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Abstract In risk theory with application to insurance, the identification of the

relevant distributions for both the counting and the claim size processes from given

observations is of major importance. In some situations left-truncated distributions

can be used to model, not only the single claim severity, but also the inter-arrival

times between two consecutive claims. We show that left-truncated Weibull dis-

tributions are particularly relevant, especially for the claim severity distribution. For

that, we first demonstrate how the parameters can be estimated consistently from the

data, and then show how a Kolmogorov-Smirnov goodness-of-fit test can be set up

using modified critical values. These critical values are universal to all left-truncated

Weibull distributions, independent of the actual Weibull parameters. To illustrate

our findings we analyse three applications using real insurance data, one from a

Swiss excess of loss treaty over automobile insurance, another from an American

private passenger automobile insurance and a third from earthquake inter-arrival

times in California.
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1 Introduction and motivation

There are many practical situations in which there exists a region where some

particular random variable of interest is either not observable or its measurements

are unreliable, flawed or must be excluded for some other reason. Examples of such

situations occur in the insurance business, for instance in automobile insurance,

actual reported claims are influenced by bonus hunger behaviour and therefore

catastrophe claims may not be fully accounted. We can look at [18, Chapter 14], for

some insight into estimation for modified data in insurance. When studying the

properties of the distribution from which a random variable is sampled, it is

necessary to only consider data in the region of reliability and relevance. The

process of selecting data only in certain parts of the domain and adjusting the

probability distribution accordingly is known as truncation; for a detailed discussion

of this see [17, pp. 551, section 32.15]. Truncation is often done either in the right

or in the left tail of a distribution. Here we are only concerned with left-truncation.

In actuarial science there are several situations where it is necessary to perform

left-truncation on a sample data set. An obvious case is the excess-of-loss

reinsurance treaty (abbreviated as X-Loss) with a predefined monetary limit, from

the point of view of the reinsurer. We study an example of automobile insurance

claims with an excess of CHF 100,000 as in [19], the claim size distribution is left-

truncated with a threshold level of CHF 100,000 (this is typical for a reinsurance

contract). Other situations in the insurance business like contracts where a franchise

deductible applies, see [7, 18, Chapter 14], may also require left-truncated

distributions. These are further examples where left-truncated distributions can be

used in the claim size problem.

There are other random quantities appearing in actuarial problems that might also

require a left-truncation, such as the inter-arrival time between two consecutive

claims of the same portfolio. As an example of this we studied the inter-arrival times

of earthquakes where the left-truncation makes sure that aftershocks are not counted

as earthquakes of their own right. Therefore, reinsurance treaties contain an ‘‘hours

clauses’’ which define earthquakes occurring up to 3 or 7 days after the original

earthquake as aftershocks and not earthquakes of their own right [31].

The above examples involving both left-truncation and heavy-tails motivated our

research, and relates to the well known actuarial risk model in particular with the

view of extending the classical Cramér-Lundberg model to the Sparre-Andersen risk

model with non-Erlang inter-arrival times.

The Sparre-Andersen collective risk model with applications to insurance

considers modelling the surplus or reserve of an insurance portfolio as a function of

the aggregate claims process, denoted as fSðtÞ; t� 0g, where SðtÞ represents the

aggregate claims occurring up to time t� 0,
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SðtÞ ¼
XNðtÞ

n¼0

nn ; n0 � 0 : ð1Þ

The total claim amount SðtÞ consists of a random sum of independent identically

distributed (positive) claims nn. fNðtÞgt� 0 is a renewal process modelling the

number of claims and it is assumed to be independent of the claim size sequence

fnng1n¼1. The fTngn� 1; T0 ¼ 0, are the points of the renewal process whose inter-

arrival times Wn ¼ Tn � Tn�1 have finite mean, and which are associated with the

time when a loss nn occurs. In this notation t 2 ½Tn; Tnþ1Þ iff NðtÞ ¼ n. The model

has been recently developed from the classical compound Poisson, as presented in

[12] for instance. Another key reference is [11]. More general renewal models,

where the distribution of Wn is Erlang(n), generalized Erlang(n) or even to Phase-

type PHðnÞ can be found in [16] or [6].

There is a large amount of literature on the properties of the risk process Eq. (1)

extending classical Cramér-Lundberg theory. Further work has been reported on the

counterpart model, known as the dual risk model, which has applications in finance.

For the latter see, for instance, the recent references [1, 28]. There is no literature

considering applications of left-truncated Weibull to either the claim size nn or the
waiting time Wn, having evidence of those applications from real data brings

challenging problems.

In this research we investigate how we can identify from given data samples the

distributional properties of either the claim size nn or the inter-arrival times Wn. We

restrict our attention to Weibull distributions [33], which are a flexible generalisa-

tion of the exponential distribution, can be either light-tailed (for b� 1) or heavy-

tailed (for 0\b\1), and have generated a lot of interest recently. The domain of

the two-parameter Weibull distribution is from zero to infinity but when unobserved

or unreliable data is removed, the distribution becomes a truncated Weibull

distribution. Of particular interest is the left-truncated Weibull distribution, in which

case all data less than or equal to a certain value xL is excluded from analysis.

When considering left-truncated data samples in the context of parametric

distributions, the problem of estimating the parameters arises and in particular

whether or not the ‘‘quality’’ of the estimated parameters becomes better with

increasing sample size. The quality of the estimated parameters is described in

statistics in terms of consistency and asymptotic efficiency. In addition, a goodness-

of-fit measure, such as the Kolmogorov-Smirnov (KS) test, measures the level of

confidence with which we assert that the left-truncated data is sampled from a

predefined left-truncated parametric distribution. If the parameters of the distribu-

tion are estimated from the data sample itself then the standard critical values (CVs)

of Kolmogorov-Smrinov test cannot be applied, as discussed in [9]. In this case the

CVs will depend in general on the distribution and the method for obtaining its

parameters.

Throughout this paper we use the term complete Weibull distribution to refer to

an untruncated Weibull distribution. The literature on data analysis tends to focus

either on complete or censored data, with much less attention paid to truncated data.
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There are a few consequences of dealing with a truncated data set, as opposed to

a complete set. One of the consequences is that the estimation of the Weibull

parameters is more complicated and has no known analytic form. It is therefore

necessary to check the conditions under which non-trivial solutions exist, an issue

which is addressed in Sect. 2. Another consequence of having truncated data is that

the critical values depend, in a small but measurable way, on the left-truncation

value. If this effect is ignored it can lead to incorrect conclusions from hypothesis

testing. We quantify the effect that using ‘‘conservative’’ and ‘‘anti-conservative’’

CVs have on the KS hypothesis testing pass rate in the results Sect. 4. As there is no

closed-form solution to finding the CVs for a left-truncated Weibull distribution

whose parameters are determined from the data, it is necessary to perform Monte-

Carlo simulations to estimate their values.

