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Abstract

This thesis focuses on applying the time-changed Lévy processes tech-
nique firstly presented by Carr and Wu (2004) in order to deduce the Bakshi
et al. (1997) model with a general jump size distribution. The second goal
is reach a full correlation scheme, after reaching the fundamental theo-
rem, where we show how to compute the joint characteristic function of a
finite number of time-changed Lévy processes under the leverage-neutral
measure, we obtain an exact characteristic function for an asset price with
stochastic volatility, stochastic interest rates, jumps and a full correlation
scheme. As far as we know this is the first time that the exact characteristic
function of an model that take into account stochastic volatility, stochastic
interest rates, jumps and a full correlation scheme is achieved.

Keywords: Time-changed Lévy process. European standard call and put.
Stochastic volatility. Stochastic interest rate. Jump diffusion. Bakshi, Cao
and Chen model. Full correlation. General jump size distribution.



Resumo

Esta tese foca-se na aplicacao da técnica de time-changed Lévy processes,
apresentada em primeiro lugar por Carr and Wu (2004), a fim de deduzir o
modelo de Bakshi et al. (1997) com uma distribuicédo arbitraria do tamanho
do salto. O segundo objectivo passa por obter um modelo com correlacao
total, depois de deduzir o teorema fundamental onde se obtém a funcéo
caracteristica conjunta de um namero finito de time-changed Lévy processes
sob a medida de alavancagem neutra. Posteriormente, obtivémos a funcéo
caracteristica exacta para o preco de um activo com volatilidade estocastica,
taxas de juros estocasticas, saltos e correlacio total. Tanto quanto sabemos,
foi a primeira vez que se obteve a funcio caracteristica exacta de um modelo
com volatilidade estocastica, taxas de juros estocasticas, saltos e correlacéo
total.

Palavras-chave: Time-changed Lévy process. Opcédo Europeia standard de
compra e venda. Volatilidade estocastica. Taxas de juro estocasticas.
Difusao com saltos. Modelo de Bakshi, Cao and Chen. Correlacao total.
Tamanho do salto com distribuicéo arbitraria.
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Introduction

We have focused on two fundamental goals during this thesis. The first
is to obtain the Bakshi et al. (1997) model with a general jump size distri-
bution as a time-changed Lévy process. This technique can greatly simplify
the computation of the characteristic function of the asset price through a
complex-valued change of measure on one part of the time-changed Lévy
process. Later on this thesis we will see that this change of measure af-
fects only the instantaneous activity rate. The second goal is to preserve the
stochastic volatility, stochastic interest rates and jumps presented by the
Bakshi et al. (1997) model, while adding an exact full correlation scheme.
Our technique can incorporate an finite number of time-changed Lévy pro-
cesses and take into account their correlation. With this technique we may
capture some characteristics of the asset price that otherwise we would not
be able to. It could be of main importance for a large range of derivatives to
have a joint characteristic function since almost all of them depend on more
than one source of uncertain.

The paper that we use as starting point is Carr and Wu (2004). Never-
theless, a great variety of theoretical results is obtained from Tankov and
Cont (2004), Chesney et al. (2009), Pascucci (2011), Privault (2013), Shreve
(2004), Bjork (1998) and Brigo and Mercurio (2006). Since one complex-
valued change of measure is needed, the work of Dellacherie et al. (1992) is
essential to the progress on this thesis.

This thesis is organized as follows. In the first chapter, we provide the fun-
damental tools for the understanding of our work. On the second chapter we
present the time-changed Lévy process technique, and the fundamental the-
orem needed for writing the characteristic function of the time-changed Lévy
process as a Laplace transform of business time — could be, for example, an



integrated CIR process. On the third chapter we develop the technique for
pricing options within a scenario of constant interest rates using the above
method. In the fourth chapter we make a generalization by allowing the in-
terest rate to be itself a stochastic process, and we deduce our general model
that nests all the models that we have deduced before. The fifth chapter con-
tains the numerical implementation of our general method with two kinds of
jump size distributions: The normal distribution and the double exponential
distribution. We use a Gauss-Kronrod quadrature for the inversion of the
characteristic function.

Finally, in chapter six a full correlation scheme is deduced and an exact
characteristic function is computed.



Chapter 1

Mathematical tools

1.1 Signed and complex measures

In this chapter we will provide the fundamental tools that we will use in this
thesis.

Definition 1.1. A Banach space is a vector space S which is equipped with a
norm | . | and which is complete with respect to that norm, i.e., every Cauchy
sequence in S converges to a point in S. Let (x,) be a Cauchy sequence, then
there exists an element x in S such that

lim || x, —x[=0.
n—oo

Definition 1.2. Let (X,.4) be a measurable space and S be a Banach space.
A function y : &/ — S is a vector measure or a S-measure if:

i) u(@) = 0;
ii) Countably additive : For any countable family (A ;);es of disjoint sets in

N we have ,u( U AJ-) = Y ).
JeJ Jjed

When S = R or S = C we have a signed measure and a complex mea-
sure, respectively — see Machado (2011, p. 363). A signed measure results
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if in the "usual" definition of measure the requirement of non-negativity is
removed.

Corollary 1.1. (Jordan decomposition theorem)
Every signed measure is the difference of two positive measures, at least
one of which is finite.

Proof. See Cohn (1980, p. 125). |

The representation y = u* — u~ is called the Jordan decomposition of u.
The measures u* and u~ are called the positive part and the negative part
of u, respectively.

Definition 1.3. Let (X,. /) be a measurable space. A complex measure on
(X,/)is a function u : &/ — C that satisfies:

i) u(@) = 0;

ii) Countably additive : For any countable sequence (A,) of disjoint sets in

A we have ,u( (fj An) = OZO u(Ay).
n=1 n=1

Each complex measure p on (X,.4) can be written as p = u! +1u? , where
u' and p? are finite signed measures on (X,.4). Then, the Jordan decompo-
sition theorem implies that each complex measure p can be written as
p=pt—pl+1u? —1u® where pl,ul,u?,u? are finite positive "usual”" mea-
sures on (X, A).

Definition 1.4. Let (X,.4/") be a measurable space and f be a ./"-measurable
function. Then, we define the integral of f with respect to a complex mea-
sure u as follows:

[rau=[raut-[raute:[raw - [rau.



Definition 1.5. A measure p is said to be absolutely continuous with respect
to v if, for any measurable set A , v(A)=0= u(A)=0.

If p is absolutely continuous with respect to v and v is absolutely continuous
with respect to y then u and v are said to be equivalent measures which is
denoted by u ~ v.

Theorem 1.1. Radon-Nikodym theorem
Let (X,./) be a measurable space, let |1 be a o-finite! positive measure on
(X, &) and v be a complex measure on (X, ). If v is absolutely continuous

with respect to y, then there exists a function h that satisfies v(A) = f hdu
A

for each A € . The function h is unique u-almost everywhere.

Proof. See Cohn (1980, p. 135). [

Usually the function A is called the Radon-Nikodym derivative and is de-
noted by g—; = h.

1.2 Basic Tools

Given a filtration (%;):c[0, 71 on a probability space (2,.%,P), 7 is called a
Fi-stopping time if V¢ = 0,{r <t} € F;.

Proposition 1.1. Sampling Theorem
If (Mt)iero, ) is a martingale and {T,n} is a set of stopping times with
0<t<n<T then

EIM,/%,]1=M,.

1A measure is called o-finite if a set X is a countable union of measurable sets with finite
measure.



Proof. See Doob (1990, p. 370). [ |

In particular, a martingale stopped at a stopping time is still a martin-
gale.

Definition 1.6. A function f :[0,T] — R is cadlag if it is right-continuous
with left limits, i.e., V¢ € [0, T'] the following limits exist,

fe= tim 1)
fun="im 10

and f(¢) = f(¢t+).

We will denote f(¢)— f(t—) by Af(t). Of course Af(¢t) will be different from 0
only when f jumps. A cadlag function may have at most a countable number
of jumps or discontinuities and Ve > 0 the number of jumps such that Af(¢) >
€ should be finite.

Definition 1.7. Lévy process
A Lévy process is a stochastic process (X;);>0 on (£2,%,P) which is cadlag
and has the following properties:
1) X() = 0;
ii) for every increasing sequence of times ¢, ..., ¢,, X¢,, X¢, =X, ., Xt, = Xt, ,
are independent;
iii) X;,, — X; has the same law of X};
iv) Ve > 0,]11in3)[P>(|Xt+h -Xil=€)=0.

The last condition states that the process has at most a countable number
of jumps.
Examples of Lévy processes are the Poisson process and the Wiener process
(Brownian Motion). In the first case, and conditional on &%, € %; for all s <¢,
the increments of the process follow a Poisson distribution with expected
value A(t —s), where A > 0 is the intensity of the process. For the second
case, the increments of the process follow a normal distribution with mean
0 and variance £ —s.



Definition 1.8. A Poisson process (N;);>0 is a Lévy process that is piecewise
constant with jump size 1, where the occurrence of jumps has a Poisson dis-
tribution with parameter At, i.e.

VneN, P(N;=n)= e AtAD"

n! 2

and the characteristic function is given by:

E [eLuNt] — e/lt(e”‘—l) ,u€ER.

Definition 1.9. A compound Poisson process is a stochastic process (Z;)s>¢
with intensity A > 0 and jump size distribution f such that

Zi= Y Y,

where Y; are i.i.d. random variables that represent the jump size and fol-
low a distribution f while N; is a Poisson process with intensity A that is
independent from Y;.

Definition 1.10. Lévy measure
If (X¢)>0 is a Lévy process, the Lévy measure v of X is defined by:

v(A)=E[#{t€[0,1]: AX; #0,AX; € A}],A is Borelian.

v(A) is the expected number, per unit time, of jumps whose size belongs
to A. Furthermore if (X;);>0 is a compound Poisson process with intensity 1
and a law of jump size f we have, v(dx) dt = 1 f(dx) dt.



Definition 1.11. Quadratic variation
If (X;);=0 is a Lévy process,? its quadratic variation is the adapted cadlag
process defined by:

t
[X, X1, = |X:[2—2 f X,_ dXe.
0

Definition 1.12. Quadratic covariation
Given two Lévy processes (X;);>0 and (Y):>0, the Lévy process defined by

¢ t
[X,Y];=X:;Y;— XYy —qu_ dY, —qu_ dXy,
0 0
is called the quadratic covariation of X and Y.

The quadratic covariation has the following important properties:

i) If X,Y are Lévy processes and ¢1, @9 are integrable predictable
processes, then

t
[ f o1 dX, f 02 dY] . f 010 dIX,Y:
t
0

ii) The quadratic covariation is not affected by the drift term in X or Y, it is
only sensitive to the martingale term.

Example 1.1. If we consider the Brownian motion defined by Z; = cW;, by
Definition 1.11 its quadratic variation is:

t
[Z,Z]); = 0°W? - 207 f W, dW,.
0

2A more general definition can be obtained if we consider a semi-martingale instead of a
Lévy process, but for our purposes we will just consider Lévy processes. Particular cases of
semi-martingales are the Wiener process, Poisson process and all Lévy processes.
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Applying Ito’s Lemma to f(x) = 02x2, we have:
¢
02Wt2 = 202fWu dW, + 021,‘,
0

so we conclude that [Z,Z]; = o°t.

1.2.1 Cholesky Theorem

Theorem 1.2. Cholesky Theorem

If A is a real, symmetric and a positive definite matrix, then it has a
unique factorization, A = L.LT, where L is a lower triangular matrix with
positive diagonal.®

Proof. See Kincaid and Cheney (2001, p. 157). [ |

Remark 1.1. Consider two correlated Brownian Motions, VAV/1 and VVQ, and a
third one uncorrelated with the other two W3, with a correlation matrix

1 p O
C=|p 1 0|, pel-1,1],
0 01

C is real and symmetric. It is also definite positive because its eigenvalues
are positive in the case of p € (—=1,1); even if p=—1or p =11t is easy to show
that the Cholesky factorization is still verified.

Its Cholesky factorization is C = L.LT, where

1 0 0
L=|p 1-p%2 0|, pel-1,11.
0 0 1

3The matrix L can be found via a Cholesky factorization algorithm — see Kincaid and
Cheney (2001, p. 158).



Moreover, if we consider three independent Brownian motions, Wi, Wy
and Ws, it can be shown — see Korn et al. (2010, p. 113) — that:

Wi W1
Wy |=L.| Wo
W3 WS

1.2.2 Lévy-Khinchin representation

Theorem 1.3. Lévy-Khinchin representation
If (X})s>0 is a Lévy process with characteristic triplet (u,o,v), then

(l)Xt(H) =FE [e‘(’Xt] = e—t\I—’x(g)’ 0c R,

and the characteristic exponent V,(0) is given by:*

Y.(0)= %002 —1u6 —f (elgx -1- LHxH|x|51) v(dx).
R

Proof. See Tankov and Cont (2004, p. 83). [ |

Remark 1.2. The Lévy process is specified by the Lévy triplet (u,o,v). Intu-
itively, i can be seen has the drift of the continuous part of the Lévy process,
0 is the variance of the Brownian motion and v is the Lévy measure.

In Theorem 1.3 we truncate the jumps larger than 1, but there are other for-
mulations of the theorem, where we use a function z(x) that obeys to certain
regularity conditions instead of Il <1, 2(x) is called the truncation function.
Different choices of z(x) do not affect o and v but u is affected by z(x). If the

Lévy measure satisfies the condition |x|v(dx) < 0o, we can use a simpler

|x|=1
form for the expression of the characteristic exponent W (0):

414 (x) is the indicator function: it is 1 if x belong to A and 0 otherwise.

10



¥.(0)=300%—1u6 - f(e’gx —1-10x)v(dx).
R

Proposition 1.2. A Lévy process has piecewise constant trajectories iff its
Lévy triplet has the form (u,0,v) with u= f xv(dx) that satisfies f v(dx) <

lx|<1 R
oo. In this case, its characteristic exponent has the form.:

V.(0) = f (1-e"¥*)v(dx). (1.2.1)
R

Proof.

By Theorem 1.3 we know that the characteristic exponent has the form:

W.(0) = —1u6 — f (e'9% — 1 — 10xTTjy<1)V(dx),
R

that is:
Y. (0)=—1u6+160 f xv(dx) — f(elex — Dv(dx). (1.2.2)
lx|<1 R
Since
f av(dx) =,
lx|<1
equation (1.2.1), follows immediately from equation (1.2.2). [ |

Example 1.2. Consider the compound Poisson process (Z;);>o with intensity
A. Since this process has piecewise constant trajectories, the Lévy triplet is

(b,0,v) with b = xv(dx), and assume that the jump size distribution is

lx|<1
Gaussian with mean p and variance o2, that is:

_@-w?

_ 1 .
f)=7=e 2.

11



Since v(dx) = Af(dx), we have:

_ - /t)2
202 dx.

_ 1
v(dx) = )L\/We

Then the characteristic exponent v ,(0) of such process is:

¥ .(0) f (1oL 54 4
= —e ———e 2% dx,
* 2 Vono?
that is:
¥.(0)=A f ox 1S 1554 (1.2.3)
= —Tle e 2 X + e 2 X|. .
* g Vong? o Vo2

The second term on the right-hand of the equation (1.2.3) is one by defini-
tion of a probability density function and the first term is the characteristic
function of a normal random variable. Therefore:

202

W_(0)=A[1-e0r20 (1.2.4)

1.2.3 Dubins-Schwarz's Theorem

Theorem 1.4. Dubins-Schwarz's Theorem
A martingale M such that [M,M]y, = oo is a time changed Brownian mo-
tion, i.e., there exists a Brownian motion W such that:

M; = W[M,M]t-
Proof. See Chesney et al. (2009, p. 210). [ |

12



In particular, if ¢ satisfies the usual conditions for the It6’s integral to be
well defined, then X = f ¢ dW is a martingale because is the It6’s integral

t
and its quadratic variation is [X,X]; = f 63 ds.5 Therefore,
0

t
EdW =W, ,
[&2ds

0

for a Brownian motion W.

1.2.4 Girsanov’s Theorem

Theorem 1.5. Girsanov’s Theorem
Let P and Q be equivalent measures and (2, ,P) be a measurable space.
Consider the following It6’s process :

dX; = a(t,X)dt + b(¢,X) dWy, (1.2.5)

and consider the process (L);c[o.1) that satisfies the Novikov's condition® and

is defined as

t t
[0, aWM_1 62 ds
L;=eb % with  EP[L,1=1. (1.2.6)

Consider also that the Brownian motions W and WM are correlated with
correlation d < W,WM >, = p dt. Then, we have the following results:

51t is simply necessary to apply Ité’s lemma to f(x) = x2.
%fez ds
6EP|e™0 < co. This condition is sufficient to ensure that (L;)ior is a P-

martingale.

