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Abstract

This paper deals with the existence of extremal solutions for the third-order nonlinear boundary
value problem

—[pW" N = ft,u()), t€la,bl
u@=A, u’(@=B, u'b)=C,

in the presence of a pair of lower and upper solutions in reversed order.
Here¢ : R — Ris an increasing homeomorphisif; [a, b] x R — R is a Carathédory function
andA, B, C € R.
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The proof follows from monotone iterative techniques which are based on suitable anti-maximum
principles for adequate operators. To deduce such results, we study some related problems coupled
with boundary value conditions of the form

pou(a) — qou'(a) = A, pru(b) + q1u’(b) =B, u”(a)=C,
and

u@) =A, u@=B, u')=C.

© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Third-order equations model an important number of physical problems, as the deflection
of a curved beam having a constant or a varying cross-section, three layer beam, electro-
magnetic waves or gravity-driven flof&1]. The reduction of order or Green’s functions
and comparison principle4,2,5,6,8,12-18,20have been the most used methods to ap-
proach this kind of problem, together with different type of boundary value conditions like
the periodic, three-point or two-point boundary conditions. Nonlinear boundary conditions
coupled with the method of lower and upper solutions have been studigd jb0,19] but
in these cases the lower solution is less or equal to the upper one.

In this paper, we assume that the lower solution is not above the upper one. This case has
been studied ifi,2,13]when functionp is the identity and periodic boundary conditions are
considered. In both papers is stated a relation between the existence of extremal solutions,
lying in a strip defined by a pair of upper and lower solutions given in the reversed order,
and the constant sign of the Green’s function of a related linear operator.

As the problem considered now does not have a linear part the Green'’s function technique
is not applied. So, to develop the monotone method, we use some comparison results for
nonlinear operators following the arguments given for second-grdeaplacian equations
in [4]. The uniqueness of solution for the considered problems is obtained as a fixed point
of a contractive operator. This technique is different frgthand it is similar to the one
developed if9] for second-orded-laplacian difference equations.

We study the one-dimensional nonlinear third-orderaplacian equation

—[pW" (N = ft,u@®), tel=la,b], (P)
with the boundary conditions

u@ =A4A, u'@=B, u'b)=C (1.1)
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for A, B,C € R, f : I x R — RanL!-Carathéodory function, i.€.(¢, -) is a continuous
function for a.et € I, f(-,y) is measurable fop € R and for everyR > 0 there is a
real-valued functiork g € L1(I) such that

|t WI<hr() (1.2)

fora.e.t € I and for everyy € R with |y|< R, and¢ satisfying the following condition:

(H1) ¢: R — Ris anincreasing homeomorphism such théd) = 0 andq{)_l is locally
Lipschitz, that is, for every compact interval= [c, d] there isK = K (J) > 0 such
that for allu, v € [c, d]

o) — ot W)I<KK  |u—vl.

For thiskK we define

3
o — 1.3
Kb —a)® 13)

and we look for solutions € C?(1) such thatp(u”) € AC(I).
In Section 2, for som@/ < 0, uniqueness results are obtained for the auxiliary equation

—[p" ()] + Mu(t) =0(t) forae.tel, (Ly)
with boundary conditions (1.1) or

u@=A, u@=B, u'(b)=C (1.4)
or

pou(a) —qou'(@) = A,  pu®d) +qu'(h)=B, u"(a)=C, (1.5)
whenever constanisy, p1, go andg; satisfy

Po, 1,490,910 and pop1+ pog1 + pigo > 0. (1.6)

Anti-maximum comparison principles for the previous problems are given in Section 3.
ForM e (M*, 0) and a suitable monotone condition (see assumptB))(the existence
of extremal solutions for the problem (P)—(1.1), lying between the lower and the upper
solutions considered in reversed order, is proved in Section 4.
In Section 5, an existence result is obtained under weaker assumption&/f3e (

2. Uniqueness results

In this section, it is proved that equatidb,) with boundary conditions (1.1), or (1.4),
or (1.5), has a unique solution for givere L1(I) and for suitable values dif <0. These
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results are obtained assuming tikfaverifies the following Lipschitz condition, which is
stronger thar{H1).