Consider the random variable, say X, that may denote either the claim size or the

inter-arrival times. We are interested in i.i.d. samples X1;X2; :::;Xn satisfying xL\Xi

for i ¼ 1; 2; :::; n for some positive xL and some integer n. The cumulative

distribution function (cdf) for the left-truncated Weibull random variable X with

scale, shape, and left-truncation parameters, a[ 0; b[ 0, and xL [ 0 respectively

has been given by [34] and is1

Fðxja; b; xLÞ ¼ 1� exp
xL

a

� �b
� x

a

� �b� �
for x[ xL ; ð2Þ

consequently the left-truncated probability density function (pdf) is

f ðxja;b; xLÞ ¼
b
a

x

a

� �b�1

exp
xL

a

� �b
� x

a

� �b� �
for x[ xL : ð3Þ

In the limit xL �! 0þ the left-truncated Weibull cdf and pdf Eqs. (2) and (3) are

the complete Weibull cdf and pdf, as expected.

Note that the left-truncated Weibull pdf, Eq. (3), is continuously differentiable in

the argument x and its two positive finite parameters a and b to any order and thus

f 2 C1ððxL;1Þ � ð0;1Þ � ð0;1ÞÞ. Furthermore, f and all its derivatives with

respect to x; a; b vanish in the limit x ! þ1, at least like exp ½�ðx=aÞb
0
� for a[ 0

and any b0 2 ð0; bÞ.
Given a sample X1;X2; :::;Xn i.i.d. satisfying xL\Xi for i ¼ 1; 2; :::; n, one can

test the hypothesis that they come from a left-truncated Weibull distribution using a

standard Kolmogorov-Smirnov (KS) test provided the Weibull parameters a; b and

truncation point xL are known a priori [29]. By contrast if any of the Weibull

parameters are unknown and must be estimated from the sample data itself, then the

critical values of the KS test might depend on the true values of the Weibull

distribution and the method for estimating them. In this case the critical values for

the KS statistics can only be determined from a Monte-Carlo study and the results

1 In our study the left-truncation parameter xL [ 0 is known and not to be confused with the unknown

location parameter x0 of the 3-parameter Weibull distribution. Here, we only consider 2-parameter

Weibull distributions.
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presented in tabular form. If the parameters of the distribution are known a priori

then the CVs are larger than if they are unknown.

In most practical situations (and also our case), the left-truncation value xL [ 0 is

known and only the scale a and/or shape b parameter(s) must be estimated. In this

paper we present results for KS tests for two types of left-truncated Weibull

distributions:

– Case I deals with unknown scale a and shape b parameters, and

– Case II deals with unknown scale a but known shape b parameter.

In both cases the parameters are estimated using the maximum likelihood estimation

(MLE) procedure. Case II actually falls under the well-studied exponential family,

see [5] for details.

It was noted in the 1950s by [10], that if the sample size is ‘‘small’’ the MLE of

the parameter in a right-truncated data set does not always possess a non-trivial

solution. Therefore there is no reason to assume that the MLE of the Weibull

parameters will always possess a non-trivial solution. We address the issue of

obtaining non-trivial parameter estimates in Sect. 2 and provide a method for

determining whether a set of data is sampled from a left-truncated Weibull

distribution with a known truncation value for the two cases outlined above. We

also show that the maximum likelihood estimate of scale and shape parameters of a

left-truncated Weibull distribution are consistent, asymptotically normal, and

efficient.

We outline the KS test for a left-truncated Weibull distribution with a known left-

truncation value when the parameters are estimated from the sample data in Sect. 3.

In Sect. 4 we develop a KS test with modified critical values to test the

hypothesis that the sampled data set cannot be rejected as coming from a left-

truncated Weibull distribution. The modified critical values are calculated from

Monte Carlo simulations and presented in table form for a range of sample sizes and

truncation values.2

In Sect. 5 we illustrate our findings by working applications of our anti-

conservative KS tests on automobile claims data from both Switzerland and US and

also for the inter-arrival times of earthquakes in California. Finally, we summarise

our findings in Sect. 6.

2 Maximum likelihood estimation

It follows from Eq. (3) that the logarithm of the likelihood function for the left-

truncated Weibull distribution is

2 Due to a scaling property of the Weibull distribution, first noted for the complete Weibull sample

by [32], the modified critical values are independent of various parameter combinations of a and b. Our
results show that although the CVs depend predominantly on the sample size, there is also a slight

dependence on the truncation value. This dependence leads us to two sets of critical values: one anti-

conservative and one conservative test. The difference between using conservative and anti-conservative

CVs leads to an error of the first kind less than 2%.
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‘ðX1;X2; :::;Xnja; b; xLÞ � log
Yn

i¼1

f ðXija; b; xLÞ
 !

¼ n log b� nb log aþ ðb� 1Þ
Xn

i¼1

logXi �
Xn

i¼1

Xi

a

� �b

þn
xL

a

� �b
:

ð4Þ

The maximization condition for a; /∂α = 0, yields

ab ¼ x
b
L

n

Xn

i¼1

Xi

xL

� �b

�1

" #
ð5Þ

and similarly the maximization condition for b; /∂β = 0 (after using Eq. (5) to

eliminate a) is (see also [34])

0 ¼ 1

b
�

1
n

Pn
i¼1

Xi

xL

� �b
log Xi

xL

1
n

Pn
i¼1

Xi

xL

� �b
�1

� �þ 1

n

Xn

i¼1

log
Xi

xL
: ð6Þ

The solutions of Eqs. (5) and (6) are denoted by b̂n ¼ b̂ðX1; . . .;XnjxLÞ and

ân ¼ âðX1; . . .;XnjxLÞ. For convenience we shall suppress the dependence on the

sample X1; :::;Xn and the left-truncation value xL and simply write ân and b̂n.

Sometimes we might even drop the n and speak of â and b̂.
The necessary and sufficient conditions for the existence and uniqueness of â and

b̂ are determined by the following lemma. This lemma was motivated by the work

of [3, 13, 20, Example 6.1], all of which dealt with the complete (untruncated)

Weibull distribution only. We prove this lemma for the left-truncated Weibull

distribution.

Lemma 1 For a left-truncated Weibull sample 0\xL\Xi for i ¼ 1; 2; :::; n define

the function h : ð0;1Þ ! R by

hðbÞ ¼ 1

b
�

1
n

Pn
i¼1

Xi

xL

� �b
log Xi

xL

1
n

Pn
i¼1

Xi

xL

� �b
�1

� �þ 1

n

Xn

i¼1

log
Xi

xL
: ð7Þ

Then the following holds true:

1. The function hð�Þ is monotonically decreasing.

2. limb!þ1 hðbÞ\0

3. limb!0þ hðbÞ[ 0 if and only if

2 � 1

n

Xn

i¼1

log
Xi

xL

 !2

� 1

n

Xn

i¼1

log2
Xi

xL
[ 0 : ð8Þ
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Proof: The Proof is given in Appendix 1—‘‘Proof of Lemma 1’’. h

From Lemma 1 we see immediately that the solution of the MLE problem is

equivalent to finding a zero of hð�Þ. This is possible if and only if Eq. (8) is satisfied,

because limb!0þ hðbÞ is positive, limb!þ1 hðbÞ is negative and hð�Þ is a

monotonically decreasing continuous function so the intermediate value theorem

asserts the existence of a unique zero. This unique zero, when it exists, is our b̂ and

from Eq. (5) we obtain the corresponding â.
The next theorem deals with consistency, asymptotic normality and efficiency of

the MLE method, i.e. the limiting behaviour as n ! 1. This topic is discussed in

[20] for a general case of pdfs satisfying certain regularity criteria. For the left-

truncated Weibull pdf, Eq. (3), we adapt Theorem 5.1 of Sect. 6.5 (p. 463) of [20],

to our notation for Case I. This result has been informally mentioned in [30] as a

standard result in estimation theory, albeit for the complete Weibull distribution. For

the remainder of this paper we denote the true value of a by a0 and the true value of

b by b0.