13



i) L1 defines a Radon-Nikodym derivative’

dQ
— =L 1.2.7
P T, ( )
since L is a martingale, we have:
dQ Ly
— | F = —; 1.2.8
d[FD t Lt ) ( )

ii) W@ is a new Brownian motion in (Q,%,Q) and is defined by:
AW = dW; -0, d < W, WM >, = dW, - p6, dt; (1.2.9)
iii) The process X; takes the following form under Q):

X = a(t, X) dt + b(t, X) AW, = a(t, X) dt + b(t, X)AWL + pb, dt)  (1.2.10)
= (a(t,X) +b(t,X)p6;) dt + b(£, X) AW, (1.2.11)

Proof. See Zhu (2010, p. 13). |

1.2.5 Girsanov’s Theorem for Jump-Diffusion processes

Theorem 1.6. Girsanov’s Theorem for Jump-Diffusion processes

Let @ and Q be equivalent measures, and (QQ,%,Q) a measurable space. Let

Zs = Z Y; be a compound Poisson process with intensity A and a jump size
i=1

distribution f.

Consider the following Radon-Nikodym derivative

_ T T
dQ Ofes dwls\’l—%ofeg ds
dQ

"Usually in the literature, L, is strictly positive and Q is the "usual" measure but L,

can be real or complex valued — see Beghdadi-Sakrani (2002, p. 375) and Dellacherie et al.
(1992, p. 350) — and Q a complex measure.

AF(Y;
eA-AT ]‘[ A;EYi (1.2.12)

14



Consider also that the Brownian motions W@ and W™ are correlated with
correlation d < W@ WM >, = p dt. Then under the new measure Q, the process

AW? = dW? -6, d < WO, WM > = dW? - pg, dt, (1.2.13)
is a Brownian motion in (Q,;?,@).

Furthermore, under the new measure Q, the compound Poisson process
has the following parameters:

A= AE (eY), (1.2.14)
and v
= Vi)
Fi) = — 7 @) (1.2.15)

AndY follows the same distribution, f, as the i.i.d. random variables Y;.

Proof. See Shreve (2004, p. 502). [ |

Remark 1.3. Using equations (1.2.14) and (1.2.15), equation (1.2.12) can be
rewritten as:

-~ T T Np
dQ  JOsdWY-3 [62ds (A-AE(e¥ )T+ ¥;
— =0 0 e i=1
dQ
Since the right-hand side of equation (1.2.16) is a martingale, we have:

(1.2.16)

0|, _ Joawriforas aoserns En
05 dWY -3 [02ds (A-AE(e¥ )1+ Y Yi-Y Y;
dg Fp = et 17 e =1 =l 7:=T-1t.

15



1.2.6 Fourier Inversion Theorem

Theorem 1.7. Fourier Inversion Theorem
Let fx(x) be the probability density function of the random variable X
and Fx(x) =P(X < x) be the distribution function. We define

bx(©) = E [eX] = f "% i (x) dx
R

as the characteristic function of X. Then,

1
fx(x)=— f e TPy (&) dé, (1.2.17)
27
R
and
oo 1éx _ry_ ,—iéx
FyGy=tq L [ ¢xEOD—e TPx(©O) 4 (1.2.18)
2 2n 1€

0

Proof. See de Figueiredo (2012, p. 203) for equation (1.2.17) and Kendall
and Stuart (1977, p. 98) or Gil-Pelaez (1951) for equation (1.2.18). [ |

Remark 1.4. Equation (1.2.18) can be restated as:

oo 1éx _ —1éx
Py Ly L [ €50xCO e ox©

2 2n 1é -1 ¢
0

Since e®* is the complex conjugate of e ** and ¢x(=¢&) is the complex

conjugate of ¢px(&), then e“*¢px(—&) is the complex conjugate of e “*px (&),
1éx _ —1éx

consequently %X({) is the complex conjugate of %ﬁff("r) Because z +7z =
2Re(z),Vz € C, we have:

+00 —lg(x
FX(x):%—%fRe [el—‘é’X(‘()] dé. (1.2.19)

0

16



1.2.7 Change of Numeraire

A numeraire is a strictly positive stochastic process (N );er+, that is adapted
to %;. The relative price of an asset S; in terms of the numeraire N; is given
by

o S;
S;i=—, teR*.
¢ N,

Consider that (r;);cp+ denotes an %;-adapted interest rate process. The

discounted price, S;, is the price S;, expressed in terms of the numeraire

¢
Jrsds
Nt:eo

The risk neutral measure, Q, is a measure under which the discounted price
process
t
- [rsds
0

SAt: =e St, t€R+,

S
N

is a martingale.

Assumption 1.1. Consider a generic numerdire (N);cp+, the discounted nu-
merdire

t
R —[rsds
Ni=e 0 Ny

is a martingale under the risk neutral measure Q.

Definition 1.13. Taking the process (IV;);cr+ as the numeraire, the forward
measure Q7 is defined by the following Radon-Nikodym derivative:

T
dQT 3 —OfrsdsNT
o ° Ny

17



Remark 1.5. Note that Definition 1.13 is equivalent to stating
Jred
—Jrsds N
E@T(f)_EQ(Q 0 _Tg),
No

for every integrable Fr-measurable random variable .

Theorem 1.8. We have

aq”
dQ

Proof.

We want to proof that

t

T
—[rsds N
EV ¢|7)=E° (e Y, fft) .
N
Consider that ¢ is integrable and #7r-measurable. Then, for every inte-
grable and %;-measurable random variable x, we have:
T T
EY x¢|F)=xEY (&1F).
Using Remark 1.5, we know that:

EY [xEY ¢170)| =BV [EY i)

=EY [x¢]
ey
=E® e_OfrS SZ&K
No

=EQ |e —K
0

: t T
_OfrsdsNt EQ(eterdS&




Finally, it follows that

T
—Jrsds N
EY 17 =E° (e fralr

t

s‘e%).

Proposition 1.3. The price at time t, of an option with an Fp-measurable
payoff § is:

T

— [rgds
0,=E° (e d é’gﬁ):NtE@T(Ni

5
T
Proof.

From Theorem 1.8, we have:

T
—[red
0,=E% e 1%z

T
_frstNTNt
—EQe T Lllilg
o)
N,
_E@T(_tfg)
Ny |7
:NtE@T(Ni,%), 0<t<T
T

Theorem 1.9. Given ’
do? - Ofrs ds Np
—=e —,
dQ Ny
and a Brownian motion W; under ), we have:
1
aw; = AW - — AN, Wy,
t

T
where WtQ is a Brownian motion under Q7.
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Proof.

We define ®; as:
dQ”
o, =E%| —
t ( dQ

T
:E@ (e{rsds]&

o

(1.2.20)

F tel0,T].
NO t)y E[a ]

The right-hand side of equation (1.2.20) is a martingale under Assump-
tion 1.1. Then, using a more general version Girsanov’s Theorem — see
Privault (2013, p. 276) and Protter (2004, p. 132) — we have:

1
aW{ =dW{ - — d® Wy, (1.2.21)
t

T
where Wt@ is a QT-Brownian motion.
Using Assumption 1.1, equation (1.2.20) becomes:

t
—frsdsNt
D;=e 0 —, O<t=T.
t=¢€ No
Applying Ito’s Lemma to
[red
X —Jrsas
t, = — 0 ,
f(t,x) Noe
and since
frsd
—[rgds
of e
ox Ny
t
af X —frsds
—=-—ret
ot Ny
we have: t
—frsd
¢ —ftrsds e ({ ®
df (¢,N;)=——rse 0 dt + dNi,
0



which is the same as: o
dd, = —r, @, dt + ﬁt dN;. (1.2.22)
¢

Taking equation (1.2.21), and using equation (1.2.22), we have:
Q" _qwe_ 1 Q Q
dWg =dW; - N, dNy dW" +r; dt dW,
since dt dW? =0 we have:

QT _ w0 1 Q
AW =Wy - - AN, aWY.
m

Remark 1.6. Consider the forward numerdire, Ny = P(t,T), that is the price
of a bond at time t, with maturity T:

T
_f,-s

ds
P(t,T)=E® (e i ‘%) P(T,T)=1.

Then,

dQT —fr ds P(T,T) —fTr ds fr ds

-~ — T etk Rl N E@ ;" . |.

ag | t=°¢ PG.T) © (e "‘)

t
—[rsds
The discounted bond price process (e 0 P(t,T)) , 1s a Q-martingale,
t€[0,T1]

because:

t t T
—[rsds —[rsds —[rsd
E@(e o P T) %)E@ e o E@(e [rads

.

T
—E°|E? (e{rs &
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u T
~[rsds —frsds
=e 0 E@(e l{

—frs ds

=e 0 P, T), u<t.

From Proposition 1.3, we have:

T
—[rgd
0,=E® (e ! sf‘,%) -t TEY (s‘,%), 0<t<T.

Moreover, from Theorem 1.9, we have:

QT Q 1 Q
W% —aw¥- — dP¢,T) dWY 1.2.2
dW{ = dw, P(t,T)d (t,T) W, (1.2.23)

Remark 1.7. Consider the numerdire, N; = S;e?', where q is the dividend
yield, then:
T T
dQT ~[rsdsSpedT  Sp —[rsds
- 9t —e t =—e t
d@ Steqt St

e, 7:=T—t. (1.2.24)

t
: : = [rsds . .
Here the discounted asset price process (e 0 Se?? is a Q-martingale,
t€[0,T1

by the very definition of the process S;, under the measure Q, with a dividend
yield q.
From Proposition 1.3, and using & = Sp&', where &' is Fp-measurable, we

have:
-/
rsds
gt)

0,=E® (e i Spé

Rl el
=S;e "EY (é’ 3}}) .
Furthermore, from Theorem 1.9, we have:
aw?' = aw? - s;qt dSe dw?.

Later in this thesis we will denote this measure, QT, by Q5.
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1.2.8 Ito’s Lemma for jump-diffusion processes

Lemma 1.1. Ito’s Lemma for jump-diffusion processes
Let X be a diffusion process with jumps defined by:

t
N;
Xt:Xo+f,u(s,Xs)ds+f0(s,Xs)dWS+ZAXi,
0 1=1

where u(t,X;) and o(t,X;) are continuous adapted processes with

T

f02(s,Xs)ds

0

E < 00.

Then, for any CY2 function, f :[0,T1xR — R, the process Yy = f(t,X;) can be
represented as:

t

f(t,Xy) = f(O,X0)+f

0

f(sX )+ (s, Xs) f(s X )]

t t
+;f 02(s,X,) f(sX)ds+fa(sX) f(sX)dW
0

+ Y [fXr_+AX)-fX7,)].
{i=1,T; <t}

In differential notation we have:

dYi = f(t Xy dt+put,Xy) f(t X)dt+ = 02(t Xt) f(t X;)dt

+O'(t Xt) f(t Xt)th'i‘[f(Xt +AXt) f(Xt )]

Proof. See Tankov and Cont (2004, p. 276). [ |
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1.2.9 The Feynman-Kac Theorem

Theorem 1.10. The Feynman-Kac Theorem
Assume that x; is an Ito’s process that follows the stochastic process

dx¢ = u(xs, t) dt + o(xy, t) dWy.

Let V(x;,t) € C>1[R x [0,00) — R], and suppose that V (x;,t) is the solution of
the following PDE

ov v 1 0%V
=7 FHELD o+ 02( bt o~V (6, 1) =0,

with boundary condition V(X7,T), and r(x:,t) € C(R,[0,00)). Then V (x;,t) is
given by

T
—fr(xu,u) du

Vx;,t)=E |e ¢ V(XT,T)‘gt

Note that the Feynman-Kac theorem can be used in both directions.

Proof. See Zhu (2010, p. 8). [ |

For a Feynman-Kac Theorem for jump-diffusion processes see Chesney et al.
(2009, p. 557).
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Chapter 2

Time-changed Lévy processes

2.1 The idea

Since the pioneering work of Black and Scholes (1973), many studies of
times series of asset returns and derivatives prices have been made, and the
conclusion usually obtained is that the classic Black-Scholes option pricing
model fails to explain at least three facts:

i) Asset prices have discontinuities, or commonly said, asset prices jump.
This feature was firstly discussed by Merton (1976).

ii) The volatility of asset returns varies stochastically over time. Heston
(1993) used a mean reverting square root process to model volatility.

iii) Asset returns and their volatility are correlated. This was first
discussed by Black (1976) as the "leverage effect".

Time-changed Lévy processes can capture all these three empirical find-
ings. To capture the stochastic volatility, a stochastic time change to the
Lévy process is made. This stochastic time change has to obey to certain
conditions: It has to be positive and non-decreasing since it is describing
a clock on which the Lévy process is running. The difference to the "origi-
nal clock" is that randomness in business activity generates randomness in
volatility, so in periods of high business activity the volatility tends to be
also higher. In order to capture the correlation in asset returns and their
volatility, the Lévy process is allowed to be correlated with the stochastic
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time change. The jumps in asset prices are easily introduced in these mod-
els and it is easy to determine the characteristic function of such processes
because the time-changed Lévy process and their jumps are uncorrelated.
With this feature, these models become much more realistic because heavy
tails and sudden movements in asset prices are generic properties of these
models. The markets in such scenario are incomplete, which can be seen as
an advantage if we want a more realistic model, because some risks can not
be hedged and perfect hedge does not exist.

In order to describe these models, we will follow the approach of Carr and
Wu (2004).

Consider a Lévy process (X;);>0 and let & be the o-algebra generated by
the past values of the process (X;);=0, completed by the null sets 4,! i.e.

F=0X,t=0)V N,

and let (2, %,P) be a probability space with a filtration ().

Let T be an increasing cadlag process such that for each fixed ¢, {T; <t} €
Fy, this is, T} is a stopping time with respect to &. Consider that T’ T 00
—00

and is finite P —a.s.. We define
¢
Tt::fv(s)ds (2.1.1)
0

as the business time where v(¢) is the instantaneous activity rate, which is
a positive cadlag process. The family of stopping times (7);>¢ defines a ran-
dom time change.

If we evaluate the Lévy process (X;);>9 at the random time (7%);>o, we
obtain a time-changed Lévy process (Y;);>o denoted by

Y, =Xr, (2.1.2)

and we define its characteristic function as

INotice that null sets are stuffed into %, meaning that if a certain evolution of X is
impossible, its impossibility is already known at ¢ =0
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PO =E [eVt] =E [e¥T]. (2.1.3)

When we consider a parameter ¢ that belongs to the complex plane, ¢y, (¢)
is called the generalized Fourier transform — see Titchmarsh (1948, p. 4—
44).

This kind of process has already been studied in the literature — see
Tankov and Cont (2004, p. 108-113) and Pascucci (2011, p. 471). The tech-
nique used is called subordination and like the technique above it simply
makes a random time change in a Lévy process. In this context, the busi-
ness time is called the subordinator and has the same characteristics as T'.
Usually, the random time change is made on a Brownian motion and the
subordinators are processes like the Gamma process, Inverse Gaussian pro-
cess, Variance Gamma or Normal inverse Gaussian. The subordination tech-
nique assumes that the subordinator and the Lévy process are independent
processes. The subordinator can be any Lévy process; it is a pure jump pro-
cess of possibly infinite activity plus a deterministic linear drift. Therefore
the time change can have jumps and not be absolutely continuous. Under
our approach, the time change will always be absolutely continuous; v(s) can
exhibit jumps, but T is always continuous. We assume that the time change
and the Lévy process are correlated. However, if the subordinator and the
Lévy process are independent, the time changed process still remains a Lévy
process — see Pascucci (2011, p. 472).

In this thesis, we will focus on an integrated CIR — see Tankov and Cont
(2004, p. 476) — process for the business time; some details about this pro-
cess are given later.

2.2 Affine activity rate

In this section we will follow Carr and Wu (2004).

Let X; be a Markov process that starts at Xy and satisfies the following
stochastic differential equation (SDE):

dX; = (X)) dt + o(X;) dWi + g dJ(y(Xp)). (2.2.1)

Here, W is a Brownian motion and </ is a Poisson process with intensity
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Y(X}) and jump size distribution q. Some technical conditions are required
for u(X;) and o(X;), in order to the SDE (2.2.1) to have a strong solution —
see Proposition 1 of Duffie et al. (2000, p. 1351).