(Hf) ¢ : R — R is an increasing homeomorphism such ti&0) = 0 and¢?
K-Lipschitz function, that is, there i& > 0 such that for all;, v € R

¢~ ) — ¢ ) <Klu—vl.
First we prove the uniqueness result for probldm)—(1.1).

Proposition 2.1. Let¢ : R — R satisfy assumptiotH;"). If M € (M*, 0) then for every
o € L1(I), the problem(L,)—(1.1)has a unique solutian

Proof. Stepl: Fixed point problem.
One can verify that is a solution of(L,)—(1.1) if and only fif,

t s
u(r) =A+f <0w +f ¢_l(w(r))dr> ds,

2
= ——— — ¢(B) — MA(b —
O =i [¢>(C) $(B) = MA(b — a)

with

M b b
—7/ (b—r)z(f)_l(w(‘c))d‘c—l-/ a(s)ds] (2.1)

andw a fixed point of operatof, : C(I) — C(I), defined as

2
To(w(t)) = $(B) + MA(t — a) + MO, —

M [ 2,1 '
+?/ t —1)%¢ (w(r))dr—/ (s) ds.

As a consequence, problefin,)—(1.1) is uniquely solvable if and only if the operafy
has a unique fixed point.

Step2: T, is a contraction fod € (M*, 0) and everys € L1(I).

Forw1, w2 € C(I) and0,, given by (2.1), we have that for every 1

(t —a)?
2

M t
+ = [ (t — 12 Hw1() — ¢ H(wa(r))] de

To(w1(?)) — To(w2(1))=M (O, — Ou,)

M(t — 2
= (t—“) / b — 12 L wi(1) — ¢~ Hwa(x))]d

+ 7/ (t — 02 w1 (0) — ¢ L(wa(r))] dr.
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So, by(H7) and (1.3), we have that for alf € (M*, 0) itis verified that

M (b—a)® b
1Tow1 — Towz|loo < _7K||wl_w2||oo|: 3 +/ (b —1)%de
a

Kb —a)®
<-M Tllwl —w2lloo < [lw1 — w2 co-

ThenT, has a unique fixed point and, therefofie;)—(1.1) has only one solution.[]
Similar arguments can be applied to the probl&g)—(1.4) to obtain the following result:

Proposition 2.2. Let¢ satisfy assumptiofH;). If M € (M*, 0) then foreverys e LY(D),
the problem(L ;)—(1.4)has a unique solutian

Proof. Arguing as in the previous proposition, the solution of probl&m)—(1.4) is given

by
ut) = A+ /[ (B + /S d)_lv(r))dr) ds, (2.2)

with v the unique fixed point of the operatdr , : C(I) — C(I) defined as

T15(v()) = ¢(C) — MA(b—t)—MB/ (s —a)ds

—M/ / / ¢~ v(r))drdr]ds+/ o(s)ds, (2.3)

forM e (M*,0). O

Now we obtain a similar result for boundary conditions (1.5). Before proving it, we
introduce the following constant:

_ 12((b —
Yy ((b —a) pop1 + p1g0 + pog1) . 2.4)

(b — a)*((b — a)?pop1 + 4b — a)(p1go + poq1) + 1290q1) K

Proposition 2.3. Suppose thap satisfy assumptionH;). If M e (M, 0) and condition
(1.6) holds then for everys € L1(I), the problem(L,)—(1.5)has a unique solutian

Proof. In this case the solutions of problein,;)—(1.5) are given by the expression

b
u(t) = —/ G(t, )¢ L(w(s))ds + h(z, A, B), (2.5)
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where
G(t,s) = 1 { (p1(b — 1) + q1) (po(s — a) + qo), a<s<t<b,
: D | (po(t —a) + qo)(p1(b — s) + q1), a<t<s<b,
h(t, A, B) = (p1(b — 1) + q1)A + (po(t — a) +qO)B,

D
D = (b — a)pop1 + p190 + poq1,

andv is a fixed point of the operatdh , : C(I) — C(I), defined as
t b
T 5 (0(1)) = (C) — M / / G(s.r) ¢~ L(w(r) dr ds

t t
+M/ h(s,A,B)ds—/ o(s)ds. (2.6)

First, note that ifv1, v2 € C(I), then

t b
T2.5(v1(t)) — T2,5(v2(1)) = —M f / G(s, o~ Hwi(r) — ¢ (va(r))] dr ds.