Theorem 1 (Theorem 5.1 in Lehmann and Casella [20])

Let the sample X1; :::;Xn be i.i.d. each with a probability density function given

by Eq. (3) which satisfies conditions (A0)–(A2) and (A)–(D) given in Appendix 1—

‘‘Proof of Theorem 1’’. Then with probability tending to 1 as n ! 1 there exist

solutions of the likelihood equations such that3

1. The vector ðân; b̂nÞ is consistent for estimating ða0; b0Þ.
2.

ffiffiffi
n

p
ðân; b̂nÞ � ða0; b0Þ
� �

is asymptotically normal with vector mean zero and

covariance matrix ½Zðða0; b0ÞÞ��1
being the inverse of the Fisher information

matrix

Zða0; b0Þ ¼ �
E

o2

oa2
log f ðXja0; b0; xLÞ

� �
E

o2

oaob
log f ðXja0; b0; xLÞ

� �

E
o2

oboa
log f ðXja0; b0; xLÞ

� �
E

o2

ob2
log f ðXj; a0; b0; xLÞ

� �

2
6664

3
7775

3. ðân; b̂nÞ is asymptotically efficient in the sense that as n ! 1
ffiffiffi
n

p
ðân � a0Þ �!distrib:

Nð0; ½Zða0; b0Þ��1
a;aÞ

ffiffiffi
n

p
ðb̂n � b0Þ �!distrib:

Nð0; ½Zða0; b0Þ��1
b;bÞ

Proof: This theorem is a specific case of the original result given in the general

Theorem 5.1 of section 6.5 (p. 463) in [20], and adapted to our situation of left-

3 Statements 1. and 3. actually follow for MLE from statement 2. but we have kept them in the theorem

to be consistent with Lehmann & Casella [20]).
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truncated Weibull distributions. Thus, we only need to check conditions (A0)–(A2)

of section 6.3 and assumptions (A)–(D) from section 6.5 in [20] for the left-

truncated Weibull pdf f . The details of how to do this are given in Appendix 1—

‘‘Proof of Theorem 1’’. The key ingredients are: the smoothness property of pdf f in

x and its two parameters a;b, and the strong decay property as x ! 1. h

An analogous result holds for Case II. Note that when the shape parameter b is

known the left-truncated Weibull pdf Eq. (3) belongs to the exponential family. We

can then use the results for left-truncated exponential distributions of [4] and the

more general results of [5].

3 Kolmogorov-Smirnov goodness-of-fit test for hypothesis testing

3.1 General description of the test

We want to test the following null hypothesis H0: The i.i.d. sample X1; :::;Xn

satisfying xL\Xi for i ¼ 1; :::; n for some positive xL and some integer n, is drawn

from a left-truncated Weibull distribution F0 as given in Eq. (2) with estimated

parameters ðâ; b̂Þ obtained from MLE as discussed in the previous section.4 With

the definition of the empirical distribution function FnðXÞ as the proportion of those

values of the order statistics Xð1Þ;Xð2Þ; :::;XðnÞ that are smaller than X 2 ðxL;1Þ, the
Kolmogorov-Smirnov (KS) test statistic is given by (e.g. [17], sect. 30.49)

Dn ¼ sup
xL\X\1

FnðXÞ � F0ðXÞ;F0ðXÞ � FnðXÞf g

¼ max
1� j� n

j

n
� F0ðXðjÞÞ;F0ðXðjÞÞ �

j� 1

n

	 

: ð9Þ

Here Dn is the KS distance which is compared with a critical value Dcvðn; q; pHÞ,
that depends on the sample size n, the truncation level q (the theoretical percentage

removed from the untruncated distribution ) and significance level pH (in this paper

we only consider pH ¼ 0:05). The hypothesis H0 can not be rejected if

Dn\Dcvðn; q; pHÞ.
When parameters are estimated from a sample itself, the probability integral

transformation of the sample variables destroys their independence [9], and the

Kolmogorov-Smirnov argument in Eq. (9) leads to distribution-dependent critical

values. If the parameters of a left-truncated Weibull distribution are estimated from

the sample data itself then the KS distance becomes

Dn ¼ max
1� j� n

j

n
� 1þ exp

xL

â

� �b̂
�

XðjÞ
â

� �b̂
" #

;

(

1� exp
xL

â

� �b̂
�

XðjÞ
â

� �b̂
" #

� j� 1

n

)
;

4 From this point onwards we will drop the index n and use â and b̂.
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which can be written, using Eq. (20) for the left-truncated Weibull random variables

Xj, as

Dn ¼ max
1� j� n

j� n

n
þ exp gb̂=b

0

� gþ yðjÞ
� �b̂=b0� � a0

â

� �b̂
" #

;

(

nþ 1� j

n
� exp gb̂=b

0 � gþ yðjÞ
� �b̂=b0� � a0

â

� �b̂
" #)

ð10Þ

where yðjÞ is the jth order statistic of a sample of standard exponential random

variates as described in Appendix 2, ða0;b0Þ are the true parameters as introduced

in the previous section and g � ðxL=a0Þb
0

is the new transformed truncation

parameter.

In the next subsection we argue why it is sufficient to study only Weibull

distributions with parameter vector ða0; b0Þ ¼ ð1; 1Þ to obtain critical values for our

KS test.

3.2 Why do we study Weibull distributions with a0 ¼ 1, b0 ¼ 1?

Following [32] we denote for general Weibull distributions with any positive

ða0; b0Þ the random variables ða0=âÞb̂ and b̂=b0 as pivotal functions. Note that the

KS distance Dn in Eq. (10) depends on these pivotal functions, n and g alone.

Consequently, Dn is ‘‘universal’’ for different combinations of ða0; b0Þ for same n

and g, provided the following holds true

a0

âða0;b0Þ

 !b̂ða0 ;b0Þ

¼distrib: 1

âð1;1Þ

� �b̂ð1;1Þ

b̂ða0;b0Þ
b0

 !
¼distrib:

b̂ð1;1Þ

ð11Þ

where âð1;1Þ and b̂ð1;1Þ are the MLE estimates originating from the simplest choice of

a Weibull distribution with ða0; b0Þ ¼ ð1; 1Þ. Likewise â ¼ âða0;b0Þ and b̂ ¼ b̂ða0;b0Þ
are the MLE estimates originating from a Weibull distribution for arbitrary positive

ða0; b0Þ. The latter equality in distribution, Eq. (11), is demonstrated in Appendix 3.