Definition 2.1. The Laplace transform of the stopping time T is:

Zr(M=E e, (2.2.2)

Proposition 2.1. If the instantaneous activity rate v(s), the drift u(X,), the
diffusion variance o(X;)? and the intensity y(X;) are all affine in X; and if
wX;) and o(X;) satisfy some technical conditions stated in Proposition 1 of
Duffie et al. (2000), then the Laplace transform (2.2.3) is exponential affine
in Xg. That is, if

1. v(t)=b,X; +cy,
2. uX)=a-kX,
3. o(X)?=a+pX,
4. y(Xp)=ay,+b,X,,

then
Lr, (1) = e ?OXo=e® (2.2.3)
where e
t
b'(t)=Ab, —kb(t)— P ; ) -b, (pqib(2) - 1), (2.2.4)
and 0
c'(t)=Ac, +ab(t)— ab(t) —ay ((,bq(ib(t)) - 1) , (2.2.5)
with
b(0)=¢c(0)=0.

Proof. The proof follows from applying the generalized It6’s lemma to
(2.2.3) and using SDE (2.2.1). See Duffie et al. (2000, p. 1351).
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2.3 Fundamental theorem

Theorem 2.1. Fundamental theorem of time-changed Lévy processes
The generalized Fourier transform of the time-changed Lévy process Y =
X, is given by:

Py (&) = B [1V7] = BF [1Xmr

- gO© [e-TT\Px@)] = ch;i";f)(qfx(g)). (2.3.1)

Q&) is a complex valued measure that is absolutely continuous with re-
spect to P, and its Radon-Nikodym derivative is given by:?

dQ(s) .
= Myp(&) = YT gy, (2.3.2)

where C¢ is the subset of C where ¢y, (&) is well defined.
And since M(¢) is a complex valued martingale, we have:

dQ(¢)

_ M) vy (Tr-T )
pit e , e Ce.

Z, MO

Notice that $$f) is not the usual Laplace transform because of the de-
pendence of the measure Q(¢) on . We recall that given a process (X¢):e[0, 7]
its Laplace transform is given by:

Lx O =E [T = px,08), ey, 2.3.3)
where C; is the subset of C where Zx,({) is well defined — see Titchmarsh
(1948, p. 6).

Proof.

i) Consider the o-algebra generated by the past values of the processes
(Y)zero,r1 and (T't)sefo,71, completed by the null sets, i.e.

2The measure Q(¢) is equivalent to P but is not a probability measure, i.e., Q(Q) # 1.
The measure Q(¢) is a particular case of the measure P* in Giesecke and Zhu (2013, p. 747).
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g :O-(Yt’Tt,te [O,T])\/JV,

and let (€2,%,P) be a probability space with a filtration (%;);c(0,17-
First we need to proof that M;(¢) is a complex valued P-martingale with re-
spect to (¥)e0,11- Let us define Mtl(cf) = U X +t¥x(O)

a)M tl(f ) is adapted to the filtration generated by the process (X;):e[0,1
completed by the null sets, (%);ci0,11-

b) EP [|Mt1(5)|] < |eLth| |et‘Px(€)| _ |el(a+zb)Xt| |et‘Px(§)| _ |eLaXt—bXt| |et\I’x(£)| <

< |elaXt| |e—bXt t‘l’x(f)| — |p=0X: || ,tP2(S)

||e |e ||e < 00, a,beR,

since W,(¢) and X, are both finite by definition.?
c) For 0 <s <t we have:

M)
ML)

P — o t-IVO P | g1 (Xiy)

Xs] =EP

1 =X )+ (t-5)Pa§) ‘ X,

3

— o(t=9)Pr(®) ,~(t-9)Pr(®) _ 1

Therefore, M tl(cf )is a complex valued P-martingale with respect to (%;)sc0, 7.
By abuse of language we denote that filtration by X;. For each fixed ¢ €
[0,T1, T; is a stopping time that is finite P-a.s.. Therefore, by Proposition
1.1, M) = M%wt(gt) is a complex valued P-martingale with respect to the
(91)ter0,11-
ii)

by, (&) =EP [elfYT] —EP [elfYT-FTT‘I’x(E)—TT‘I’x(f)] —EP [MT(f)e_TT\yx(f)]

_ B0 [~ Tr0] = 289 (., (6). "

Remark 2.1. If the random time T7 is independent of X7, no measure
change is required. By the tower rule, we have:

3A small correction is made to the original work of Carr and Wu (2004).
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EP .

P (&) = EF | ¥1r| = EP

e“tXTT/TT =u

The outside expectation is taken on all possible values of Tt and the inside
expectation is taken on X, conditional on a fixed value of Tt = u. Since Tr
is independent of Xp:

l,:l]J>

e X1y / Tr=u
Then for all fixed Tt we have:
e X1y / Tr=u

where L7, (Y .(£)) is the usual Laplace transform on T'.

=E" [e"rXTT].

EP|EY

—EF [EP [eleTT ] ] = EP [e7Tr¥:0)] = p (W,(0)),

Corollary 2.1. Time changed Brownian motion
Suppose that X; = oW, + ut, and T} verifies the usual conditions. Then,

1
cpYT(é):x;‘i"f)(—mé+50252). (2.3.4)

Q&) is a complex valued measure that is absolutely continuous with re-
spect to P, and its Radon-Nikodym derivative is given by:

T T
1
L{Ufmdws + —02€2fvs ds
dQ(§) _ 2
—— =M7p()=e O 0 , {eCy, (2.3.5)
dpP

where C¢ is the subset of C where ¢y, ({) is well defined, and v, is the instan-
taneous activity rate satisfying the usual conditions.
Since M({) is a martingale, we have:

T T
1
zfof\/vs dW + —02€2fvs ds
0O _Mr©_ 2"
P |y M©) !

fECf.
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Proof.

Consider the Lévy process X; = oW; + ut. Its characteristic triplet is
(1,02%,0), its characteristic exponent is given by W,(¢) = (—1ué + %0252) and
by Theorem 2.1, we have:

1
by (©) = L5 (—zug - 50252) . (2.3.6)
The Radon-Nikodym derivative is given by:

d@(é) = MT('f) — elfYT+TT‘Px(f) — eleTT+TT‘I"x(f) é- € C{ (2 3 7)
dpP ’ ’ o
where C; is the subset of C where ¢y, (¢) is well defined. Since X; = oW, +
pt and W, (&) = (—Luf + %0252), we know that X7, = cWrp, + uT;. Using also
equation (2.1.2), equation (2.3.7) becomes:

T T
€| oWy +pfvsds |+ [vsds(-ipué+30282)
elf(UWTT +,UTT)+TT(—luf+%02£2) —e ({vs s 0 0

(2.3.8)
T
Using Theorem 1.4, Wr = f Vvs dWg, and, therefore,
Ofvs ds
T " T
ufaf Vs dWg + —szzfvs ds

dQ() _ 2

—Y =Mr@@=e O 0 , {eCy. (2.3.9)
dp

[ |
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Chapter 3

Asset pricing with constant
interest rates

Let S; denote the price of an asset at time ¢, Y; be a time-changed Lévy
—~ N
process and Z; = Y Y; a compound Poisson process which is independent
i=1
from Y;.

Consider the process defined as G; =Y, + Z; and let Sp = Soe(’_q)TJFYTJ“ZNT,
where r is the risk free and constant interest rate and g is the dividend
yield. Under no arbitrage we need to have:

EQ [eYT@T ~1. (3.0.1)

Since the process Z7 is independent from Y7 we have

EQ [eYT+Z“

~E° [eYT]E@ [eZNT] -1 (3.0.2)

1. E@ [eYT] =1 is obtained by writing the process Y; under the risk neu-
tral measure with Yy =0.

2. To see that E? [eiT] =1, from equation (1.2.4), we know that given a
compound Poisson process Z;,

Gz, &) =E? [eusz] = o~ TWa(O) _ ,-TA(1-E%[e"Y]).
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Since ¢z,(—1) = E? [eZ7], we have:

EQ[o2r] = o~TAI-E®[e"]) _ ,TA(E®[e¥]-1) (3.0.3)

The right hand side of equation (3.0.3) is called the cumulant exponent.
Now if we consider Z; = Z;~tA (E? [e¥ ] - 1) we know that E? [eZVT] =1,
where A > 0 is the intensity and Y is a random variable that follows a
distribution f.

Finally we get

G, :Yt+Zt—tA(E@ [eY] —1),

and St is given by

Sp= Soe(r—q—/l(E@[eY]—1))T+YT+ZT’ (3.0.4)
ie.
% - Soe(—/’l(E@[eY]—l))T+YT+ZT’
with
EC [e(—A(E@[eY]—l))T+YT+ZT _ RO [ eYT] EQ [ SB[ |-1)T+27] _ ¢
Denoting st = logg—g, the characteristic function of st is given by:
s (&)= E® [ezssT] _EQ [ezf(r—q—/l(E@[eY]—l))Tﬂg‘YTﬂfZT]
= e MBI g 16| 5O 1]
We conclude that:
Psp (&) = elf(r—q—/l(E@[eY]_1))TeTA[¢Y(E)—1]$$;§)(\Ijx(f)). (3.0.5)
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3.1 Heston model

The Heston model was first introduced by Heston (1993), and prescribes
that the evolution of the asset price under risk neutral measure Q is given
by:

dS; = (r— @)S; dt + S, /vy dZT (b),
dvy = k(0 —v,) dt + U\/v_t(p Azl +1/1-p2 dzg(t)) :

where Z ? and Zg are two independent Brownian motions.
Defining x; :=10g(S;), and applying It6’s Lemma, we have:

1 1,
leg(St) = S_t dSt - 2—stt Ug dt,

t

which is equivalent to
1
dx; = (r — @) dt + /o, dZ3(t) - Suedt
1
=(r=q-Zv)dt+ o, dz(t).

For purposes of option pricing we need to know the model under the mea-
sure QF, where Q° denotes the equivalent martingale measure associated to
the numerdire S;e?!. Then, using Remark 1.7, and considering that the free
interest rate is constant, we have:

S
dQ” F, = &e—(r—q)f

d@ t S , 7:=T- t,
t
and 1
Q% 1y _ q79 t 37Q
dZ; (t)=dZ; () - W dSie? dZ; (t). (3.1.1)
Applying It6’s Lemma
dSe?t = ¢S;e? dt +e?' dS; (3.1.2)
=qSe? dt+(r— q)S;e?" dt + S;e?\/v; dZ?(t). (3.1.3)
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Then, using equation (3.1.3), equation (3.1.1) becomes:
dz% ) = dz? d d dz%t)| dz?
V0 =dzf ()~ (g dt+(r - @) dt+ oy dZ{(v) dzT )
= dZ2(t) - /o7 dt.
Therefore, the evolution of the asset price under measure QF is given by:

1
dx; = (r =g+ 50, dt+ Vo7 dZ] ()

dvy = (k0 — (k. —op)vs) dt + a\/v_t(p dZ?S(t) +4/1-p2 dzg‘ps(t)) .

We can resume this information, by taking j=1 for measure Q°, and j=2
for measure Q:

dxq = (r — g + pjv,) dt + /o, dZ,(t) (3.1.4)
dvy = (k0 — B,v,) db+ 0 /0; (p Az (t) +/1-p? dzg(t)), (3.1.5)
where

-1 (3.1.6)

p1=3s 1.

1

po==3, (3.1.7)
Bp1=k-o0p, (3.1.8)
Bo = k. (3.1.9)

The characteristic function of the random variable x7,

Gl (O =E |7,

M

is of the form .
Qbch(f) — eCj(T)+Dj(T)vt+fot’

where C;(7), and D j(7), are the solution of the following ordinary differential
equations (ODEs):

oD ; 1 1

— =3¢ +1poED;+ S0 DY + 1ty - BiD;,
GCJ'

? = (r—q)l€+k9D]

For a detailed explanation of this model see Heston (1993).
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3.2 Heston model as a time changed Lévy pro-
cess

Consider the following time changed Lévy process under the risk neutral
measure Q:

1. Y, =Xr,
2. X, =W + ut

3. dvy = k(0 —vy) dt +0/0; AW (1)
4, d<WS’,W9 >y =pdt

From Theorem 1.2, using Remark 1.1, and given two independent Brow-
nian motions, ZS) and Z? , we know that:

W2 =z%@), (3.2.1)
W) = pZ2H)+/1-p223). (3.2.2)
Therefore, we can rewrite the model as:
1. Y, =Xy,
2 X, =Z2) +ut
3. dvy= k(0 —v,) dt+ 0\/v_t(p az9t)+ /1- p? dz‘?(t))

4. d<z27%>,=0

In the above formulae, 0 is the long term mean, k(= 0) is the speed of
mean reversion and o is the volatility of the variance process. It is well
known since Feller (1951) that, if 2k0 = o2, the process never touches zero;
in the opposite case, the process will occasionally touch zero and be reflected.
We will consider the case of 2k0 = 2 in order to the instantaneous activity

37



rate to be well defined.

Under the risk neutral measure ), we know that the process (e¥t)=0
must be a martingale. Using Theorem 1.4, we have:

T T t t
f\/ﬂdzg(s)hufvsds—f\/v_sdzg(s)—,ufvsds
7@ [ yr-v. gt] _ 50| 00 0 0 0 'g:t
t t T T
—f\/v_sdzg(s)—ufvsds f\/ﬂdzg(s)+ufvsds
—e 0 0 E?| 0 0 ‘«% ,
(3.2.3)

In order to the expectation contained in the right-hand side of equation

(3.2.3) to be a martingale, we know from equation (1.2.6) and from Novikov’s

condition that u = —%, and, therefore,

1
X, =73 - St (3.2.4)

We also need to know X; under measure Q°. Using the results from
Section 1.2.7, we have:

d@°
a0

From equation (3.0.4) and since the process S; has no jumps in this
framework, we have, ‘Z—f = er=9T+Y1-Y: Therefore,

S
= 2T =g with 1=T-—t.
7 St

T T

f\/u—sdz;?(s)— %fv ds

d S
& = eYT—Yt = et t . (325)

dQ

From Girsanov’s Theorem, it follows immediately that

Tt

az@ (1) = az8(t) — /o7 dt (3.2.6)
X X t . /N
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Using equation (3.2.4), we can write Y; as:
1 g 1 g
Y, :Z;?(Tt)_th Z‘[\/@dz;?(s)— 5] vs ds.
0 0

From equation (3.2.6), and under measure @S , we have:

t t

¢ o 1 : QS 1
Yt:f\/u_s(dzX (s)+\/ﬂds)—§fvsds=f\/v_sdzx (S)+§fvsds-
0 0 0

0

Therefore, it follows immediately that X; is given under measure Q° by
S 1
X, =Z¥ (1) + St (3.2.7)

Now we are ready to obtain the model under measures Q and Q°. Under
measure QQ, we have:

Y, = X7, (3.2.8)
X, =2%) - %t (3.2.9)
dvy = k(@—vt)dt+0\/v_t(p dZ2(t) + \/m dZ?(t)) (3.2.10)
4<787%>,=0 (3.2.11)

Using equation (3.2.6), equation (3.2.10), becomes:
dvi = (k0 — (k — o p)vy) db + a\/v_t(p az® )+ /1 - p2 sz’S(t)) .

Therefore, under measure Q° we have:
Y, =Xr, (3.2.12)
QS 1
Xi=2Z; (t)+§t (3.2.13)
dvi = (k0 — (k — o p)vy) db+ /57 (p az® )+ /1 - p? sz’S(t)) (3.2.14)

d4<z%,7% 5. =0 (3.2.15)
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In order to get the characteristic function of Y7, we need to write v; under
the leverage neutral measure Q(¢). Starting with the model under measure
Q, it follows from Corollary 2.1 that

T

11
by (©) = L (PolO) = Ly (515 + 552) . (3.2.16)

From equation (2.3.5) we obtain:

T

T
& f Vs dz8(s) + & f v, ds
dQ(¢) 2

bk 4 2 —¢ 0 0
a0 =Mr(l)=e ;

and from Girsanov’s Theorem it follows that
dz3C () = dZ3() - 160 d < 23,20 > = dZI 0 —E U dt. (3.2.17)

Finally, the process v; can be written, under the measure Q(¢), as:
dvy = (k0 — (k — o p1&)vy) dt + 0\/v_t(p dZ¥Ot) + /1 - p? dz‘?(“)(t)) .

