proof of Theorem4, the sign ofα1+

α2 depends on the sign of the remainder of the Taylor expansion of
the function q(·) (convexity being just one condition that ensures
that this remainder has the appropriate sign). Therefore, one can
expect to find distributions of the number of claims such that the
sign of α1 + α2 changes when the reinsurance loading increases.
To see this, consider a family of variance-related principles

Pβ(Z) = EZ + βg
(
Var(Ẑ)

)
, β ∈ (0,+∞),

where g : [0,+∞) 7→ [0,+∞) is continuous, smooth in (0,+∞)
and satisfies (25)–(26) (say, g(t) =

√
t , in which case {Pβ}β>0

is the family of standard deviation principles). Assuming that all
the remaining data of the problem remains unchanged, one can
expect that for small values of the parameter β a large proportion
of the risk is ceded under the optimal treaty and hence the value
of x = EeR(Y−Z) is close to one. Conversely, when β is large, a small
part of the total risk is ceded under the optimal treaty, making
x = EeR(Y−Z) large.
Now suppose that the distribution of the number of claims is

such that the function q is (say) strictly concave in the interval
[1, x0] and strictly convex in [x0, ρ). Clearly, the Taylor remainder
q(x) − q(1) − q′(1)(x − 1) is negative whenever x ∈ (1, x1) for
some x1 > x0. However, we cannot exclude that x1 < +∞ and
the remainder becomes positive for x ∈ (x1,+∞). In such a case
optimal treaties would satisfy α1 + α2 > 0 for small loadings
(i.e., small β and hence a large amount of risk is ceded under the
optimal treaty) and α1 + α2 < 0 for higher loadings (large β , and
a small amount of risk is ceded).
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