For untruncated data where xL ¼ 0 (thus g and q ¼ 1� e�g both vanish)

Dcvðn; 0; 0:05Þ will only depend on n. This was observed by [32] and allowed [22]

and [26] to produce confidence tables for in-sample KS tests with MLE equations

solved for standard exponential random variates. Similarly, in Case II when the

shape parameter b is known, Eq. (10) simplifies and becomes independent of
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truncation, xL, (and also of the truncation level q ¼ 1� e�g ) because b̂=b0 ¼ 1 and

the g-terms cancel out. Only for the Case I we do need to investigate the dependence

of Dcvðn; q; 0:05Þ on the parameter g (g ¼ xL if a0 ¼ b0 ¼ 1) and n in greater detail.

4 Critical values for Kolmogorov-Smirnov test

4.1 The Monte Carlo simulation

Before presenting our results we outline the procedure used to generate critical

values

1. Fix n 2 f30; 50; 100; 200; 500; 1000g, a0 ¼ 1, b0 ¼ 1 and g ¼ xL 2 f0, 0.11,
0.24, 0.37, 0.51, 0.70, 0.92,1.20, 1.61, 2.31g. As can be confirmed from Eq. (2)

with a0 ¼ b0 ¼ 1 these g-values correspond to average truncation rates

q ¼ 0; 0:1; :::; 0:9. Note that there is a one-to-one correspondence between g
and q, namely q ¼ 1� e�g.

2. For i ¼ 1; :::; n, draw left-truncated Weibull random variates xL\Xi using

Eq. (20).

3. Solve Eqs. (5)–(6) to obtain b̂n and ân.
4. Calculate DnðgÞ from Eq. (10) and store in a list.

5. For given n and g repeat steps 2 to 4 NMC ¼ 1; 000 times.

6. Sort list of DnðgÞ in ascending order; for pH ¼0.05 choose the value of DnðgÞ
ranking between 950 and 951 as Dcvðn; q; pH ¼ 0:05Þ. The a-priori error of the
quantile is r2Dcvðn;q;pHÞ ¼ pH � ð1� pHÞ=ðNMCf ðDcvðn; q; pHÞÞ2Þ [24], where the

density function f ðDcvðn; q; pHÞÞ is estimated from the sample using the

Freedman-Diaconis rule [14] for the optimal bin-size of the histogram.

7. Repeat steps 2–6 for every n and g (q respectively), 100 times to obtain mean

values and standard deviation for Dcvðn; q; pHÞ.

4.2 The results

Figure 1 depicts the average critical values for Case I as a function of truncation

level q for various values of n. Each of these plots show the same truncation

dependence of the critical values namely as the truncation level, q, increases, the
CV’s decreases until they reach their minima then they increase with the increasing

truncation level.

If one ignores the truncation dependence and assumes that the critical values are

independent of q then the pass rates will be affected, while for certain truncation

values the pass rates are too high and for others they will be too low. For example,
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the consequence of using D
ðaveÞ
cv ðn; 0:05Þ by forming an average of critical values

over all possible truncation levels to perform hypothesis test on the data we find that

93:5% of the KS statistics are less than the critical value, i.e., the critical value is too

small. We refer to this as the anti-conservative critical value. By contrast if we use

the critical value for the complete case, D
ð0Þ
cv ðn; 0:05Þ, we find that in the worst case

97:5% of the KS statistics are less than this critical value, we refer to this as

conservative critical value. The critical values for different values of n are given in

Table 1.

In Case II, where the shape parameter b is known, i.e., b̂ ¼ b, the critical values

are independent of truncation as discussed in Section 3. Therefore D
ðaveÞ
cv ðn; 0:05Þ is

the universal critical value for a given n and for all truncation levels, q.
Table 1 summarises the critical values for Case I and Case II for a range of

sample sizes n. It also gives an interpolation formula of D
ðaveÞ
cv ðn; 0:05Þ, which was

motivated by Fig. 2 and Miller’s formula [23] for distributions with known

parameters.

The values of the complete sample, D
ð0Þ
cv ðn; 0:05Þ in Table 1 agree with those in

[8, 22] and [26] for Case I. The complete critical values for Case II agree with [8,

21] and [35]. As mentioned above, using these values of the untruncated sample for

any truncated Weibull sample correspond to a conservative KS-test in which we

accept the hypothesis (H0) more often than we should.

Following [2] we also conducted a power-testing study. The test performs well

for log-Cauchy, Pareto, log-double-exponential and log-logistic, namely one can

Fig. 1 Critical values Dcvðn;q; 0:05Þ versus the truncation level q for various sample sizes n. The

straight line corresponds to DðaveÞ
cv ðn; 0:05Þ which is the average over all q values. The complete set which

corresponds to q ¼ 0, is the highest critical value
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rule out these distributions as candidates explaining the data set. On the other hand,

we found that the power-testing does have problems ruling out v2-distributions with
1, 3 and 4 degrees of freedom and also log-normal distributions. The latter can be

ruled out by a likelihood ratio test.

5 Applications to insurance data

In this section we apply our methods and show the importance of left-truncated

Weibull distributions fitting to insurance data. The first and second examples deal

with truncated claim-size distributions for nn and the third example with the relevant

inter-arrival times Wn for the counting process of claims.

5.1 Automotive data from Swiss insurance with excess of loss treaty

Table 2 represents a set of automotive data from a Swiss Insurance company as

given in [19] with left-truncation of CHF 100,000. Results of our tests are given in

Table 35. Here and in the subsequent examples, we calculate the Kolmogorov-

Smrinov distance Dn as in Eq. (9) and the anti-conservative critical value

D
ðaveÞ
cv ðn; 0:05Þ for given sample size n from the interpolation formula for Case I in

Table 1. Errors are estimated using Theorem 1 statements 2. and 3. in conjunction

with the findings of Appendix 4.

From our above analysis we may conclude with 95%-confidence level that the 33

automotive claims corresponding to the nn from Eq. (1) with left-truncation of

CHF 100,000 are Weibull-distributed with â ¼ 4910 	 2610 CHF and

b̂ ¼ 0:35 	 0:05.