Following the same procedure, the characteristic function under the mea-
sure @S is:

S S 1 1
b, (O =27 Q=227 Y (—515 + 552) :

and
T

T
1
y f Vs dZ% () + 5¢° f ve ds

dQS )  Mp@©) e b J

dgs

Therefore, the process v; under measure Q5(¢) can be written as:

dvi = (k0 — (k —op — 0 p16)vy) dt + 0 \/0; (p az@ Oty + /1 p? dz;@s(f)(t)) .
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In summary, under measure Q(¢) we have:

1.1
Pyr(©) = L0 (W) = L (ng v 552) (3.2.18)
Y =Xr, (3.2.19)
X, =Z2(t) - %t (3.2.20)

dvy = (k0 — (k — o p1é)vy) dt + U\/v_t(p dZ¥O ) + /1 - p? dz;‘i”“)(t)) (3.2.21)

d<z%® 7895 —9, (3.2.22)

and under measure Q°(¢) we have:

1,1
Prr(©= L3O (W)= 23 © (—515 + 552) (3.2.23)
Y = Xr, (3.2.24)
X, =2% @)+ %t (3.2.25)

dvi = (k0 — (k — 0p — 0 p1)0) db+ 007 (p az@O) + /1 p? dZ?S(f)(t))
(3.2.26)
A<z 780 5 _q. (3.2.27)

It should be noted that the Wiener process Z, is the same process under
every measure that we have considered. Equations (3.2.22) and (3.2.27) are
consequence of equation (3.2.17), and item ii) of Definition 1.12.

From Proposition 2.1, and taking j = 1 for measure Q5(¢), and j = 2 for
measure Q(¢), we have the following parameters for the process v;:

1. b,=1, ¢,=0, a/=kO, K/ =p—1ipo, a=0,
2. f=0%,  ay=by=0, A=P(O)=31-pu,

3. lBl:k_ap7 ﬁ2:ka #1:%7 #2:_%-
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Furthermore, using equations (3.2.4) and (3.2.7) and Proposition 2.1, we
have:

¢, O =L, (%62 -1 zé) = e~ bsMroe/D) (3.2.28)
with
1 Lo ' o 2
bt = &% — 1 = (B —16po)b (D) — b (1), (3.2.29)
c}(t) =k0b (1), (3.2.30)
b;(0) = ¢;(0)=0. (3.2.31)

From Proposition D.1, and since

1 .
a:§8—ww,
c=1{po-p,
2
k1=Fk0O,

we have the solution of such problem:

Lép(f—ﬁj—Aj 1-eAT

B ey (3.2.32)
and k6 : 1-A; T
(D=5 (1600 - B/~ A;) T +210g 1_—JAJ (3.2.33)
with
A =1/ (1Ep0 — B2 +0%E% — 2710), (3.2.34)
and .
A= KPP o4 (3.2.35)

! wpo - I+ A
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From equation (3.0.5), and since we are considering no jumps, we can
compute, ¢;,(¢), under measures @S (&) and Q(¢), as follows:

a7 (%52 —p Lf) (3.2.36)

= oW r=a)T p=b;(Two=c;(T) (3.2.37)

where b;(T) and c;(T'), are given by equations (3.2.32) and (3.2.33), respec-
tively.
We can resume the information above in the following Theorem.

Theorem 3.1. The Heston model as a time-changed Lévy process
Under measures Q(&)(j = 2) and @S(é)( J = 1), the Heston model can be
written as a time-changed Lévy process, and its specification is as follows:

Y] =X},
X7 = Zi@t) + w't
dvi = (R0 — (B — o p1é)vy) dt + o /o7 (p dZ () +1/1- p2 deV(t))
d<Z,7 >, =0,
with

1
Bl=k-op, p*=k, ulzg, p2=—=.

Then, using equation (3.0.4), we can model the asset price as

—q)T+Y,
ST:SOQ(r DT+ T,

and the characteristic function of s = log‘g—g is given by:

(p.; (5) — elf(r—q)Te—bj(T)vt—Cj(T) (3.2.38)
T ) L.
where
wpo—p/ —A; 1-eAT
(T) = 2.
b;(T) p AT, (3.2.39)
k6 : 1-AjetT
/(1) == (1800 = 7= A;) T +210g — (3.2.40)
A= \/(zépa — B2 + 02(E2 — 2u018), (3.2.41)

43



and )
Ao 1$po — /- A

= — 3.2.42
T wpa - I+ A ( )

|
Equation (3.2.38), yields Heston (1993, equation 17).

3.3 Heston model with jumps as a time changed
Lévy process

In the Heston model with jumps, since we are considering the discontin-
uous part of the process, the evolution of the asset price is given by equation

(3.0.4),
Sy = Soelr—aME [V |-1)T+Yr+Z7 (3.3.1)

N,
where Z; = Y V; is a compound Poisson process , and V; are i.i.d. random
=1
variables that represent the jump size and follow a distribution f while N;
is a Poisson process with intensity A that is independent from V;.
As we have seen in Section 3.2, the Heston model under the risk neutral

measure Q can be written as in equations (3.2.8) - (3.2.11).

We also need to know the model under the measure Q°. Using Theorem
1.8, and since the risk free interest rate is constant and we are considering
dividends, we have:

dQ®|_  Sr

F

— o =T -t 3.3.2
a0 S, ¢ T (3.3.2)

Using equation (3.0.4), g—f, can be written as:

ST _ Jr-a-MEY [V |-1)r+Yr-Yi+2r-2: (3.3.3)
t
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Using equation (3.3.3), equation (3.3.2) becomes:

S
dd% F, = oAB [ N)T4 2y =21 Y=Y (3.3.4)
Using equation (3.2.5), equation (3.3.4) becomes:
T 1 T
) f\/v_sdzg(s)—ifvs ds
d;% ‘gt — e(—ﬂ.EQ[eV]ﬁ-/l)T-FZT—Ztet t . (3.3‘5)

Using Theorem 1.6, and Remark 1.3, it follows immediately that:
az@ (1) = az(t) - /o7 at;

1=1E? (ev);
s € (VD)
f(Vy)= B0’

where 1 and f(V;) are the intensity and the jump size distribution, respec-
tively, of the compound Poisson process under the measure QS.

Then, and as shown in Section 3.2, the model under measure QS is given by
equations (3.2.12) - (3.2.15), and the compound Poisson process has intensity
A and jump size distribution f(V;).

Therefore, using Theorem 3.1, we get a generalization of the Heston
(1993) model which includes the jump part of the process. Consider that
for j = 1 we take the measure Q5(¢), and for j = 2 the measure Q(¢).

Theorem 3.2. The Heston model with jumps as a time-changed Lévy
process

The Heston model with jumps can be written as a time-changed Lévy pro-
cess, and its specification is as follows:

Y/ :Xé,t
X! =ZL(t)+ 't
dvy = (RO — (B — o pi&)v,) dt + 0\/v_t(p dZJ;((t) +4/1-p? dZ{,(t))

d<Z,7 > =0,
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with

1_ 4 2 _ 11 2_ 1
p=k-op, p=k p=g5 w=-g
V.
_ B (Y _ 3o e V) V= AV
M=AE%(Y),  Ax=1, A= gy POD=100,

where A is the intensity, and f(V;) is the jump size distribution of the initial
compound Poisson process.
Then using equation (3.0.4), we can model the asset price as:

Sr=S, e(r—q)T+Y7J; e(/l—/lEQ[eV])T+Z§,. (3.3.6)

Denoting st = log(g—g), and since the compound Poisson process is indepen-

dent from the diffusion part, we can use equations (3.2.38) and (3.0.5) to
obtain:

éT(é) — elf(r—q)Te—bj(T)vg—cJ-(T)eLE(/l—/’lEQ[eV])TeT/lj[¢</(E)—l] , (3.3.7)

where b;(T) and c;(T) are given by equations (3.2.39) and (3.2.40), respec-
tively.

3.3.1 Jumps with a Gaussian distribution

In this Section, we have deduced a generalization of Bates (1996), since
we allowed the jump size distribution to be any distribution and not neces-
sarily a Gaussian one. In fact, for each distribution that we chose for the
jump size distribution, we will obtain a different model: Even though the
diffusion part still remains the same, the discontinuous part will be differ-
ent.

We will begin by deducing the Bates model. In this model, under the risk
neutral measure Q, the jump size distribution follows a normal law. Hence,
for each i = 1, we have:

1
V; ~N|log(1+ ) - 502;02 ,
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where V; are i.i.d. random variables.

In order to compute the characteristic function in equation (3.3.7), we
have to know

1. E?(eY)

s _eVif(v)
2. f(V)= ICAR

In the first case, and since the characteristic function of a normal vari-
able is well known, we have:

E?(e") = gv(-)

1.2
— elog(1+u)—50 +50

=1+u.
In the second one, we have:

~ e*fv.(x)
(x) = . (3.3.8)

fv,(x) 5V

(x—log(1+,u)+%a2)2
e*—L e 202

_ _ V2no? , (3.3.9)

1+pu

Notice that

(x —log(1+ )+ %02)2
- 507 +x

can be written as

x? — 2xlog(1 + p) + 0%x +log(1 + w)? — o2log(1 + ) + %02 —2x0°
- 202

b

which is equivalent to

x? — 2xlog(1 + p) — 0%x +log(1 + w)? + 02 log(1 + ) + %02 —202log(1 + p)
202

b

that is the same as

x—log(1+p) - 202)?
_ elog 20‘2‘ 27 ) Log(t+ . (3.3.10)

47



Using expression (3.3.10), equation (3.3.9) becomes:

_ (x—log(l+y)— %02 )2

" \/%e 202 +10g(1+:u)
o
v;(x) =
. 1+pu
1 _ (x—log(1+u)—%02)2
= e 202
V2no?

Then, we conclude that

— 1
V; ~N|log(1+ )+ 502;02 .

Now we are ready to compute ¢>{,(f ), for both measures:

79 13
(Pg(f)(é-) — el{log(1+u)+§gz(15—l) =(1+ ’J)L’fe§02(l'5_1)’ (3.3.11)
¢38“’(6) — pilogl+w+50%GE+1) _ a1 +#)l.fe§02(l¢“+1)' (3.3.12)

Therefore, we can write the characteristic function of the Heston model
with Gaussian jumps, using equations (3.3.7), (3.3.11) and (3.3.12):

%02(16+2yj)_

j _ _h. . _ TA; |(Q+p)e
(P.éT(E):elf(r q)Te b (T CJ(T)e lf/l,uTe J , (3313)

where

1 1
pl== p? = -5 M=A0E, A=A
b;(T) and c;(T), are still given by equations (3.2.39) and (3.2.40). Notice that
equation (3.3.13) yields equations (A12) and (A13) from Bakshi et al. (1997,
p. 2046), in a non-zero dividend yield scenario.
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3.3.2 Jumps with a double exponential distribution

In this scenario, and under the risk neutral measure Q, the jump size
follows a double exponential distribution

fv(x) = pnie” ™Iz + (1 - p)nze Ty <o,
where 77 > 1 and 12 > 0. The requirement 17 > 1 is needed to ensure that

EQ (eV) < oo.
Its characteristic function is given by:

#v©=E (V] = [ e (pnie " Tesg + (1~ pyae™T,co) dx

R
+00 0
:pfe“rxnle_nlx dx+(1—p)fel"rxn2e"2x dx.
0 —00

The first integral is the characteristic function of an exponential random
variable. In the second one, a change of variables, y = —x, yields:

Pv()=p

1-%

0
+(1—p)f —e_Lfynge_nzy dy
m +00

+00

n +(1—p)fe_‘§ynge_n2y dy
0

ny—1

=p

ny—1 1+%

n2
n +(1-p) n2_
ny—1 ng +1¢

=D

=D

Now we are ready to compute E? (eV):

B 2
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~ Vi ;
We can also compute f(V;) = %1

V.
= e’ f(V;)
V)= ——~~
-1
:p(pn?ilﬂl_p)n:il) n?il("l_l)e_(m_l)xnxzoJr
-1
+(1_p)(p171ni1+(1_p)17:i1) n:i1("2+1)e(n2+l)xnx<°
= ﬁ;ﬁe_ﬁixanO + qﬁéeﬁixnaxo,
with
-1
~ M n2 A _
= +(1- = -1
P p(pﬂl—l ( p)772+1) m-1 MEmTo
-1
~ M1 n2 12 ~
=(1- +(1- =1n9+1
q=( p)(pm_1 ( p)anrl —— ne=n2+1,
and p+q=1. ‘
Now we can compute (/){,(6 ), for both measures:
Q&) n1 n2
=p——+(1- , 3.3.14
v O pﬂl—Lf ( p)TI2+l€ ( :
mn_ .. n2

oT O =p (3.3.15)

— +q9— .
n—-i15 “nNatig
Therefore, we can write the characteristic function of the Heston model with

double exponential jumps, using Theorem 3.2 and equations (3.3.14) and
(3.3.15):

¢gT(€):ez:(r-q)Te-bj(T)vo-cj<T)ezfA 1—pnj—£1—(1—p)ngil]TeTAj[¢{,(£)—1] (3.3.16)

K

where

n +(1-p) n2

, Ao =A.
n—1 172+1) ?

112/1(p

This model is a generalization of Kou (2002), where the volatility is now a
stochastic process.
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Chapter 4

Asset pricing with stochastic
interest rates

In this framework, the risk free interest rate is consider to be a stochastic
process. We will only consider the case where the risk free interest rate
follows a square root process as in Cox et al. (1985), but other processes can
be considered as well — see for instance Vasicek (1977) and Hull and White
(1990).

Therefore, the asset price is now a generalization of equation (3.0.4), and is
given by:
(—g-ME? [eV]—l))T+0frs ds+Yr+Zp

St =8Sge , (4.0.1)
with
dry = k(0 — o) dt+ 0 /r; AW, (4.0.2)
and
St
T b
—qT+[rsds
e 0

is a martingale under the measure Q.

We will assume that r; is independent from Y7 and Zr. In this case, the
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characteristic function of s7 = logg—g is given by:

e

T
(g ME®Q[eV-1))T+:ié [re ds+1EYp+1EZ
¢ST(6)EE@[¢€ST]:E@ (~a-A(B®[e" | =) +2¢ [ dseeYr + T]

T
_ e(-g-M(EC[Y|-1)T @ L”’lf s

EC [eszT] E® [eszT

We conclude that:

psp (&) = ¥ CaAEUT - O

T
&frsds .
e ] eTALovO-11 22O (g, (5)). (4.0.3)
T

The expectation on the right-hand side of equation (4.0.3), can be viewed as
the characteristic function of the following time-changed Lévy process:
Ytr = X;;,
¢

T; ::fr(s) ds,
0
X =t,

dry = k(0 —r¢) dt +0 /7 AW,

Since T'7 is independent from X7, using Remark 2.1, we have

Py, () = E© [eszT

=E© [e“fXTT] =E%e

T
zéfrsds]
0

= L7, (V) = Zp, (1),
Therefore equation (4.0.3), can be written as:

psp (&) = e CIAENTIOT o0 () TALOVO-1 8D (@, (¢)).  (4.0.4)
T T
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4.1 Zero coupon bond

We define the time-t price of a T-maturity zero coupon bond as

T
—[rsds
¢

Pt,T):=E? |e

g:t] ) (4.1.1)

Applying the Feynman-Kac Theorem 1.10, P(¢,T) is the solution of the fol-
lowing PDE:

oP(t,T) oP(t,T)
9 _
or  TRO-rI—50

with P(T,T) = 1.

1 , 0%P(t,T)
+-0'ri———
2 ar?

-rP(t,T)=0, (4.1.2)

Since the drift and the instantaneous variance of the process r; are affine
functions of the state variables, the price of the zero coupon bond is of the
form

P(t,T)=A@BOr - p—p_¢ (4.1.3)
Using equations (4.1.3) and (4.1.2), we obtain the ODEs for A(7) and B(7)
B 1
0B _ kB +10?B(r)? (4.1.4)
ot 2
0A
© _ roB(), (4.1.5)
ot

with A(0) =B(0)=0.
Using Proposition D.1 and some algebra, we have:

2(1-e27)

= 4.1.6
B = T (A -1)’ (4.1.6)
A)(eAT-1
A(T):—k—g (-A—-k)T+2log 1+(k+ )(e )‘), 4.1.7)
g 2A
A=VE2+202. (4.1.8)

The dynamics of a T-maturity zero coupon bond price can be easily obtained
using equation (4.0.2) and Ito’s Lemma:
dP(t,T)
P@,T)

= a(t,T)dt +o(t,T) AW, (4.1.9)

53



where

1 [P, T) __\0P@,T) 1 4 0*P(t,T)
a(t,T)= PG.T) Y +k(O—r;) ar, + 20 rt—r? , (4.1.10)
and
1 oP,T) 1 ~
o(t,T)= PG, T)o\/rt o, P(t’T)U\/rtB(T)P(t,T) =0rB(1).