On the other hand, from condition (1.6) we have #igt 0 in I x I. Moreover, using (2.4),
we know that

b b 1
/ / G,s)dsdt = ———.
a Ja KM

In consequence, using conditioH;") we arrive at

172,6v1 — T2,6V2]l00 < V1 — V2]l c0-

Thus, forM e (M, 0), the operatorT> ; is a contraction and it has only one fixed
point. O

Remark 2.1. Note that if we consider the particular case of (1.5)
u@=A, u'(b)y=B, u"(@=C,
thenM = M*.

3. Anti-maximum comparison principles

In order to apply the monotone method to problem (P)—(1.1) we prove some anti-
maximum comparison principles related to the problems referred in the previous section.
For problem(L,)—(1.4) the following principle holds:

Proposition 3.1. Let ¢ verify condition(H;) and M e (M*,0). If uy, uz € C2(1), with
dW?), p(uy) € AC(I), are such that

—[pWy )] + Mus(t)> — [pus@)] + Mua(t) fora.e. tel (3.1)
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and

ui(a) Zuz(a), uy(a)>uy(a), uid)=uzb),

thenuy >up, uy >u’, anduf >uj onl.

Proof. Letot, oo € L1(1), suchthaty >02a.e.inI,andA1, A2, B1, B2, C1andCs € R.
Denote by andu; the unique solutions of the problems composed by Egs) @dnd (L;,),
respectively, and by the boundary conditions

ui(a) = A12 Az = uz(a),

uy(a) = B1= Ba = ub(a),

ua{(b) =C12Cr= u/zl(b)
Note that the existence of andu; is given by Proposition 2.2. It can be verified, following
the same steps used in the previous section,uhat= ¢(u]) andwy = ¢(u}) are the

unique fixed points of the operatdfs,,, i = 1, 2, defined in (2.3).
Let

b b
Eot) = / o1(s)ds > / o2(s)ds =: {o(t) forallt el.
t t
From (2.3), and by recurrence, we obtain

én+l = Tl,(u(én)} Tl,gz(gn) = C,H_]_ on [ for all n>1.

SinceM e (M*, 0) the operatordy 4, fori = 1, 2, are contractive and so both sequences
converge tav; andwo, respectively. The proof finishes by integratiori]

For problem(L,)—(1.5) we have the following result:

Proposition 3.2. Assume that conditio(L.6) holds function¢ verifies assumption#y)
andM € (M, 0). Letuq, up € C2(I) with Py, ¢p(uy) € AC(I) satisfy inequality(3.1)
and

poui(a) — qouy(a) = pouz(a) — qous(a),
piu1(b) + quuy(b) = p1ua(b) + qrus(b),
uf(a)<uy(a).

Thenuy <uj anduy >uz onl.
Proof. Consider two functions, o> € L1(1) verifying o1 >0 a.e. onl andA1, Ao, B,

By, C1, C2 € R be such thati; anduy are the unique solutions of Egs.4[) and (L;,),
respectively, satisfying

poui(a) — qouy(a) = A1> Az = pouz(a) — qous(a),
piu1(b) + quuy(b) = B1 = Ba = p1ua(b) + q1us(b),
ui(a) = C1<Co=ujy(a).
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In this casew; = ¢u?) andwy = ¢(uj) are the unique fixed points of the operators
T2+, andT> 4,, respectively, given by (2.6). Defining

t t
Eot) := —f o1(s)ds < —/ a2(s)ds =: {o(z) foralltel,

we have, from (2.6), that

Cnt1=T12,61(&) <T2,6,(() =1 ON T forall n>1.

As T 5, are contractions, far= 1, 2, we conclude thai; <wp onl .
Taking into account thaG >0 on I x I, from (2.5) it can be deduced thai > u>
onl. O

By Remark 2.1, we obtain the following corollary:

Corollary 3.1. Let ¢ verify condition(H;) andM e (M*,0). Letuy, up € C2(1) with
dWy), puy) € AC(I). If assumption(3.1)and

ur(a)Zzuz(a), uy(b)=uy(b), uj(a)<uy(a)
hold, thenuy <uj andui >uz on .
Finally, for problem(L ;)—(1.1) we have the comparison principle:

Proposition 3.3. Let ¢ verify condition(H;y) andM e (M*,0). Letuy, uz € C2(I) with
dwy), p(uy) € AC(I), satisfying inequality3.1)and

ui(a) = uz(a), (3.2)
uf(a)<uz(a), ui(b)>uzb). (3.3)
Thenui<uzonl.
Proof. Assume, by contradiction, that therergse (a, b] such that
u1(to) > uz(to). (3.4)

If uy >u2 onl then, by (3.1),
b b
| oo + g s> [ Miuz) -~ uaiss
and, by (3.3), we obtain the contradiction

0= — dui(B) + pluz(h)) + p(uy(a)) — d(uz(a))

b
>M/ [u2(s) — uy(s)]ds > 0.
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Then there i$1 € (a, b] such that

u1(ty) <wu2(f1). (3.5)
If u’)(a)>u%(a), by Proposition 3.1, we have that

u1(t)=up(t) forallrel,

which is in contradiction with (3.5). Thereforg (a) < u5(a). So, by (3.2) and (3.4), there
ist € (a, b) such that

ur(t) =u2(t) anduy(?) =>ubH ().

Applying Proposition 3.1 t¢z, b] we have
ur(t)>up(t) forall r € [7, b].

Now, applying Corollary 3.1 ofu, 7], we conclude that
ur(t)>uo(t) forallt € [a, 1],

and, therefore, a contradiction with (3.5) is obtained]

4. Extremal solutions

In this section we develop the monotone method for prohlE(1.1) in the presence
of a pair of lower and upper solutions given in the reversed order, that is, the lower solution
o is over the upper solutiofi. Such functions are defined as follows:

A function o € C?([a, b]) such thatp(a’) € AC(I) is a lower solution of problem
P)-(1.2)if

—[p" NI < f(t,(t)) forae. tel,
and
a@)=A, o' (a)=B, « (b)<C.

An upper solution; is defined in the same way by reversing the above inequalities.
To develop the monotone iterative technique, we impose on funétiba following
one-sided Lipschitz condition:

(H2) There isM <0 such thatf (z, x) + Mx is nonincreasing irx, for a.e.t € I and
x € [B(t), a(0)] -

Now we denote

[f,a]l={v e CZ([a, b)) : p(t)<v(r) <o) forall r € I}.



1118 A. Cabada et al. / Nonlinear Analysis 62 (2005) 1109-1121

Before proving the main result of this section, we define the following constaat L (o, f3)
as

L=max} ¢~ X(p(B) + lhrll1), ¢~ H(P(C) + llhg|1),
10~ HP(B) — IlhrlIDI, ™ P(C) — lIhrllD)]

IB|, CI, |¢(B) — llhrllal, |$(C) + kgl
}, (4.1)

with
R = max||a]loo, I Blloc}

andh k the L1-function given by (1.2).
Let K := K (o, f) be the Lipschitz constant associated in conditiéi) with function
¢ in the interval[— R, R]. Define

G(L)+K(x—L) ifx>L,
D(x) =13 p(x) if |x|<L, (4.2)
Gp(—L)+K(x+L) if x<—1L.

It is clear that functiond satisfies conditioiH;") for constanK given before. The next
result proves the existence of extremal solutions for problem (P)—(1.1).

Theorem 4.1. Assume that conditioff;) holds and assumptiofHy) is fulfilled for M €
(M*, 0), with M* <0 given in(1.3)and K > 0 as in(4.2). If there exist a lower solution
o and an upper solutior of problem(P)—(1.1),such thatx> f in I, then there are two
sequenceg, }and{f,}in[f, «], which are respectivelynonincreasing and nondecreasing
and converge uniformly t@min andumay, solutions of(P)—(1.1),such that

b)) <umin(t) <umax(t) <o(t) forall ¢ e 1.

Moreover these solutions are extremahat is, any other solutior of (P)—(1.1)with
u € [P, o] verifies on |

umin(t) <u(t) <umax(?).

Proof. LetM* <0 bethe constantgivenin (1.3,> 0and®asin (4.2). FixM € (M*, 0),
1 € [fB, o] and consider the equation

—[@W" ()) + Mu(t) = ft,y(t) + My@t), tel. (E)

Since @ satisfies condition(Hy") for the constanK, then by (1.3) and Proposition 2.1,
problem(E;)—(1.1) has a unique solutian. So, by(H>) and (4.1)

—[Pug()] + Muo(t) = f(t, (1)) + My(t)
> f(t, o) + Ma(t) > — [@" ()] + Mo(t),

and
uo(a)=A=o(a), ugla)=B<d"(a), ugb)=C=d"D).