Table 1 Summary of critical values for Case I and Case II

Sample size n Case I Case II

DðaveÞ
cv ðn; 0:05Þ Dð0Þ

cv ðn; 0:05Þ DðaveÞ
cv ðn; 0:05Þ

(anti-conservative) (conservative)

30 0:152	 0:003 0:157	 0:002 0:193	 0:001

50 0:120	 0:002 0:123	 0:001 0:151	 0:001

100 0:086	 0:001 0:088	 0:001 0:108	 0:001

200 0:061	 0:001 0:063	 0:001 0:076	 0:000

500 0:039	 0:001 0:040	 0:001 0:049	 0:000

1000 0:028	 0:001 0:028	 0:001 0:034	 0:000

30� n\1 0:886	0:004ffiffi
n

p 0:905	0:003ffiffi
n

p 1:094	0:001ffiffi
n

p

� 0:283	0:031
n

� 0:246	0:026
n

� 0:193	0:005
n

5 In the table, the theoretical truncated percentage is estimated as 
 90% using the relation q ¼ 1� e�g

by assuming that the untruncated data set is Weibull. Since we do not have the complete data set and the

sample size is small this value should be considered a very rough approximation.
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5.2 Automotive claims data from US insurance

Next we investigate claims data ‘‘from a large midwestern US property and casualty

insurer for private passenger automobile insurance’’ ([15]). The data set is much

larger than in the previous example with altogether 6,773 events and provides the

amout paid on a closed claim in US dollars for a certain business year. Each claim

event contains as additional information the policy anonymized holder’s state, sex,

age and rating class. The latter is based on age, gender, marital status and use of

vehicle. We analyse the data only with respect to gender and rating class (ignoring

age and state). We present our analysis here for two rating classes, C1B and C71 and

for both male (M) and female (F) policy holders respectively in Tables 4 and 5. For

the other rating classes, fairly similar results hold. A symbol ‘‘-’’ in column xL
indicates a complete sample without truncation.

Again, we may conclude with 95%-confidence level that the left-truncated claim

data corresponding to the nn from Eq. (1) are Weibull-distributed with parameters â

and b̂ nearly independent of the truncation paramter xL, but depending on sex and

rating class. If the sample size n is large enough, we obtain consistent parameter

Fig. 2 Critical values
ffiffiffi
n

p
DðaveÞ

cv ðn; 0:05Þ as a function of various sample sizes n for Case I and Case II

Table 2 Automotive data with

excess of loss treaty of CHF

100,000 from [19]

103,765 109,168 112,341 113,800 114,791 115,731

118,264 123,464 127,611 133,504 142,821 152,270

163,491 164,968 168,915 169,346 172,668 191,954

193,102 208,522 209,070 219,111 243,910 280,302

313,898 330,461 418,074 516,218 595,310 742,198

791,874 822,787 1,074,499
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estimates for truncation level from 10 to 75 %. Note also, that the complete

(untruncated) data seem to be Weibull-distributed with b ¼ 1, i.e. exponentially

distributed. However, for complete data the KS goodness-of-fit test is never passed.

We assume that the data are zero-inflated in this case which causes a significant bias

of the true Weibull parameters.

Table 3 Claim size with q the truncation level

xL [CHF] n â [CHF] b̂ q½%� Dn DðaveÞ
cv ðn; 0:05Þ H0

100,000 33 4910	 2610 0:35	 0:05 
 90 0.0807 0.1457 Accept

Table 4 Claim size with truncation level q for rating class C1B

Sex xL [USD] n â [USD] b̂ q½%� Dn DðaveÞ
cv

(n, 0.05)

H0

F – 165 1,770 ± 150 0.96 ± 0.06 0 0.1165 0.0673 Reject

F 400 142 540 ± 100 0.54 ± 0.04 14 0.0624 0.0724 Accept

F 500 126 630 ± 100 0.57 ± 0.04 24 0.0720 0.0767 Accept

F 1,000 80 400 ± 100 0.50 ± 0.04 52 0.0635 0.0955 Accept

F 2,000 44 210 ± 100 0.44 ± 0.05 73 0.0870 0.1271 Accept

M – 259 1,920 ± 130 0.94 ± 0.05 0 0.0829 0.0540 Reject

M 400 219 850 ± 100 0.60 ± 0.03 15 0.0493 0.0586 Accept

M 500 200 870 ± 110 0.61 ± 0.03 23 0.0532 0.0612 Accept

M 1,000 133 870 ± 130 0.60 ± 0.04 49 0.0379 0.0747 Accept

M 2,000 77 670 ± 140 0.56 ± 0.05 70 0.0618 0.0973 Accept

Table 5 Claim size with truncation level q for rating class C71

Sex xL [USD] n â [USD] b̂ q½%� Dn DðaveÞ
cv

(n, 0.05)

H0

F – 415 1,880 ± 100 0.94 ± 0.04 0 0.0969 0.0428 Reject

F 400 358 530 ± 60 0.52 ± 0.02 14 0.0305 0.0460 Accept

F 500 329 370 ± 50 0.47 ± 0.02 21 0.0280 0.0480 Accept

F 1,000 209 460 ± 70 0.49 ± 0.03 50 0.0373 0.0599 Accept

F 2,000 113 820 ± 140 0.57 ± 0.04 73 0.0529 0.0808 Accept

M – 714 1,700 ± 70 0.98 ± 0.03 0 0.0833 0.0328 Reject

M 400 602 600 ± 40 0.57 ± 0.02 16 0.0282 0.0356 Accept

M 500 543 550 ± 40 0.56 ± 0.02 24 0.0301 0.0375 Accept

M 1,000 334 700 ± 70 0.59 ± 0.03 53 0.0279 0.0476 Accept

M 2,000 175 590 ± 80 0.56 ± 0.03 75 0.0453 0.0654 Accept
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5.3 Earthquake inter-arrival times in California

The inter-arrival times between two subsequent earthquakes in California from 25

March 1806 until 29 March 2014 are investigated. In our notation of ruin theory in

Eq. (1) they correspond to Wn. The data was taken from http://www.ngdc.noaa.gov/

nndc/struts/form?t=101650&s=1&d=1, i.e. from the US government Significant

Earthquake database which contains earthquakes ‘‘of moderate damage (ap-

proximately USD 1 million or more), 10 or more deaths, magnitude 7.5 or greater,

modified Mercalli intensity X or greater, or the earthquake generated a

tsunami’’ [25].

When one is interested in the time between independent earthquakes,

aftershocks (i.e. those earthquakes that follow the largest shock of an earthquake

sequence) are usually excluded. Aftershocks can continue over a period of weeks,

months, or even years. However, it is not entirely clear whether or not an

earthquake has to be classified as aftershock. For this reason many reinsurance

treaties contain an ‘‘hours clause’’ limiting the definition of a loss occurrence or

event to all losses within a certain number of hours of the original earthquake.

Common hours clauses provide for 72 or 168 hours ( i.e. 3 or 7 days) [31]. These

numbers will correspond to the relevant left-truncation here. As we do not observe

in this data base any significant events whose timely difference is less than two

days it is likely that these events have been classified as ‘‘aftershocks’’ in the spirit

of an hours clause of 3 days. Nevertheless, we investigate left-truncation times of

1, 3, 7 and 30 days. Our analysis shows that for both, complete and left-truncated

sets the distribution is Weibull. Also, the estimated parameters â and b̂ are nearly

independent of the truncation parameter xL. The details of this analysis are given in

Table 6.