(4.1.11)

It is of main importance, for the purpose of option pricing, to know the
dynamics of r; under the measure Q7 defined in Remark 1.6. Therefore,

Remark 4.1. From equation (1.2.23), we have

dP(t,T) . ¢
P W

Q" _ qw@
dWy =dW; -
Using equations (4.1.9) and (4.1.11), it follows that

aw?" = aw? - o (¢, T) dt = dW? — 0 /7;B(7) dt
t = t ’ - t ¢ :

Therefore the stochastic differential equation followed by r;, under the mea-
sure QT is:

dry= k(O -rp) dt+o 7 (AW +0yFB() dt) (4.1.12)
= (kO = (k- 0?B(™)ry) dt+ 0y dWY . (4.1.13)

For a detailed reading about this topic see Bjork (1998) and Brigo and Mer-
curio (2006).
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4.2 The Bakshi, Cao and Chen (1997) model as
a time changed Lévy process

Consider the following time changed Lévy process under the risk neutral
measure Q:

1Y, =Y +Y/,
2. Y/ =X},
3. Y/ =X,
4. XV =W2t)+ e,
5. XI =t,
6. dvi = k,(0, —v;) dt+ 0, /07 AW (D),
7. dry =k (0, —ry) dt+ 0, /7; AWE (D),
8. d<W§?,W§° >i = pdt,
9. d<W2W¥>, =0,
10. d< W?,W? > =0,
with

Ty := | v(s)ds, (4.2.1)

T; = | r(s)ds. (4.2.2)

[
[

From Theorem 1.2, and using Remark 1.1, we know that given three
independent Brownian motions, Z;? , Z? and Z?:

wl) = z2@), (4.2.3)
W) = pZ2(t) +1/1-p222(), (4.2.4)
W20 = Z2(). (4.2.5)
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Under the risk neutral measure Q, we have
Sp= Soe(—q—/l(E@[eV]—1))T+YT+ZT

= SgeCaME [V |- IT+Y[+Y] +Z1 (4.2.6)

and
St

o—aT+Y]
is a martingale under measure Q.
Then using equations (3.2.8) - (3.2.11), we conclude that under measure Q,
the time changed Lévy process is:

Y, =Y/ +Y/
Y, =Xp.
Y/ =X ;'t’

1
XV =22(t)- =t
t x( ) 9
X7 =t
dve= (0, =) e 40,7 [ 4280 + /1 2 dZ90)
dr = k0, — o) dt+ 0, /77 dZ2 (D)

Under the measure Q°, and using the fact that if St is given by equation
(4.2.6), then equations (1.2.24) and (3.3.5) are equal, by Theorem 1.6 and
Remark 1.3, it follows immediately that:

Q5 iy _ 3700y
az® (t) = aZ2t) - /o7 dt,
QS 4y _ 470
az@(t) = aZ9t),
az®(t) = aZ2t),

I:AE@@VL
s € (VD)
(V)= W,

where 1 and f (V;) are the intensity and the jump size distribution, respec-
tively, of the compound Poisson process under the measure QS.
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Under measure Q7 defined in Remark 1.6, we have already seen in Re-

mark 4.1 that:

dz® () = dZ(t) — o, /F7B(7) dt;
r r r t ’
dz? (t) = dz(t);
az?" (t) = az8).

Using the fact that T} is independent from X, we know that:

4z Ot) = az® (v);
az® Oy = 4z ().

Now we are ready to write the model under the measures Q7 (¢) and

Q5(¢). Using equations (3.2.18) - (3.2.27), we have, under measure Q7 (¢):

1 1
Prr©) = 25, O W) L5, O War@) = 25, O (§zé ¥ 552) L (-10)

(4.2.7)

Y, =Y +Y] (4.2.8)

vy =X, (4.2.9)

Y/ =X}, (4.2.10)

x0=2% - %t (4.2.11)

X =t (4.2.12)
av, = (ky0y — (ky — 0 P10V b+ 0y /iy (p azd" Oty +\[1- p? dZ?’T“’(t))

(4.2.13)

dry = (0, — (kr — 02B(0) r¢) dt+ 0,/ dZ2 (1), (4.2.14)

Under measure Q5(¢):

. 1 1
Pyp(©) = LE O (W) L8O W) = £ © (——zé " —52) LE (-18)
T T T 2 2 T
(4.2.15)
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Y, =Y +Y] (4.2.16)

Y, =Xy, 4.2.17)
Y/ =X, (4.2.18)
x' =22+ %t (4.2.19)
X, =t (4.2.20)
ave = (ko8 — (ky — 0, — 0, p18)0,) dt + 0, /07 (p az¥Ot)+/1-p2 dZS"S“’(t))

(4.2.21)
dry = k(0 — ) db+ 0py/77 422 (1), (4.2.22)

T S
Since f% © (316 +1&%) and X}QUT © (-5 + 3¢2) are already given by equa-
T S
tion (3.2.28), we only need to determine $$, (—1¢&) and 3;(;[), (—18).
T T

S
In order to determine ff;?, (—1¢), and since the dynamics of the process
T

r; under this measure is given by equation (4.2.22), using Proposition 2.1,
we have:

L (—18) = e Do), (4.2.23)
T
with
1
b'(t) = —1& —k,b(t) - 5a%b(z:)z,
c'(t) = k,0,b(2),
and

b(0)=¢c(0)=0.
Using Proposition D.1, b(¢) and c¢(¢) are given by:

—k,—A 1-¢2
b(t) = — , 4.2.24
@) —02 1-eMA ( )
k.0, 1— Ae?
c(t) = [(—kr—A)t+210g(—e) , (4.2.25)
o2 1-A

A=1\/k2-2021¢, (4.2.26)
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—k,—A
A= .
—k,+A

(4.2.27)

We can simplify equation (4.2.24). Using equation (4.2.27), we obtain:

—k,—A 1-e -k, —-A  1-e™
g2 1-eMA T g2 1_ At—h—A
(0 e o, 1-e T

(1) (kD) + D)

C —02(2A -k, — A—eDt(—F, —N))
21& (1-e2)

T OA+ (R —A)(1— €M)

Expression (4.2.25) can be also simplified, because:

__kr_A At
1-Aeh 1-——3e

1-A  p_ch=A

—kr+A
=k A+ (R + N)e?
B 2A
20+ (k,+ ) (M -1)
B 2A
(RN (P -1)
=1+ oA .

Therefore, b(¢) and c(¢) can be written as:

b(t) = 2 (1-e™) (4.2.28)
T 20+ (—k,—A)(1-ebt) -
Er+A) (e -1
c(t) = krzr [(—kr—A)t+210g(1+( il ;[Ae ))] . (4.2.29)

T
To determine fﬁ;?, (—1¢é), and since the dynamics of the process r; un-
T
der this measure is given by equation (4.2.14), consider the following trial
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solution to the characteristic function of Y;:

T
1€ [rgds
Py (&) —EY |e ‘ %] = ol BO+b@lri+a(®) (4.2.30)
¢y, (&, T)=1, (4.2.31)
Dye(E,00= L5, (-10), (4.2.32)

where B(7) is given by equation (4.1.6).
Applying the Feynman-Kac Theorem to equation (4.2.30), we have:

0dy, 0y, o 0%y,
r

1
+_
ot ory 2r"t or?

+ (b0, — (kr—02B(D)) 1) +1éripy, =0, (4.2.33)

which can be restated as:
(OB ab) O0a

ot Ot ot

by, +(b(1)—B(@) by, (kr0, — (kr — 02B(1)) 1)

1
+ 507 (b(D) = B@) $yy + 187 1¢pyy = 0.

We can rearrange the terms of the PDE as follows:

0B _0b _ _ 2 1 _ 2
37 o7 (b(1) =~ B(D) (&, UrB(T))+20r(b(T) B(1))" +1¢

rt

%% | (b(0)~B@) s, =0,
ot

which leads us to the following two ODEs

0B 0
0B _0b_ b(1)k, + b(1)o?B(t) + B(1)k, — 02B(1)?
ot Ot

1 1
+ 50313(1)2 —o2B(1)b(1) + 5a%B(r)z +18=0,

%8 (k.8 — B(E,G,.
ot

Using equation (4.1.4), we have:

ob 1
5, = - 1-kb(@)+ 5035(1)2; (4.2.34)
oa

5, = 0@k:0; B0, (4.2.35)
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with a(0) = 5(0) = 0.

Using Proposition D.1, and following the same procedure we used in
equation (4.2.28), b(1) can be written as:

20 - 1) (1 - eATT)
~2AT —(~k, - AT)(1-ed"7)’

b(t) = (4.2.36)

with

AT = \/B2-202GE - 1), (4.2.37)

From Proposition D.1, and using the same procedure as in equation (4.2.29),
we can compute a(7) as follows:

krgr

2
r

a(t)=— —A(7), (4.2.38)

(b, +AT) (eATT - 1)
9AT )

(—kr —AT)T +210g(1 +

where A(7) is given by equation (4.1.7).
We conclude that ¢y, ({,?) is given by:

(/)Y (6 t) — e[—B(T)+b(T)]rt+a(T) (4 ) 39)
\Gs .
— eb(r)rt+a1(r)—B(T)rt—A(T) (4240)
— eb(‘r)rt+a1(T)—log[P(t,T)], (4.2.41)

where P(t,T) is given by equation (4.1.3), and

1.0, . (ep +AT) (877 1)
a1(t) = — . (—k,—A )T+210g 1+ SAT . (4.2.42)
We are now ready to determine XS,T (—1¢), which is equal to
T
Q%Sf (—18) = Py, (&, 0) = ebPIro+ar(D-loglP(O.1)] (4.2.43)
T

We can resume all the information above, in the following theorem. Consider
again that for j = 1 we take the measure Q5(¢), and for j = 2 the measure

Q7).
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Theorem 4.1. The Bakshi, Cao and Chen (1997) model as a time-
changed Lévy process

The Bakshi, Cao and Chen (1997) model, with an arbitrary distribution for
the jump size, can be written as a time-changed Lévy process, and its specifi-
cation is as follows:

Y, =Y +Y]

Yy =X,

Y/ =X,

XU =ZI(t)+ 't
X =t

dvy = (ky0, — (B — 0y pré)vy) dt+ 0y /0y (p dZL(t)+ /1 - p? dZJ'V(t))
dr, = (kre, - (k - aj) rt) dt + o, /77 AZ(t)
with

1 1
Bl=k,—oup,  BP=tky, u1=§, p?=-=, a'=0, a®=0?B(1),

eVif(v;)
EQ (eV) ’

M=AE%(Y), A=A, V)= £2(Vi) = F(V),

where A is the intensity and f(V;) is the jump size distribution of the initial
compound Poisson process.
Then using equation (4.0.1), we can model the asset price as

Sy = Spel - MELeY )T +Y]+Z), (4.2.44)

and the characteristic function of s = log(s—g) given by equation (4.0.4) can

be written as:
ol (&) = (a2 E -7 2, £ye Tl o-1] Lh, (Vo). (4.245)
Where 59%, (—1¢&) is given by equations (4.2.23) and (4.2.43) and 3{,,, (W0 ()
T T

is given by equation (3.2.28).
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Remark 4.2. The Bakshi, Cao and Chen (1997) model with Gaussian

Jumps
From Theorem 4.1, and using equations (3.3.13), (4.2.45) and (4.2.23), the
characteristic function of st under measure Q5(&) is given by:

(kr+A,) (AT -1)
24,

rer
o}

PO = exp (—k,—Ar)T+2log(1+

21& (1-e2T)
20, +(=kp— A (1—eT)
poy,—ky,+o,p—A, 1-e
- o2 1—eAvTAU0

ro

AT

kvev
oy

— AT + TAL + ) [(1 + e st _ 1] - uqu],

1—AeA"T)
1-A

[(Lg*pav—kv+va—Av)T+2log(

with

A, =1\/k2-20%¢,

A, = \/(zfpav —ky+0,0)% +02(E2 - 18),
lpoy,—ky+o,0— Ay
18poy, —ky+0,p+ A,

A=

Under measure QT (&), the characteristic function of st, is given by:

5.0, (ky +AT) (eArTT _ 1) )]

i [(k,A,T)T+2log(1+

'O (g) = ex
(PST 6 p QAZW

r

216 — 1)(1—eArTT)
ro—log[P(0,T)]

;
~2AT — (ky — A1) (1= A7)

époy,—ky — A,:f 1—eMT

o2 1_eAvTTATUO
T
kvev T —ATeAUT
- O_% (prav—kv—Av)T+210g W
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—1EAUT +TA [(1 PNCS LaCas 1] - zqu],

with

AT = \/R2-202G¢ - 1),

AT = \JGepa, —ky)? + 022 +10),
AT — époy, —ky —Af.
poy, —ky + Ag’

Remark 4.3. The Bakshi, Cao and Chen (1997) model with double
exponential Jumps

From Theorem 4.1, and using equations (3.3.16), (4.2.45) and (4.2.23), the
characteristic function of s under measure Q°(¢) is given by:

S
¢, (&) =exp| -
r

Er+An) (T -1
_ k0, [(—kr—Ar)T+210g(1+( +An(e ))
o

2A,

21¢ (1—etT)
T 2A, +(=kp— A (1-eMT)
poy,—ky,+o,p—A, 1-e
B o2 1-eATA"°

ro

AT

kUHU

o}

+L€/1[1—p

1—AeAUT)

[(zépav—kv+va—Av)T+2log( A

Uj! n2
-(1-p)
n1—1 n2+1
n1 N2 ST _ 72
+(1-p) )p~ +q—=
1 ni—i1§ " natig

+T)1(p

—ll—zqu],
U/ ne+1

with

A, =1\/k2-2021¢,

Ay = \/(LEPUU —ky+0,0)2+ 03(52 —18),
18poy, —ky+0,0— A,

A: )
lpoy,—ky+o,p0+ A,
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n2 \' m
peplp s ra-p ) T et
( m-1 ne+1) m-1 =
-1
~ m n2 n2 —
q:(l—p)(p +(1-p) , 9 =79+ 1.
ni—1 ne+1) mna+l T2=1

Under measure QT (&), the characteristic function of st, is given by:

([ ATT
r L0 (k,«+Ar) ecrt —1
¢% @) =exp | - ;; [(k,A,T)T+2log(1+ QA(T )

216 — 1)(1—eArTT)
+ 70 —log[P(0,T)]
—2AT —(k, —A,T)(l—eAr T)

époy,—ky — AUT 1-eMT

02 1-eMTAT "
_k;(;” (L(fpav—kv—AvT)T+2log #
+1EA [1—pm"i1 —(1—10)172"J2r1 T
+TA [pﬂln—llf +(1_p)172n+2lf _1] _quT]’

with

AT = \/R2-202G¢ - 1),

AT = \JGepa, —ky)? + 022 +10),
AT = époy, -k, —Af.
1Epoy, —ky+ AT
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Chapter 5

Numerical results

In this chapter we will present a numerical implementation for Euro-
pean call and put options under several models, since each model can be
seen as a limit case of the Bakshi et al. (1997) model obtained in Remark 4.2
of the model obtained in Remark 4.3. For a detailed verification that in fact
each model that we have considered is a limit case of a more general model,
we should calculate the limits of the characteristic functions determined in
Remarks 4.2 and 4.3. For example, taking the characteristic function of Re-
mark 4.2, the characteristic function of the Black and Scholes (1973) model
can be seen as the following limit:

lim = ¢pBS (5.0.1)
kr,07,0r,k0,04,00,A,1,0,0—0 (pST (pST ’

which can be computed by setting k. =0,=0,=k,=0,=0,=A=pu=0-=
p =x and calculating the following limit:

lim ¢, = o5, (5.0.2)

We will not calculate those limits here, but in our numerical implementation
we will make for each model the respective parameters close to zero. The
models that we have implemented are:

¢ Black and Scholes (1973) (bs)

¢ Heston (1993) (heston)
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* Heston (1993) + Cox et al. (1985) (hestoncir), stochastic volatility plus
stochastic interest rates

¢ Bates (1996) (bates)
e Bakshi et al. (1997) (bakshi)
e Kou (2002) (kow)

* Heston (1993) + Kou (2002) (hestonkou), stochastic volatility plus jumps
with a double exponential distribution

¢ Heston (1993) + Cox et al. (1985) + Kou (2002) (bakshikou), stochas-
tic volatility plus jumps with a double exponential distribution plus
stochastic interest rates

¢ Merton (1976) (merton)

The names between the parentheses, are the names that should be used in
matlab for each model.