Then, by Proposition 3.3,p<aon /.
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The arguments are similar to profleup on 1. Considery,, y, € [, a] such thay, <y,
and letus, up be the unique solutions ¢E;, )—(1.1) andE;,)—(1.1), respectively. Then, by
(H2),

— [P ()] 4+ Mu1(t) = f(t, y1(1)) + My.(1)
> f(t,72(1) + My, (t) = —[P(uy(1))] + Mua(t)

and, by Proposition 3.34; <uz in 1.
From these two properties, it can be constructed, recursively, a nonincreasing sequence
{x,} and a nondecreasing sequelffig} defined asg = o anda,, the unique solution of
(Es, 1)—(1.1), B = p andp,, the unique solution ofEg  )—(1.1).
By a standard way, s€8], one can verify that both sequences converge uniformly in
[P, o, respectively, to the maximal and the minimal solutions of the problem

—[PW" ) = f(t,u@)) forae trel,

together with boundary conditions (1.1).
By integration, one can verify that any solution[ji «] of this problem satisfies

lu"(t)|<L foralltel,

therefore®(u”) = ¢(u’") and so the proof is finished.[]

5. Existence result

In this section we prove the existence of at least one solution for proffter(il.1) in the
presence of a pair of lower and upper solutions given in the reversed order and replacing
assumption f») by a weaker one:

(Hy) There isM <0 such that, for a.e.e I andx e [B(1), a(t)],
(&, B@) +MB(t)= f(t, x) + Mx = f(t, a(r)) + Ma(r).
Theorem 5.1. Assume that conditio(//1) holds and condition{ /) is fulfilled for M e
(M*, 0), with M* < 0 given by(1.3),andK > 0asin(4.2).If there exist a lower solution

and an upper solutiogf of problem(P)—(1.1),such thatx> f in |, then problemP)—(1.1)
has at least one solution iif, «].

Proof. Let p(¢, x) = max{f(¢), min{x, a(¢)}}, forr € I andx € R. Fix M € (M*, 0) and
define for a. et € I the following function:

g(t, x) == f(t, p(t,x)) + Mp(z, x).

Itis clear that functiory is a Carathéodory function for which therefise L(I) such that
lgt,x)|<H() fora.e.rel andallx € R.

Consider the equation

—[PW" ) +Mu(t) =g(t,ut)) fora.e.rel. (5.1)
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Since @ satisfies conditioriH;’) for the constanK and, following the arguments used in
the proof of Proposition 2.1, we have thais a solution of (5.1)—(1.1) if and only i(u”)
is a fixed point of the operatdr : C(I) — C(I), defined as

(t —a)?

T(w(t)) = P(B) + MA(t — a) + M1,

M t 91 t
+7/ (t —r)°® (w(r))dr—/ ow(s)ds,

with
Ty = 2 [¢(C) — ®(B) — MA(b — a)
YT MO —a)?
M b b
—7/ (b—r)2¢—1(w(r))dr+/ O'w(s)ds],
ow(t) = f(t, pt, Jw () + Mp(t, Jw(t)).
and

t s
Jw(t) :A—}—/ <rw +/ o L(w(r)) dr) ds.

By (H;) there is a positive constait; such that

K |M| (b —a)?

[Tw()|< K1+ 3

lwlls forallzel,

and, therefore, every solution of the equation
w = )»Tw

is bounded independently dfe [0, 1). As T is a compact operator and/| < — M*, then
by Schauder’s fixed point theorem the operdtbas at least a fixed point which is a solution
for the problem (5.1)—(1.1).

From the definition ofj, we know, by(H>), that every solutiom of (5.1)—(1.1) satisfies

[P " (N + Mu(t) > — [@@" ()] + Mo(r).
Thus, from the boundary conditions and Proposition 3.3, we conclude thaton /.
Analogously, it can be proved tha « on I. Since any solution if3, «] of this problem
satisfies

W’ ()| <L forallrel,

we conclude the proof. [
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