6 Conclusion

In this paper we have shown the applicability of left-truncated Weibull distributions

to insurance problems. For that we have proven that the maximum likelihood

estimation of the scale a and shape b parameters (or the scale parameter only) from

a sample of left-truncated Weibull distributed data set is consistent, asymptotically

normal and efficient. While the critical values of the Kolmogorov-Smirnov test

statistic differ from those when the Weibull parameters are known, they do not

Table 6 Waiting times between two subsequent earthquakes in CA

xL [d] n â [y] b̂ q½%� Dn DðaveÞ
cv ðn; 0:05Þ H0

1 96 1:76 	 0:26 0:73 	 0:06 1 0.0753 0.0875 Accept

3 92 1:94 	 0:27 0:79 	 0:06 5 0.0800 0.0893 Accept

7 91 1:93 	 0:27 0:79 	 0:06 6 0.0805 0.0898 Accept

30 87 1:88 	 0:27 0:78 	 0:07 11 0.0827 0.0917 Accept

½d� indicates days and ½y� represents year
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depend on the Weibull parameters themselves: there is a universality to the critical

values. When the shape and scale parameter are unknown, our studies show that the

critical values have a slight dependence on the truncation values. For practical

applications, Table 1 provides some numerical values and an interpolation formula

for both the ‘‘conservative’’ and the ‘‘anti-conservative’’ critical values for the cases

in which the scale parameter a is unknown or both scale a and shape b parameters

are unknown. The significance level varies between 93.5 and 97.5 % if the critical

value is assumed to be independent of truncation depending on whether the anti-

conservative or conservative values are used.

In the applications Sect. 5 we demonstrate the importance of left-truncating the

data for actuarial problems. Both, claim distribution and inter-arrival times can be

modelled by left-truncated Weibull distributions in certain circumstances.
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Appendix 1: Proofs

Proof of Lemma 1

1. Starting from the Lemma 1 precondition Xi [ xL [ 0 for all i ¼ 1; 2; :::; n, we
see from Eq. (7) with the new variables fi � Xi=xL [ 1 that the first derivative

of hð�Þ with respect to b is given by

h0ðbÞ

¼�
Pn

i¼1ðf
b
i �1Þ

h i2
þb2

Pn
i¼1ðf

b
i log

2fiÞ�
Pn

i¼1ðf
b
i �1Þ�b2

Pn
i¼1f

b
i logfi

� �2

b2
Pn

i¼1ðf
b
i �1Þ

h i2 :

ð12Þ

To prove that hð�Þ is monotonically decreasing, we need to show that h0ðbÞ\0

for b[ 0. Thus we need to show that the numerator of Eq. (12) is positive. We

prove this statement by mathematical induction over n

AðnÞ :
Xn

i¼1

ðfbi �1Þ
" #2

þb2
Xn

i¼1

ðfbi log2fiÞ�
Xn

i¼1

ðfbi �1Þ�b2
Xn

i¼1

fbi logfi

 !2

[0

ð13Þ

For the base case Að1Þ we have to show that for any f1 [ 1 and b[ 0

Að1Þ : ðfb1 � 1Þ2 þ b2ðfb1 log2 f1Þ � ðf
b
1 � 1Þ � b2ðfb1 log f1Þ

2 [ 0 ð14Þ
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Simplifying Eq. (14) leads to

eb log f1 � 2þ e�b log f1 [ ðb log f1Þ2

2 cosh y½ � � 1ð Þ[ y2

X1

k¼2

y2k

ð2kÞ![ 0

ð15Þ

where y ¼ b log f1 and the base case Að1Þ is verified. Next we do the inductive

step AðnÞ ! Aðnþ 1Þ. Aðnþ 1Þ reads as

Xnþ1

i¼1

ðfbi � 1Þ
" #2

þb2
Xnþ1

i¼1

fbi log
2 fi �

Xnþ1

i¼1

ðfbi � 1Þ �
Xnþ1

i¼1

fbi log fi

 !2
8
<

:

9
=

;

¼
Xn

i¼1

ðfbi � 1Þ þ ðfbnþ1 � 1Þ
" #2

þ

þ b2
Xn

i¼1

fbi log
2 fi þ fbnþ1 log

2 fnþ1

" #
�
Xn

i¼1

ðfbi � 1Þ þ ðfbnþ1 � 1Þ
" #(

�
Xn

i¼1

fbi log fi þ fbnþ1 log fnþ1

 !2
9
=

;

¼
Xn

i¼1

ðfbi � 1Þ
" #2

þ2
Xn

i¼1

ðfbi � 1Þ � ðfbnþ1 � 1Þ þ ðfbnþ1 � 1Þ2

þ b2
Xn

i¼1

ðfbi log2 fiÞ �
Xn

i¼1

ðfbi � 1Þ þ
Xn

i¼1

ðfbi log2 fiÞ � ðf
b
nþ1 � 1Þ

(

þ ðfbnþ1 log
2 fnþ1Þ �

Xn

i¼1

ðfbi � 1Þ þ ðfbnþ1 log
2 fnþ1Þ � ðfbnþ1 � 1Þ

�
Xn

i¼1

fbi log fi

 !2

�2
Xn

i¼1

ðfbi log fiÞ � ðf
b
nþ1 log fnþ1Þ � ðfbnþ1 log fnþ1Þ2

9
=

;

[ 2
Xn

i¼1

ðfbi � 1Þ � ðfbnþ1 � 1Þ

þ b2
Xn

i¼1

ðfbi log2 fiÞ � ðf
b
nþ1 � 1Þ þ ðfbnþ1 log

2 fnþ1Þ
Xn

i¼1

ðfbi � 1Þ
(

� 2
Xn

i¼1

ðfbi log fiÞ � ðf
b
nþ1 log fnþ1Þ

)
� 0

ð16Þ

where we have used the Base Case Að1Þ, Eq. (14), and the induction assumption

AðnÞ, Eq. (13), to arrive at Eq. (16). We shall prove this inequality Eq. (16)
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again by mathematical induction. Rewriting the inequality in terms of new

variables zi � fbi [ 1 the induction statment BðnÞ reads as:

BðnÞ: 2
Xn

i¼1

ðzi � 1Þ � ðznþ1 � 1Þ þ
Xn

i¼1

ðzi log2 ziÞ � ðznþ1 � 1Þ

þ
Xn

i¼1

ðzi � 1Þ � ðznþ1 log
2 znþ1Þ � 2

Xn

i¼1

ðzi log ziÞ � ðznþ1 log znþ1Þ� 0 :

ð17Þ

The Base Case Bð1Þ is given by Proposition 1 below. The inductive step

BðnÞ ! Bðnþ 1Þ is done by some simple algebraic mainipulations. We write

Bðnþ 1Þ as:

2
Xnþ1

i¼1

ðzi � 1Þ � ðznþ2 � 1Þ þ
Xnþ1

i¼1

ðzi log2 ziÞ � ðznþ2 � 1Þ

þ
Xnþ1

i¼1

ðzi � 1Þ � ðznþ2 log
2 znþ2Þ � 2

Xnþ1

i¼1

ðzi log ziÞ � ðznþ2 log znþ2Þ

¼ 2
Xn

i¼1

ðzi � 1Þ � ðznþ2 � 1Þ þ
Xn

i¼1

ðzi log2 ziÞ � ðznþ2 � 1Þ
(

þ
Xn

i¼1

ðzi � 1Þ � ðznþ2 log
2 znþ2Þ � 2

Xn

i¼1

ðzi log ziÞ � ðznþ2 log znþ2Þ
)

þ
(
2ðznþ1 � 1Þ � ðznþ2 � 1Þ þ ðznþ1 log

2 znþ1Þ � ðznþ2 � 1Þ

þ ðznþ1 � 1Þ � ðznþ2 log
2 znþ2Þ � 2ðznþ1 log znþ1Þ � ðznþ2 log znþ2Þ

)

� 0 ð18Þ

Here, all terms in the first curly brackets are non-negative by the induction

assumption BðnÞ, Eq. (17), (with some arbitrary number znþ2 [ 1 playing the

role of znþ1 [ 1), and likewise the terms in the second curly brackets,

constituting the Base Case Bð1Þ, Eq. (19), (with two arbitrary numbers

znþ1; znþ2 [ 1, playing the roles of z1; z2 [ 1).

2. Note that the order statistic XðnÞ ¼ max fxL;X1; :::;Xng. Rewrite Eq. (7) as
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lim
b!þ1

hðbÞ ¼ lim
b!þ1

1

b
�

XðnÞ
xL

� �bPn
i¼1

Xi

XðnÞ

� �b
log Xi

xL

XðnÞ
xL

� �bPn
i¼1

Xi

XðnÞ

� �b
� xL

XðnÞ

� �b� �þ 1

n

Xn

i¼1

log
Xi

xL

0
BB@

1
CCA

¼ 0�
1 � log XðnÞ

xL

1� 0
þ 1

n

Xn

i¼1

log
Xi

xL

¼ � log
XðnÞ
xL

þ 1

n

Xn

i¼1

log
Xi

xL
\0

because the geometric mean of n different real numbers is smaller than their

largest number.

3. Rewrite Eq. (7) as

hðbÞ ¼

Pn
i¼1

Xi

xL

� �b
�1

� �
� b �

Pn
i¼1

Xi

xL

� �b
log Xi

xL

b �
Pn

i¼1
Xi

xL

� �b
�1

� � þ 1

n

Xn

i¼1

log
Xi

xL

and apply L’Hospital’s rule for b ! 0þ twice to obtain

lim
b!0þ

hðbÞ ¼
2 1

n

Pn
i¼1 log

Xi

xL

� �2
� 1

n

Pn
i¼1 log

2 Xi

xL

2
n

Pn
i¼1 log

Xi

xL

and the proof is finished.

h

Proposition 1 For two real numbers z1; z2 � 1 we have

Fðz1; z2Þ ¼ ðz1 � 1Þ � z2 � 1þ log2 z2
� �

� 1

 �

þ ðz2 � 1Þ � z1 � 1þ log2 z1
� �

� 1

 �

� 2ðz1 log z1Þðz2 log z2Þ� 0 :

ð19Þ

Proof We start from the following inequality

ðlog x� log yÞ2 ¼ log2 x� 2 log x log yþ log2 y� 0

By the monotonicity of the Riemann integral we have

Z z1

1

Z z2

1

dxdy ðlog2 x� 2 log x log yþ log2 yÞ� 0

, 2ðz1 � 1Þ � ðz2 � 1Þ þ ðz1 log2 z1Þ � ðz2 � 1Þ
þ ðz1 � 1Þ � ðz2 log2 z2Þ � 2ðz1 log z1Þ � ðz2 log z2Þ� 0

which is the desired inequality, Eq. (19). h
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Proof of Theorem 1: checking the assumptions of [20]

For the proof we apply [20], Theorem 5.1 of section 6.5 (p. 463). Thus, we only

need to check conditions (A0)–(A2) of section 6.3 and assumptions (A)–(D) from

Sect. 6.5. Let us define as in this reference the general parameter vector h � ða; bÞ
and the true parameter vector of the distribution as h0 � ða0; b0Þ. Then the

calculations for this are as follows:

Conditions

(A0): requires that the distributions of the observations are distinct, i.e. for

different sets of parameters h 6¼ h0 the corresponding pdf’s are different.

This is readily checked because for h ¼ ða; bÞ and h0 ¼ ða0; b0Þ we see that
f ðXja; b; xLÞ 6¼ f ðXja0; b0; xLÞ almost everywhere in X.

(A1): requires that all distributions have a common support, which is true, since

X 2 ðxL;1Þ.
(A2): requires the observations X1; :::;Xn are i.i.d. with a probability density

f ðXjh0; xLÞ, which follows from our assumption.

Assumptions

(A): There exists an open subset x of X containing the true parameter point h0

such that for almost all X the pdf f ðXjh; xLÞ admits all third derivatives

ðo3=ohjohkohlÞf ðXjh; xLÞ for all h in x. This condition is also readily

checked because the left-truncated Weibull distribution is contineously

differentiable with respect to its parameters 0\hj\1, with j ¼ 1; 2 as

mentioned in the first section.

(B): This condition requires the first and second logarithmic derivatives of f

satisfy

Eh

o

ohj
log f ðXjh; xLÞ

� �
¼ 0 for j ¼ 1; 2

and

IjkðhÞ ¼ Eh

o

ohj
log f ðXjh; xLÞ �

o

ohk
log f ðXjh; xLÞ

� �

¼ �Eh
o2

ohjohk
log f ðXjh; xLÞ

� �
for j; k ¼ 1; 2

Here, the expectation operator Eh �½ � denotes the expectation over the

absolute continuous probability measure f ðXjh; xLÞdX. These two conditions

are readily verified as the left-truncated Weibull distribution functions are
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continously differentiable and in C1ððxL;1Þ � ð0;1Þ � ð0;1ÞÞ. Thus

integration and differentiation can be interchanged and integration by parts

leads to the desired result since the integral of f over the integration domain

ðxL;1Þ is 1 by normalisation and thus any of the derivatives vanishes.

(C): All IjkðhÞ defined in Assumption (B) are finite and the 2� 2 matrix IðhÞ is
positive definite for all h in x: the relevant integrals can be computed

explicitly and are finite, due to the asymptotic condition for x ! 1 we have

f ðxja; b; xLÞ ¼ Oðexp ½�ðx=aÞb
0
�Þ for a[ 0 and any b0 2 ð0; bÞ. Hence also

the IjkðhÞ are finite. Thus the matrix Ijk is well-defined and as a covariance

matrix by construction positive definite. That the functions
(X1,...,Xn|θ,xL)/∂θ1 and (X1,...,Xn|θ,xL)/∂θ2 are affinely linear independent

with probability 1 can be seen immediately by explicit computation.