In order to calculate the integral needed for the inversion of the character-
istic function, we will use the Gauss-Kronrod quadrature that is already
implemented in matlab as quadgk — for a detailed explanation about this
method check, for instance, Laurie (1997) or Gilli et al. (2011). Schmelzle
(2010) studied several Gauss quadratures and this one achieved the best
overall performance among all.

It is of main importance refer that A, and A, of Remarks 4.2 and 4.3 can be
substituted by —A, and —A,, such alternative setting leads us to the same re-
sults and is numerically more stable than the previous one — see Albrecher
et al. (2007). Nevertheless we have implemented the first approach without
any issues, which can be due to the use of the Gauss-Kronrod quadrature
that is a very stable method even for non smooth expressions.

5.1 European call and put options

The value at time zero of a European call option on the asset S, with strike
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K and maturity at time T'(> 0) is given by:

r T
- frsd
Co=E%|e 8" (Sp—K)*

T
—[rsds
0 Tlgp=>k| -

[ T
— [rsds
=E%|e 0 Srllg,=x | -KE® |e

Using Remarks 1.6 and 1.7 we have:

Co=Soe 9T [1-0Q5(Sy < K)] _KP(0,T) [1 — TSy < K)] .

(5.1.1)

(5.1.2)

(5.1.3)

In order to calculate the probabilities above we use the Theorem 1.7. There-

fore, we have:

1-05Sr<K)=1-0Q°

lo (S
g5,

K
st < log(s—)]
0

5, |

e_lgl()g(é{_o)(p?;('f)(é)
1§

)<log

l

=1-0Q°

=1-F

d¢.

Following the same procedure, we obtain under measure Q7:

oo T —uglog(£) J0T(®
1-Q7(Sy <K):%+% fRe l;b” (5)] dé.
0

The final expression for the value of a call is given by:

oo T —utlog(£) (05
Co=Soe 97 1+1fRe " sr ) d¢
2 173
oo [ —log(£5) 07(©
~KP(0,T) f 05 L (5)] de| .
0
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(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)

(5.1.9)

(5.1.10)



It is of main importance to deduce the put-call parity in a context where
the interest rate is a stochastic process. Therefore, we have:

—frsds
Co-Py=E%[e 0 [Sr-K)'-(K-Sp)"]
Jred
— [rgds
=E%|e 0 (Sr-K) (5.1.11)
Jred Jred
— | rgds — [ rgds
=E%|e o Sp|-KE%|e 0 ]
Since
St
T
—qT+[rsds
e 0
is a martingale under Q, we have:
Py=Co-e"97Sy+P(0,T)K, (5.1.12)

where Py is the value at time zero of a European put option and P(0,7) is
the value at time zero of a zero coupon bond.

In Table 5.1 we present the results obtained with an upper limit of 1000
for the numerical integration.
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Table 5.1: Numerical results

BS Heston Heston + CIR Bates Bakshi Kou Heston + Kou | Heston + CIR + Kou Merton
ky -0 -0 0.3 -0 0.3 -0 -0 0.3 -0
oy -0 -0 0.05 -0 0.05 -0 -0 0.05 -0
0, -0 -0 0.05 -0 0.05 -0 -0 0.05 -0
ro 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04
T 1 1 1 1 1 1 1 1 1
ky -0 2 2 2 2 -0 2 2 -0
ay -0 0.1 0.1 0.1 0.1 -0 0.1 0.1 -0
0, -0 0.01 0.01 0.01 0.01 -0 0.01 0.01 -0
vo 0.1 0.01 0.01 0.01 0.01 0.1 0.01 0.01 0.1
A -0 -0 -0 2 2 2 2 2 2
u -0 -0 -0 0.2 0.2 -0 -0 -0 0.2
o -0 -0 -0 0.1 0.1 -0 -0 -0 0.1
m -0 -0 -0 -0 -0 8 8 8 -0
12 -0 -0 -0 -0 -0 5 5 5 -0
p -0 -0 -0 -0 -0 0.4 0.4 0.4 -0
q 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01
o -0 -0.5 -0.5 -0.5 -0.5 -0 -0.5 -0.5 -0
K 100 100 100 100 100 100 100 100 100
So 100 100 100 100 100 100 100 100 100
Call 5.5263 5.5470 5.6331 13.8359 13.8923 13.5366 13.5649 13.6379 13.8498
Put 2.6003 2.6209 2.5777 10.9099 10.8370 10.6106 10.6388 10.5826 10.9238
error Q5 | 1.1880e-09 | 1.0239e-09 | 1.0627e-09 | 1.0480e-09 | 1.0588e-09 | 4.6621e-10 | 2.2563e-10 2.3320e-10 1.0869e-09
error QT | 8.1561e-10 | 9.5437e-10 | 9.8768e-10 | 1.0673e-10 | 1.0929¢-10 | 1.3559¢-09 | 1.3446e-09 1.3396e-09 1.5915e-10

Results for European call and put options; error @S and error @T are the errors of integration on each measure.
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Chapter 6

A general dependency structure

For the valuation of some exotic options it is important to have a model
that is able to incorporate a general dependency structure, that is, a model
that take in to account the correlation between the interest rates, the as-
set price and its volatility. In general a closed formula for the characteristic
function of the asset price is not known, under such conditions the funda-
mental PDE that the characteristic function satisfies is not affine on the
state variables, and the solution for this problem is usually to take an ap-
proximation of the terms that are not affine in order to make them affine.
For example, in the Bakshi, Cao and Chen (1997) model, if we consider the
correlation between the interest rates and the asset price and/or its volatil-
ity, the fundamental PDE is no longer affine on the state variables, and to
make it affine an approximation can be made — see for example van Haas-
trecht and Pelsser (2011) and Grzelak and Oosterlee (2011).

Our goal is to reach a model with a general dependency structure and with a
fundamental PDE that is exactly affine and quadratic on the state variables.

Following the approach of Section 2.1, and defining T as

t
T, := f v2(s) ds, (6.0.1)
0
whenever the instantaneous activity rate v(¢) is not a positive cadlag process,
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we can have a business time T; with the same restrictions of the Section 2.1.

The following theorem is a generalization of Theorem 2.1, and it allows
us to know the joint characteristic function of N time-changed Lévy pro-
cesses. Suppose that Y; is the sum of N time-changed Lévy processes, i.e.,

N
Y: =) Y, (6.0.2)
i=1

Theorem 6.1. The generalized Fourier transform of the time-changed Lévy

N . . .
process Yp =} Yo with Y, =X | isgiven by:
i=1 Tr

N L
- X Tr'Yi©)
e i=1

N _. N
PIRE EY X
Py, (S) =E® [elfYT] =E® e“)igl "l =EQ elgig Tp!

(6.0.3)
where Q1,. N(§) is a complex valued measure that is absolutely continuous
with respect to Q, whose Radon-Nikodym derivative is given by

% =M © =IO, ey, (6.0.4)
and
M = My_l(f) = e‘fY%V71+TTN71‘PfCV1(5), fe Cf, (6.0.5)
1,.,N-2

(6.0.6)

(6.0.7)

' (6.0.8)
) MO = THTIVIO, gegy, (6.0.9)

dQ

where C¢ is the subset of C where ¢y, (&) is well defined.
In this context N change of measures are needed to obtain the final measure

Q1,....n().
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Proof.

1) Consider the o-algebra generated by the past values of the processes
(Y)tero,m1 and (T )sefo, 11, completed by the null sets, i.e.

G=0},. . YN T . TN tel0,TDV AN,

and let (€2,%,P) be a probability space with a filtration (%;);c(0,17-

The proof is recursive, so we will only make the first change of measure; for
the other N —1 change of measures the scheme is the same. First we need to
proof that M tl(f ) is a complex valued Q-martingale with respect to (¥;):e[0, 7.

Let us define Mtl’l((f) = KX +HYL(O)

a)M 3 ’1(5 ) is adapted to the filtration generated by the process (X tl)te[O,T]
completed by the null sets, (%;);ci0,11-

b) EQ HMtl,l(E)H < ‘elgxg et\P}C(s)’ _ ‘ez(aﬂb)th et\P}C(E)‘ _ |prax}-bx] et‘I’}C({)‘ <
< |e1aX! | |o—bX} et‘y}c(‘t)‘ = ’e‘bth et\P}c(‘()‘ < 00, a,beR,
since W1(¢) and X} are both finite by definition.
c) For 0 < s <t we have:
M) 1_x1 1 1 1
EQ| M ©lx1| _ po | b XI-XD+-¥1O| X 1| = (- VIOFQ | g XL | x1
Mg ©| § §

= (=)&) o —(t=8)¥2(O) — 1.

Therefore, M tl ’1(5 )is a complex valued Q-martingale with respect to (%;):c(0,11-
By abuse of language we denote that filtration by X ;l For each fixed ¢ €

[0,T1, T,! is a stopping time that is finite Q-a.s.. Therefore, by Proposition

1.1, M tl(g‘) = M;’ll((f) is a complex valued Q-martingale with respect to the
t

(9t)ter0,11-

ii)
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N . N .
Y +Tr WO-Tr Wi+ X Yy ~Tr PLO+E ¥ Y
i=2 i=2

Py, (&) =ER [T =EC |e =E? | M1(Oe

N
_ 1wl i
_ g | T RO R Yy

Following the same procedure for the other change of measures we obtain

N .
=X Tr'Y.(©)
(/)YT(é') = E@ [eIfYT] — E@l ..... N (&) e i=1 T ° . (6010)

Hereafter, we will consider N = 2 and in order to denote the stochastic
process of the interest rate we will consider X; = ¢. Then, VY .({) = —i¢, and it
follows follows that M;(¢) = 1. Thus only one change of measure is needed,

and the imposition of r; > 0, V¢ can be relaxed. Furthermore, in this context
t

we will consider T := f r(s)ds.
0

Remark 6.1. Consider three correlated Brownian Motions, WE, WE and VVS,
with a correlation matrix

1 Pvx Prx
C: pv,x 1 pU,T‘ ’ pe[_]-:l]:
Prx Por 1

C is real and symmetric. It is also positive definite because its eigenvalues
are positive in the case of Py x,Prx, Pv,r € [=1,1].
Its Cholesky factorization is, C = L.LT, where

1 0
Pu,x 1- p%,x 0

2
Pv,r—Pv,xPrx 2 Pv,r—Pv,xPrx
Prx 1- Prax— ( )

\Y; 1_p%,x \Y; 1_p%,x

L=
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Consider three independent Brownian motions, W1, Wo and Ws. Then:

W1 W1
Wy |=L.| Wo |.
W3 W3
Given two Ito’s processes

dve = o (vr, 8) dt + 0y vy, £) AW (1)

and
drg = pp(ry, ) dt + 0r(ry, £) AWR(H),

(6.0.11)

(6.0.12)

consider the following time-changed Lévy process under the risk neutral

measure QQ as in Section 4.2:

1 Y, =Y +Y],

2. th :X%tv,
3. Ytr :X;-vtr,

4. XV =W+ ut,

6. dvi = py(vy, 1) At + oy (v, 2) AWR(H),
7. dry = pr(re, ) At + 0, (ry, £) AWR(S),
8. d< W;?,WSD >t = Pp,x dt,
9. d< W2, W2 > =p,,dt,

10. d< WY, W2 > = p, - dt,

with

v2(s)ds,

Ty :

T; := | r(s)ds.

O\N O"\“
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As we have seen in Section 4.2, using Remark 6.1, and denoting

a=\/1-p3,,

pv,r _pv,xpr,x

b= :
\/ 1- p%,x
2
c= 1— Pg,x _ pv,r - pv,xpr,x ,
1 _p%,x

we have under measure Q:

Yt = th + Ytr
Yy = Xf.l)‘t“
Y/ = X;’,’“

1
X0 =272 - 5t
X7 =t
dvi = (v, ) dt + oy (v, £) (p,,,x az2(t) +a dZ?(t))

dry = i (ry, ) dt+ o0 (ry, £) (p,,x az9t) + b dZ8(t) + dz?(t)) :

In order to write the model under the complex valued measure Q,(¢), and
using Theorem 6.1, we have:

dQu(©) _ evgrrrrwno

dQ
T
15 RN U100 f v2(s)ds
fv2(s)ds
=e 0 0
T T T
Lg(z,?{ f v2(s)ds]% f vQ(S)ds]+(%Lg+%:2) f v2(s) ds
—=e 0 0 0
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T 1 T
n f vs dZ3(t) + 552 f v2ds
—e O 0
Using the Girsanov’s Theorem, we have:
az2Ot) = dz8t) - 16v,dt. (6.0.15)
Using the same procedure as used in Section 4.2, we have under measure
Q%
S
dzg (t) = dZJ(6) v, dt,
az®(t) = aZ2t),
S
dz; (t) = dZ (),

1=7AE? (ev) ,
= eVif (Vi)
FV)= o)

Suppose that r; is cast into an affine term structure model, i.e., the time-¢
pure discount bond price, with maturity at time T'(= ¢), can be written as:

P(t T) = eA(t’T)_B(t,T)rt.

In this case, where A(.) and B(.) are deterministic functions of time, Bjork
(1998, Section 17) has shown that u,(rs,t) and o,(r;,t) must be of the form:

pr(re,t) = agre + Py,

or(re,t) =\/Yire + 064, as,Bt,yt,0¢ €R.

Hence, and using the same procedure used in Section 4.2, we have under
measure @T

dz9" ) = dZ9t) - 0, (ry, HB() dt
r r r\I"t, )
az®" ) = az%)
az® () = az9t).
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Using equation (6.0.15) and following the same procedure as used in Section
3.2, we have:

dZ8O(t) = az%° (1) — vév,dt,
4z Oty = az®" (t) - 1év,at,
which can be rewritten as:
dZ8O(t) = az8(t) — vy dt— 1¢v,dt = AZE(E) — v, (1 +16) dt,
dz%O(t) = az(t) - 1év,dt.

We are now ready to write the model under the complex valued measures
@f (&) and @Z(é ). Under the measure @f (&), we have:

T T
—(-316+3¢%) [v2ds+ié [rsds
0 0

by, (&) =E®® | ¢ (6.0.16)

Y=Y 4Y!

Y = X5,

Y =X,

x0=z%w+ %t

X =¢

dv = [ e, ) + ve(1 + 180 (vs, )Py ] dt

+ 000 ) (P A28V +a 428 V)

dry = [ur(re, ) + (1 + 180, (ry, )pr ] db

40,00, 0) (prx A28 O 1) + b a2V ) + ¢ a2 1)

Under the measure @:{(E ), we have:

T T
—(%z{+%62)fv§ ds+ié [rsds
0 0

by, (&) =EW© |¢ (6.0.17)
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Y, =Y +Y!

YY =X,

Y/ =X},

xp=28"w- 1

X7 =t

dvt = [ (Vs, 1) + 0280, (Vg, D)y o ] dE

+ 000D pus dz% )+ q dZ?E‘“(t))

dry = [(rs,0) + co2(r 1, DB@) + 01180 ,(r 1, )Py x| db
40,0, 0) (1 A28 O 0) + b a2V 0) + ¢ a2 1)

In order to apply the multi-dimensional version of the Feynman-Kac The-
orem we must rewrite the SDE for both r; and v; in matrix form. Under
measure @f (¢), we have

( dvi ) 3 ( o, ) + V(1 + 180, (v, 8) Py x ) dt

dry ,Ur(rt, t)+v(1+18)or(ry, t)Pr,x
S
7% )
( 0V, )P Tu(Us,t)a 0 ) z%9
Ur(rt,t)pr,x o (re, )b op(ry,t)e ) VS( )( )
RVARRUC)

and to obtain the generator of the process we only need to compute

(av(vt,t)pv,x ouwr,a 0 )("v(”t’”pw "’(”’“W)

0 pre Trrab on(rote | Tenda oo

0 o,(rs,t)e
Using the relations

a2 =1- pg,x

ab = Pv,r = PvxPrx

pix +b%+ct=1,

we obtain )
0,(vg,t) 0r(rt,0)oy (v, 0Py r
Ur(rt>t)0v(vt>t)pv,r 0';2«(rt’t)
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Therefore, the generator of the process is:

. 0
Q) _ [ v(vt,t) + Ut(l + lf)O’v(Ut,t)pv,x] v
e/ l’t t

0
+[ur(re, ) + 01+ 1801 (r1, 1) pr ] o
t

0 o
1 U%(Ut,t) O-r(rtyt)o-v(vt’t)pv:r ) ( m Ovr )
(10, )0 (Vg t 02(r;,t . d ol

2 r( t ) U( t )pv,r r( t ) Or0v; ar?

which is the same as

Sz 6
AU = [, (s, ) + 0,1 +18)T, (s, )Py 1] o
t

0
+ [Mr(f‘t, t)+vi(1+18)or(ry, t)pr,x] o
t

2 2

1| , 0 0
+ 5|0, )= + 07 (r, ) — + 20, (re, )0y (U, ) pvr ——

2 ov? or? or dv;

To obtain the generator of the process under the measure qu; (&), the proce-
dure is the same, and we get:

0
¥ = [0 (e, 1) + 01180, Vg, D) Py x| 30,
t

0
+ [pr(re, t) + ca(rs,t)B(1) +vaéo,(ry, H)Pr ] .
t

1
+_
2

2 62 2 02 —2
Uv(vt’t)ﬁ + U,.(f‘t,t)a—r? +20'r(7‘t;t)0'v(vt;t))0v,r or 00, } .

The multi-dimensional version of the Feynman-Kac Theorem states that

ov
E +.$2¢V(Ut,rt,t)— r(vt,rt,t)V(vt,rt,t) = O, (6.0.18)

with boundary condition V(vr,rr,T) has as solution

T
— [r(vg,re,t)ds

V(y,ri,t)=E? [e V(vT,rT,T)‘e_% . (6.0.19)
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Comparing equations (6.0.16), (6.0.17) and (6.0.19) the process r(vs,r;,t) un-
der both measures is:

. 1 1
rﬁ)g(‘)(vt,rt,t) = (——lf + —52) v} —1éry,
2 2
1 1
rQUT(‘t)(vt,rt,t) = (_lé + _52) U? - l’érty
2 2
and the boundary condition V(vp,rr,T) is equal to 1.

To solve equation (6.0.18) under the measure @f (&) we will use the trial

solution
V(Ut, r, t) = ea(r)+b(r)rt+c(T)vt+d(T)vt2. (6.0.20)

From the form of the generator, and in order for the model to remain affine,
we must have o,(vs,t) = 0, and o,(rs,t) = 0, with 0, and o, real positive
constants, and the drift must be of the form pu,(vs,t) = a,(t)v; + B,(¢) and

,U'r(rt, t)=a,(t)r; + ﬁr(t)-l
Therefore, we have:

0y(vs,t) = 0y
op(rsy,t)=0,
My (v, 1) = kyOy — Ryuy
pr(re, 1) =ky0r —krry.

Under these conditions, the PDE (6.0.18) has the following form under mea-
sure Q5 (&):

da 0b dc od ,

—E—art—avt—gvt 1%
+ (kply — kypvs + (1 + 180, pp 1) (c(7) + 2d(7)0,) V
+ (krer —krri+v(1+ Lg)a'rpr,x) b(r)V
1 1 6.0.21
+ 503 (2d(7) + (1) + 4c(1)d(T)v; + 4dP(T)0?) V + Easz(r)V ( :

+0,0,0u,(0(T)e(T) +2b6(T)d(T)V4) V

+

11
51~ 552) V2V +1ér,V =0.

I'We will use the form used in Vasicek (1977), but the form used in Hull and White (1990)
works too.
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Writing equation (6.0.21) in order to r;, v; and vtz, we obtain the following

ODEs:
0b

— = —k,b(1)+1¢, (6.0.22)
ot
oc
~ 5 +2k,0,d(1) + (1 + 180y py (1) — kye(T) + (1 +18)0,pr D(T) (6.0.23)
+202¢(T)d(T) + 20,0,y ,-b(T)d(T) = 0,
od 9 19 1 1,
5 = 2d(1) (1 +18)0ypp 1 — ko) +20,d°(7) + 516 — 56 , (6.0.24)
T
and
da 2 1,59 1 9.9
3 =ky0,c(r)+k,.0,b(1)+0,d(r)+ §0Uc (r)+ Earb (T)+0,0,00,b(1)c(7),

(6.0.25)
with a(0) = 5(0) = ¢(0) =d(0) =0.
To obtain the characteristic function under QUT(é ) the procedure is the same,
but the trial solution is now

Vs, ret) = ea(‘r)+b(r)rt+c(r)vt+d(r)v?—log[P(t,T)]. (6.0.26)

From equation (6.0.22), b(7) is given by:

1— kT

b(r) = “((k—e). (6.0.27)

Using the Riccati’s equation (6.0.24), d(7) is given by:

201+ —2k,—A 1-eP
d(r) = - 2210 upue = 2y i (6.0.28)
407 1-eATA
with

S(1 . 1

A=/ @A+100po s~ 2k ~80F | S16 =52, (6.0.29)
2(1+1é)o -2k, — A

_ 20 +10)avpus = 2k, (6.0.30)

201+ 18)0ypy . — 2ky + A
Concerning the function ¢(7), equation (6.0.23) can be rewritten as:

Z—: - [(1 +18)0y Py —ky + 20’3d(‘[)] c(r) =

2kvevd(‘[) +(1+ lf)o'rpr,xb(‘[) + 20—r0v.0v,rb(7)d('[);
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yielding the integrating factor

e—(1+ze,")avpv,xr+kvr—203fd(r) dT.

Therefore, c(7) is given by:

o(r)e~1+18)0upoaT+hyT-207 [ d(D) dT

2
_ fe_(1+L£)UUpU’xT+kUT_2UUfd(r)dT2kU9vd(T) dr
2
+ f e~ 110vpyaT+hyT-207 [d(T)dr(q 4 18)o,prb(T)dT

2
+ f e—(l+lf)0vpv,x‘[+ku‘[—20'y Jd@) dT20r0Upv,rb(T)d(T) dr.

Since [d(7)dr can be computed by Proposition D.1, it follows that:

1- Ae??

(2(1 +18)0y Py x — 2Ry —A)T +2log T-A

fd(r)dr = —i

2
407,

Consequently, the integrating factor can be rewritten as:

171/§AAT] :e_%TI—AeAT
1-A

e—%r+log[

The first integral of equation (6.0.31) is equivalent to:

2(1+ 180, 0p 2 — 2Ry — A 1-e27
~2k,0, 2100 = 2R [er—a
407 1-A
21+ 180y 5 — 2y — A 20727 (27 + 1)
= —2k,0, :
402 AA-1)

The second integral of equation (6.0.31) is equivalent to:

A 1-AedTiE(1—e R
(1+ch)orpr7xfe ol — ( P )d‘r
23 _A _
:(1+l€)arpr’foe ZT(l—AeAT) (1—@ krr) dr
A A A A
1§ e 27 el k)T L5T  L(3RT
=(1 3 _A A
( +z<$)0rpr,xkr(1—/\) ST E oy, 5 + vy

(6.0.31)

(6.0.32)

(6.0.33)

(6.0.34)

(6.0.35)



The third integral of equation (6.0.31) is equivalent to:

lf ATy —47 —k, T
2UrUUpv,rmf(1—e )e 2 (l—e )dT

2 l{ e_%T e(_%_kr)r e%r e(%_kr)r (6.0.36)
= 4070y Py,r — AT A -t
Then, c(7) is given by:
A
-A 2(1+18)o —2k,—A2e727 (AT +1
c(r) = e%r— —9k,0, S vPv,x v ( )
1—Ael? 402 A(A-1)
A A A A
A 1-A lf e 27 e(_f_kr)r e2” e(i_kr)r
+e2’ ———— [(1+18)o,pr, - -A—+A
1— Aehr T R(-N | -8 L, n 5k,
N e 1-A 9 18 e_%f e(_%_kr)f e%’_l_e(%_krﬁ”
ez’ ——— (20,040, - - ,
— A reuviv, _ A A A A
1—Aelt EA(A-AN)| -4 -2k, & A_p,
(6.0.37)
which is the same as:
21 +1)0 —2k,—A A +1
(1) = k0, ( ¢) UPZU,x v e -
g2A 1— AehT
c (1410 |2 1 1 eBT 2N e LA oAk
1¢)0 — | —— S
g | AT- AN Bk, T-Aed A 1-AedT B, 1-Aed
9 2 1 1 et o2 et 1 e
0,0 — | —— —
P | AT- AN Bk, 1-AeM AL-AedT B _f 1-AeM
(6.0.38)

Finally, function a(7) follows by simply integrating equation (6.0.25) and
using the explicit solutions (6.0.27), (6.0.28) and (6.0.38).
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Conclusion

In this work, the characteristic function of the Bakshi et al. (1997) model
was deduced by using the time-changed Lévy process technique. Therefore,
we were able to deduce the pricing formulas for European-style standard call
and put options, and a Gauss-Kronrod quadrature was used for the inversion
of the characteristic function. In the last chapter we have proposed an exact
model with stochastic volatility, stochastic interest rates, jumps and a full
correlation scheme. We were able to obtain the exact characteristic function
of the asset price under this model, which is affine in the state variables and

in the square of the volatility. A different approach for the stochastic interest
t

rate can be made by defining the business time as T := f r2(s) ds, but fur-

ther investigation is needed in order to understand the coglsequences of this
new business time for the characteristic function, in particular if it remains
affine on the state variables, on the square of the volatility, and possibly, on
the square of the interest rate. A closer look on the last chapter suggests
that the characteristic function under such scenario needs to have an addi-
tional term in r,v;. To understand the consequences of our full correlation
model, a deeper investigation is needed, and could be the subject of future
works.
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Appendix A

Matlab Code function 1

function [call,put,errbndQS, errbndQT] = bakshi (kr,sigmar, thetar,
rzero, T, kv, sigmav, thetav,vzero, intensity, mu, sigma, g, rho, K, S0,
limitesuperior)

%%% Zero coupon bond

delta = ( kr.”2 + 2.%xsigmar.”2 )."0.5;

B = (2.(1 - exp(delta.»T)) )./ ( 2.+xdelta + (kr + delta).* (exp(
delta.=T) - 1));

A = - ((kr.xthetar)./(sigmar.”2)).x( (-delta — kr).xT + 2.*log(
1 + (kr + delta) .« (exp(delta.*T) - 1)./(2.xdelta)) );

P = exp( A + B.xrzero);

%$%% Measure QS

deltarQS = @(x) (kr.”"2 - 2.%(sigmar.”2) .x1i.*x)."70.5;

deltavQS = @(x) ((li.*x.*rho.*sigmav - kv + sigmav.xrho).”2 + (
sigmav.”2) .x(x.7"2 - 1li.*x)).”0.5;

lambdaQS = @(x) (li.*x.xrho.*sigmav - kv + sigmav.xrho - deltavQSs
(x))./(li.*x.*rho.*sigmav — kv + sigmav.xrho + deltavQS(x));

CFQS = @(x)exp( — ((kr.sthetar)./(sigmar.”2)).*( (-kr - deltarQs

(x)) .*xT + 2.x1log(l + (kr + deltarQS(x)) .x*(exp(deltarQS(x) .=T)
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- 1)./(2.%xdeltarQS(x)))) - (2.x1li.*x.*x (1l - exp(deltarQS(x) .x
T)))./(2.xdeltarQS(x) + (-kr - deltarQS(x)).* (1l - exp/(

deltarQS(x) .*T))) .*rzero — ((li.*x.*rho.*xsigmav - kv + sigmav
.+xrho — deltavQS(x))./(sigmav.”2)).*((1 — exp(deltavQS (x).*T)
)./ (1 — exp(deltavQS(x) .*T) .*xlambdaQS(x))) .*+vzero — (kv.x

thetav) ./ (sigmav.”2) .* ((li.*x.*rho.*sigmav — kv + sigmav.xrho
- deltavQS(x)).*xT + 2.x1log((l - exp(deltavQS(x) .x*T) .x*

lambdaQS(x)) ./ (1 - lambdaQS(x)))) - li.*x.*intensity.xmu.*T +
T.*xintensity.« (1 + mu).*x( ((1 + mu).”(li.*x)).*xexp( ((1li.=*x)
./2) x(sigma.”2) .+ (li.xx + 1) ) — 1) — li.xx.xq.*T);

%$%% Measure QT
deltarQT = @(x) (kr.”2 - 2.%(sigmar.”2) .+ (li.»x - 1))."0.5;

deltavQT = @(x) ((li.*x.*rho.*sigmav - kv).”2 + (sigmav.”"2).x(x
2 0+ 1i.+x)) .70.5;

lambdaQT = @(x) (1li.*x.*rho.*sigmav - kv - deltavQT(x)) ./ (li.*x.*
rho.*sigmav - kv + deltavQT(x));

CFQT = @(x)exp( — ((kr.*thetar)./(sigmar.”2)).*( (-kr - deltarQT
(x)) .xT + 2.x1log(l + (kr + deltarQT (x)) .*(exp(deltarQT (x) .x*T)
- 1)./(2.xdeltarQT(x)))) — (2.x(li.»x — 1).*(1 — exp(
deltarQT (x) .*T))) ./ (2.xdeltarQT (x) + (-kr - deltarQT(x)) .* (1
- exp(deltarQT(x).*xT))) . rzero — log(P) - ((li.*x.*rho.x*
sigmav - kv - deltavQT(x))./(sigmav.”2)).*x((1 - exp(deltavQT (
x).*T)) ./ (1 - exp(deltavQT (x) .x+T).*xlambdaQT (x))) .*vzero — (kv
.xthetav) ./ (sigmav.”2) .*x ((li.xx.*rho.*sigmav - kv - deltavQT (
X)) .*T + 2.+x1log((1 - exp(deltavQT (x).*T).rxlambdaQT (x))./ (1 -
lambdaQT (x)))) — li.xx.xintensity.*mu.xT + T.xintensity.x(
((1 + mu) ."(1i.%x)).*xexp( ((1li.*x)./2).%x(sigma.”2) . (1li.*x -
1) ) = 1) = 1li.xx.xg.*T);

%%% price of a call option
FICFQS = Q@(x)real( exp(-1li.*x.*1log(K./S0)) .*CFQS(x) ./ (1i.*x) );
FICFQT = @(x)real( exp(-1li.*x.%10og(K./S0)) .*xCFQT(x) ./ (1i.*x) );

[QS, errbndQS] = quadgk (FICFQS,0,limitesuperior, 'AbsTol',le-12,"
RelTol',1le-8);

[QT, errbndQT] = quadgk (FICFQT,0,limitesuperior, 'AbsTol',le-12,"
RelTol',1le-8);
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call = SO0.xexp(-g.*+T).*( 1./2 + 1./pi.»QS ) — K.«P.*x( 1./2 + 1./
pi.*QT );

put = call - exp (- g.*T).xS0 + P.xK;
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Appendix B

Matlab Code function 2

function [call,put,errbndQS, errbndQT] = bakshikou (kr, sigmar,
thetar,rzero, T, kv, sigmav, thetav,vzero, intensity,etal,eta2,p,gq
,rho,K,S0,limitesuperior)

%%% Zero coupon bond

delta = ( kr.”2 + 2.%xsigmar.”2 )."0.5;

B = (2.(1 - exp(delta.»T)) )./ ( 2.+xdelta + (kr + delta).* (exp(
delta.=T) - 1));

A = - ((kr.xthetar)./(sigmar.”2)).x( (-delta — kr).xT + 2.*log(
1 + (kr + delta) .« (exp(delta.*T) - 1)./(2.xdelta)) );

P = exp( A + B.xrzero);

%$%% Measure QS

deltarQS = @(x) (kr.”"2 - 2.%(sigmar.”2) .x1i.*x)."70.5;

deltavQS = @(x) ((li.*x.*rho.*sigmav - kv + sigmav.xrho).”2 + (
sigmav.”2) .x(x.7"2 - 1li.*x)).”0.5;

lambdaQS = @(x) (li.*x.xrho.*sigmav - kv + sigmav.xrho - deltavQSs
(x))./(li.*x.*rho.*sigmav — kv + sigmav.xrho + deltavQS(x));

ptil = p.x( p.x(etal./(etal - 1)) + (1 - p).*(eta2./(eta2 + 1)))
N (=1) .x(etal./ (etal - 1));
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qgtil = (1 - p).»( p.x(etal./(etal - 1)) + (1 - p).*(eta2./(eta2

+ 1)))."(-1).%x(eta2./(eta2 + 1));
etaltil = etal - 1;
eta2til = eta2 + 1;
CFQS = Q@(x)exp( — ((kr.xthetar)./(sigmar.”2)).*( (-kr - deltarQs

(x)) .*xT + 2.x1log(l + (kr + deltarQS(x)) .x*(exp(deltarQS(x) .=T)
- 1)./(2.+deltarQS(x)))) — (2.*1li.*x.»(1 — exp(deltarQS(x).x*