(D): The absolute values of all third derivatives ðo3=ohjohkohlÞ log f ðXjh; xLÞ
�� ��

again can be bounded by integrable functions and their expectations Eh �½ �
can be computed and are finite. This is a consequence of the properties of

the left-truncated Weibull distributions, namely as x ! 1 we have

f ðxja; b; xLÞ ¼ Oðexp ½�ðx=aÞb
0
�Þ for a[ 0 and any b0 2 ð0; bÞ.

Appendix 2: Truncated Weibull random variates and their representation
by exponential variates

Let ui 2 ð0; 1Þ denote the standard uniform random variable. Then from the cdf in

Eq. (2) we obtain a left truncated Weibull distributed random variable Xi

Xi ¼ a � xL

a

� �b
þ log

1

ui

� �1=b
¼ a � xL

a

� �b
þyi

� �1=b
¼ a � gþ yi½ �1=b ð20Þ

where yi is a standard exponential random variate and g � xL=að Þb.

Appendix 3: Universality of pivotal functions

As in [32] we wish to demonstrate that for a given sample size n and the truncation

parameter g[ 0 the pivotal functions ða0=âÞb̂ and b̂=b0 are distributed indepen-

dently with the choice of ða0; b0Þ and have the same distribution as ð1=âð1;1ÞÞb̂ð1;1Þ

and b̂ð1;1Þ respectively for the same n and g[ 0, see Eq. (11). Our preference of

ða0; b0Þ ¼ ð1; 1Þ is the simplest choice for the Weibull distribution, i.e. a standard

exponential distribution. Demonstrating universality of the KS distance can be

achieved by confirming the equality in distribution of the pivotal functions, namely

Eq. (11). For this purpose we show that the MLE equations Eqs. (5) and (6) can be

written in terms of the pivotal functions, b̂=b0, ðâ=a0Þb̂, the truncation parameter
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g ¼ ðxL=a0Þb
0

and n. Here ðâ; b̂Þ denote the solutions of the MLE equations and

ða0; b0Þ are the true values.

Making use of Eq. (20) to re-write the MLE equation for â, Eq. (5), becomes

â
a0

� �b̂

¼ 1

n

Xn

i¼1

ðgþ yiÞb̂=b
0

� gb̂=b
0

h i
; ð21Þ

where the yi are standard exponential random variates. Note that Eq. (21) is just the

inverse of the first pivotal function ða0=âÞb̂. If we can demonstrate that b̂=b0 is

distributed as b̂ð1;1Þ (for fixed n and g), then we can conclude that ða0=âÞb̂ is

distributed as 1=ðâð1;1ÞÞb̂ð1;1Þ because the right-hand side of Eq. (21) only depends on

n, g, the sample of standard exponential random variables y1; :::; yn and b̂ð1;1Þ, and
hence the first line in Eq. (11) is shown.

Let us now show that b̂=b0 is distributed as b̂ð1;1Þ. Using Eq. (20) and performing

some algebraic manipulations we can rewrite the MLE equation for b̂, Eq. (6), in

terms of a new random variable n � b̂=b0

1

n

Xn

i¼1

log ðgþ yiÞn ¼
1

n

Xn

i¼1

ðgþ yiÞn
1
n

Pn
i¼1ðgþ yiÞn � gn

� log ðgþ yiÞn
1
n

Pn
i¼1ðgþ yiÞn � gn

þ log
1

n

Xn

i¼1

ðgþ yiÞn � gn
h i

� 1

þ gn

1
n

Pn
i¼1ðgþ yiÞn � gn

� log gn

1
n

Pn
i¼1ðgþ yiÞn � gn

ð22Þ

Solving Eq. (22)6 for the unknown n, which is actually the second pivotal function,

we see that n ¼ nðy1; :::ynjg; nÞ is a uniquely defined random variable depending on

the sample of standard exponential random variates y1; :::; yn, sample size n and

parameter g only - but not on the original parameters ða0; b0Þ. Next we consider the
special case of Weibull distributions with ða0; b0Þ ¼ ð1; 1Þ and conclude that the

unique solution of Eq. (22), n ¼ b̂ð1;1Þ ¼ nðy1; :::ynjg; nÞ depends only on sample

size n, parameter g and the same sample of standard exponential random variables

y1; :::; yn. Thus our claim and the second line in Eq. (11) is shown.

6 Note that n ¼ b̂=b0 is the unique solution to the MLE equation Eq. (22) which is equivalent to the

original MLE Eq. (6). For the existence of the unique solution Lemma 1 requires the inequality Eq. (8) to

be satisfied. In our notation using Eq. (20) this means 2 � 1
n

Pn
i¼1 log ð1þ g�1yiÞ

� �2 [
1
n

Pn
i¼1 log

2 ð1þ g�1yiÞ, which depends only on sample size n, parameter g and some sample of standard

exponential random variables y1; :::; yn.
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Appendix 4: Computing the fisher information matrix

The covariance matrix in Theorem 1, Zða; bÞ�1
is derived from the logarithm of the

pdf f ð�Þ from Eq. (3). One readily obtains the second derivatives necessary for the

calculation of the Fisher information matrix Zða; bÞ, writing as usual g ¼ ðxL=aÞb,

o2

oa2
log f ðXja; b; xLÞ ¼ � b

a2
1þ ðbþ 1Þ g� X

a

� �b
" #( )

o2

oaob
log f ðXja; b; xLÞ ¼ � 1

a
� 1

a
g� X

a

� �b
" #

� 1

a
g log g� X

a

� �b

log
X

a

� �b
" #

o2

ob2
log f ðXja; b; xLÞ ¼ � 1

b2
þ 1

b2
g½log g�2 � X

a

� �b

log
X

a

� �b
" #28

<

:

9
=

;

To evaluate all relevant expectations E �ð Þ in the definition of the Fisher information

matrix, the following integrals are needed

E
X

a

� �b
" #

¼
Z 1

xL

dx
b
a

x

a

� �b�1

e
xL
að Þb� x

að Þ
b

� x

a

� �b

¼ eg
Z 1

g
dze�z � z

¼ 1þ g

E
X

a

� �b

log
X

a

� �b
" #

¼ 1þ g log gþ log gþ egE1ðgÞ½ �

E
X

a

� �b

log
X

a

� �b
( )2

2

4

3

5 ¼ g log gð Þ2þ2 log gþ egE1ðgÞ½ �

þ log gð Þ2þ2egE2ðgÞ
h i

where we have used the functions

E1ðsÞ ¼
Z 1

s

dy
e�y

y

E2ðsÞ ¼
Z 1

s

dye�y log y

y

In the limit g �! 0þ we recover the covariance matrix for the untruncated system

as given by [27] (Eq. 11.17)
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Zða; bÞ�1 ¼
1:1087 � a

2

b2
0:2570 � a

0:2570 � a 0:6079 � b2

0

BBB@

1

CCCA

Note that in our representation of Zða; bÞ�1
the factor 1=n is displayed separately.

For an estimate of the error in the MLE estimation of â and b̂, one may apply this

expression with the hat-ed parameters rather than the unknown ‘‘true’’ parameters in

conjunction with Theorem 1, statements 2 and 3.
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