T)))./(2.xdeltarQS(x) + (-kr - deltarQS(x)).* (1l — exp/(
deltarQS(x) .*T))) .xrzero — ((li.xx.xrho.*sigmav - kv + sigmav
.xrho — deltavQS(x))./(sigmav.”2)).*((1 - exp(deltavQS (x).*T)
)./ (1 — exp(deltavQS(x) .*T) .*xlambdaQS(x))) .*+vzero — (kv.x
thetav) ./ (sigmav.”2) .* ((li.*x.*rho.*sigmav — kv + sigmav.xrho
- deltavQS(x)).*T + 2.x1log((l - exp(deltavQS(x) .x*T) .x*
lambdaQS (x)) ./ (1 - lambdaQS(x)))) + li.s*x.*xintensity.*(1 - p
.x(etal./(etal - 1)) - (1 - p).*(eta2./(eta2 + 1))).*«T + T.«*
intensity.x (p.* (etal./(etal - 1)) + (1 - p).*(eta2./(eta2 +
1))) .x(ptil.* (etaltil./ (etaltil - 1i.xx)) + gtil.x(eta2til./(
eta2til + 1li.*x)) — 1) — 1li.xx.*xg.*T);

%$%% Measure QT

deltarQT

Q(x) (kr."2 = 2.%(sigmar.”2) .x(li.*x - 1)).70.5;

deltavQT = @(x) ((li.*x.*rho.*sigmav - kv).”2 + (sigmav.”"2) .x(x
N2 0+ 1i.+x)) .70.5;

lambdaQT = @(x) (1li.*x.*rho.*sigmav — kv - deltavQT(x)) ./ (li.*x.*
rho.*sigmav - kv + deltavQT(x));

CFQT = Q@(x)exp( — ((kr.sthetar)./(sigmar.”2)).*( (-kr - deltarQT
(x)) .*xT + 2.x1log(l + (kr + deltarQT(x)) .x* (exp(deltarQT(x) .=T)
- 1)./(2.xdeltarQT(x)))) — (2.%x(li.»x — 1).*(1 — exp(
deltarQT (x) .*T))) ./ (2.xdeltarQT (x) + (-kr — deltarQT(x)).x (1
— exp(deltarQT(x).*xT))) . rzero — log(P) - ((li.*x.xrho.x
sigmav - kv - deltavQT(x))./(sigmav.”2)).*x((1 - exp(deltavQT (
x).*T)) ./ (1 - exp(deltavQT(x) .*T).*xlambdaQT(x))) .*vzero — (kv

.+xthetav) ./ (sigmav.”2) .x ((li.*x.*rho.*sigmav - kv - deltavQT (
x)).*T + 2.%1log((1 - exp(deltavQT (x).*T).xlambdaQT (x))./ (1 -
lambdaQT (x)))) + li.*x.*intensity.*(1 - p.=*(etal./(etal - 1))
- (1 - p).*x(eta2./(eta2 + 1))).*T + T.xintensity.=* (p.* (etal
./ (etal - 1i.%x)) + (1 - p).*x(eta2./(eta2 + 1i.*x)) - 1) - 11
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AXLxqL.xT)

%%% price of a call option

FICFQS = @(x)real( exp(-1li.*x.*1og(K./S0)).*xCFQS(x) ./ (1i.*x) );
FICFQT = @(x)real( exp(-1li.*x.%10og(K./S0)) .*xCFQT(x) ./ (1i.*x) );
[QS, errbndQS] = quadgk (FICFQS,0,limitesuperior, 'AbsTol',le-12,"

RelTol',1le-8);

[QT, errbndQT] = quadgk (FICFQT,0,limitesuperior, 'AbsTol',le-12,"

RelTol',1le-8);

call = SO0.*exp(—q.*T) .x( 1./2 + 1./pi.*»QS )

pi.*QT );

put = call - exp(- g.*T).*xS0 + P.xK;
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Appendix C

Matlab Code function 3

function [call,put,errbndQS, errbndQT] = model

%$%% model: bs for Black Scholes ; heston for heston model ;

hestoncir

$%% for heston model with stochastic interest rates following a
CIR

%$%% process; bates for bates model ; bakshi for bakshi, cao and

chen model;
%% hestonkou for the heston model with double exponential
distributed jumps;
$%% bakshikou for the bakshi model with double exponential
distributed jumps;
kou for the kou model;
merton for the jump-diffusion Merton Model.

o\

prompt = 'Write bs for Black Scholes ; heston for heston model
; \nhestoncir for heston model with stochastic interest rates
following a CIR process ; \nbates for bates model ; bakshi for
bakshi, cao and chen model ;\nkou for the kou model ;\
nhestonkou for the heston model with double exponential
distributed jumps ;\nbakshikou for the bakshi model with
double exponential distributed jumps; \nmerton for the Jjump-
diffusion Merton Model.\n';

str = input (prompt, 's');

format long
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switch (str)

case 'bs'

prompt = 'S0\n';

S0 = input (prompt) ;

prompt = 'K\n';

K = input (prompt) ;

prompt = 'rO\n';

rzero = input (prompt);

prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'Volatility\n';

vzero = input (prompt) ."2;
prompt = 'Dividend yield\n';

g = input (prompt) ;

prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;

[call,put,errbndQS, errbndQT] = bakshi(le-6,1le-6,1le-6,
rzero,T,le-6,1le-6,1le-6,vzero,0,0,0,q9,0,K, SO,
limitesuperior);

case 'heston'

prompt = 'S0\n';

S0 = input (prompt) ;

prompt = 'K\n';

K = input (prompt) ;

prompt = 'rO\n';

rzero = input (prompt);
prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'v0\n';

vzero = input (prompt) ;
prompt = 'Dividend yield\n';
g = input (prompt) ;

prompt = 'kv\n';

kv = input (prompt) ;

prompt = 'thetav\n';

thetav = input (prompt) ;
prompt = 'sigmav\n';

sigmav = input (prompt) ;
prompt = 'rho\n';

rho = input (prompt) ;

prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;
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[call,put,errbndQS, errbndQT] = bakshi(le-6,1le-6,1le-6,
rzero, T, kv, sigmav, thetav,vzero,0,0,0,q9, rho,K, SO,
limitesuperior);

case 'hestoncir'

prompt = 'SO0\n"';

S0 = input (prompt) ;

prompt = 'K\n';

K = input (prompt) ;

prompt = 'rO\n';

rzero = input (prompt);

prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'vO0\n';

vzero = input (prompt) ;

prompt = 'Dividend yield\n';

g = input (prompt) ;

prompt = 'kv\n';

kv = input (prompt) ;

prompt = 'thetav\n';

thetav = input (prompt) ;

prompt = 'sigmav\n';

sigmav = input (prompt) ;

prompt = 'kr\n';

kr = input (prompt) ;

prompt = 'thetar\n';

thetar = input (prompt) ;

prompt = 'sigmar\n';

sigmar = input (prompt) ;

prompt = 'rho\n';

rho = input (prompt) ;

prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;
[call,put,errbndQS, errbndQT] = bakshi (kr,sigmar, thetar,

rzero, T, kv, sigmav, thetav,vzero,0,0,0,q9,rho, K, SO,
limitesuperior);

case 'bates'
prompt = 'S0\n';
S0 = input (prompt) ;
prompt = 'K\n';
K = input (prompt) ;
prompt = 'r0\n';
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rzero = input (prompt);

prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'vO\n';

vzero = input (prompt) ;
prompt = 'Dividend yield\n';
g = input (prompt) ;

prompt = 'kv\n';

kv = input (prompt) ;

prompt = 'thetav\n';

thetav = input (prompt) ;
prompt = 'sigmav\n';

sigmav = input (prompt) ;
prompt = 'intensity\n';
intensity = input (prompt) ;
prompt = 'mu\n';

mu = input (prompt) ;

prompt = 'sigma\n';

sigma = input (prompt) ;
prompt = 'rho\n';

rho = input (prompt) ;

prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;

[call,put,errbndQS, errbndQT] = bakshi(le-6,1le-6,1le-6,
rzero, T, kv, sigmav, thetav,vzero, intensity,mu, sigma, g,
rho,K, S0, limitesuperior);

case 'bakshi'

prompt = 'S0\n';

S0 = input (prompt) ;

prompt = 'K\n';

K = input (prompt) ;

prompt = 'rO\n';

rzero = input (prompt);
prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'vO\n';

vzero = input (prompt) ;
prompt = 'Dividend yield\n';
g = input (prompt) ;

prompt = 'kv\n';

kv = input (prompt) ;

prompt = 'thetav\n';

thetav = input (prompt) ;
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prompt = 'sigmav\n';
sigmav = input (prompt) ;

prompt = 'kr\n';

kr = input (prompt) ;

prompt = 'thetar\n';

thetar = input (prompt) ;

prompt = 'sigmar\n';

sigmar = input (prompt) ;

prompt = 'intensity\n';
intensity = input (prompt);
prompt = 'mu\n';

mu = input (prompt) ;

prompt = 'sigma\n';

sigma = input (prompt) ;

prompt = 'rho\n';

rho = input (prompt) ;

prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;
[call,put,errbndQS, errbndQT] = bakshi (kr,sigmar, thetar,

rzero, T, kv, sigmav, thetav,vzero, intensity,mu, sigma, g,
rho,K, S0, limitesuperior);

case 'kou'

prompt = 'S0\n';

S0 = input (prompt) ;

prompt = 'K\n';

K = input (prompt) ;

prompt = 'rO0\n';

rzero = input (prompt) ;
prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'Volatility\n';
vzero = input (prompt) ."2;
prompt = 'Dividend yield\n';
g = input (prompt) ;

prompt = 'Intensity\n';
intensity = input (prompt) ;
prompt = 'etal\n';

etal = input (prompt);
prompt = 'eta2\n';

eta2 = input (prompt) ;
prompt = 'p\n';

P = input (prompt);

prompt = 'Upper limit\n';
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limitesuperior = input (prompt) ;
[call,put,errbndQS, errbndQT] = bakshikou(le-6,1le-6,1le-6,
rzero,T,le-6,1le-6,1le-6,vzero, intensity,etal,eta2,p, g

,1e-6,K,S0,limitesuperior);

case 'merton'

prompt = 'S0\n';

S0 = input (prompt) ;

prompt = 'K\n';

K = input (prompt) ;

prompt = 'rO\n';

rzero = input (prompt);

prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'Volatility\n';

vzero = input (prompt) ."2;
prompt = 'Dividend yield\n';

g = input (prompt) ;

prompt = 'intensity\n';
intensity = input (prompt) ;
prompt = 'mu\n';

mu = input (prompt);

prompt = 'sigma\n';

sigma = input (prompt) ;

prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;
[call,put,errbndQS, errbndQT] = bakshi(le-6,1le-6,1le-6,

rzero,T,le-6,1le-6,1le-6,vzero, intensity, mu, sigma,q, 0, K
,S50,limitesuperior);

case 'hestonkou'

prompt = 'SO0\n"';

S0 = input (prompt) ;

prompt = 'K\n';

K = input (prompt) ;

prompt = 'r0\n';

rzero = input (prompt);
prompt = 'Time to maturity\n';
T = input (prompt) ;

prompt = 'vO\n';

vzero = input (prompt) ;
prompt = 'Dividend yield\n';

g = input (prompt) ;
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prompt = 'kv\n';
kv = input (prompt) ;

prompt = 'thetav\n';

thetav = input (prompt) ;

prompt = 'sigmav\n';

sigmav = input (prompt) ;

prompt = 'Intensity\n';
intensity = input (prompt) ;
prompt = 'etal\n';

etal = input (prompt) ;

prompt = 'eta2\n';

eta?2 = input (prompt) ;

prompt = 'p\n';

P = input (prompt) ;

prompt = 'rho\n';

rho = input (prompt) ;

prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;
[call,put,errbndQS, errbndQT] = bakshikou(le-6,1e-6,1le-6,

rzero, T, kv, sigmav, thetav,vzero, intensity,etal,eta2, p,
g,rho,K,S0,limitesuperior);

case 'bakshikou'

prompt = 'S0\n';

S0 = input (prompt) ;
prompt = 'K\n';

K = input (prompt) ;
prompt = 'rO0\n';

rzero = input (prompt) ;
prompt = 'Time to maturity\n';
T = input (prompt) ;
prompt = 'v0\n';

vzero = input (prompt) ;
prompt = 'Dividend yield\n';
g = input (prompt) ;
prompt = 'kv\n';

kv = input (prompt) ;
prompt = 'thetav\n';
thetav = input (prompt) ;
prompt = 'sigmav\n';
sigmav = input (prompt) ;
prompt = 'kr\n';

kr = input (prompt) ;
prompt = 'thetar\n';
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thetar = input (prompt) ;
prompt = 'sigmar\n';
sigmar = input (prompt) ;
prompt = 'Intensity\n';
intensity = input (prompt) ;
prompt = 'etal\n';

etal = input (prompt);
prompt = 'eta2\n';

eta2 = input (prompt);
prompt = 'p\n';

p = input (prompt);

prompt = 'rho\n';

rho = input (prompt) ;
prompt = 'Upper limit\n';
limitesuperior = input (prompt) ;

[call,put,errbndQS, errbndQT] = bakshikou(kr, sigmar,
thetar, rzero, T, kv, sigmav, thetav, vzero, intensity, etal,

eta2,p,q,rho,K,S0,limitesuperior);

otherwise
error ('Unexpected model, try again.');

end
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Appendix D

Riccati’s equation

Proposition D.1. Riccati's equation

Consider the following Riccati's equation with constant parameters:

b'(t) =a +cb(t)+db(t)?, (D.0.1)
b(0)=0. (D.0.2)

The solution of such problem can be written as:

c—A 1-ebt
bi)z=——— D.0.3
®) 2d 1-eAA’° ( )
A=Vc2-4da, (D.0.4)
c—A
A= . D.O.
c+A (D.0.5)
Moreover, if we consider c'(t) = k1b(t) with c¢(0) =0, c(t) as the form:
k1 1-Ae
=——|(c—-A 21 ) D.O.
ott)=-21 [(c Vit og( - ) (D.0.6)

Proof.

First we take equation (D.0.1), with initial condition (D.0.2). We can rewrite
the right hand side of equation (D.0.1) as:

b'(t)=d (b(t) + c;dA) (b(t) + Cz_dA), (D.0.7)
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because,

—ctVe?-4 —ctA
bty= CEVe —dad _—cEA 5 tad, (D.0.8)
2d 2d
solves
a+chbt)+dbt)? =0. (D.0.9)

Equation (D.0.7) can be written as:

b'(2)

=1. (D.0.10)
d (b +52) (b +S2)

It is easy to check that the above equation as the following similar form

1 ! b'(t
S AR A0 ) (D.0.11)
Al b+ S5F bW +57
which is the same as:
/ !/
_ b(t)A+ bU)A:A (D.0.12)
b()+53F b))+ 5
Integrating in both sides, we have:
A -A
—log|b(t)+ c2+d ) +log(b(t)+ czd ) =At+H, HeR. (D.0.13)

Thereby, we can found b(¢) from equation (D.0.13), and it turns to be as:

(c+AN)ePt+H _(c = A)
= . D.0.14
b(t) 2l (1= oA+ H) ( )

Using equations (D.0.14) and (D.0.2), we have that:

-A
H_Z—o_ (D.0.15)
c+A
Using equation (D.0.15), equation (D.0.14) can be written as:
—-A 1-et
b(t) = = ° (D.0.16)

2d 1-eDA
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Which yields with equation (D.0.3).

For equation (D.0.6), we know that ¢'(¢) = k1b(¢) with ¢(0) = 0, therefore,

using equation (D.0.16) we have:

—A 1-e?
") = —k1 > —_—,
=k T A
integrating in both sides, we have:
c—A 1-e2

)=~k | Toan

It is easy to check that:
1-eht (A—1)e?
- 14—
1-eAA 1-eAA
using equation (D.0.19), equation (D.0.18) becomes:
c—A
2d
c—A
2d

A-1 f —AAe’t

t)=-k +
o) =~k AN T Aett

dt] +G

A-1
¢+ log (1 - Ae™)

=h “AA

Since ¢(0) = 0, we can obtain G from equation (D.0.21),

c—A [A—l

G=r—5 | TAa

log(l—A)].

Using equation (D.0.22), equation (D.0.21) becomes:

c—A
2d

1-A

t+ log(

c(t)=—k1 A

1—AeAt)
1-A

Because

equation (D.0.6) follows:

1—AeAt)

_ k.
c(t) = 2d [(c A)t+210g( T A
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(D.0.17)

(D.0.18)

(D.0.19)

(D.0.20)

(D.0.21)

(D.0.22)

(D.0.23)

(D.0.24)
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