Chapter 12 ®)
Echoes and Influences of Realistic Crock or
Mathematics Education in Portugal

Joao Pedro da Ponte and Joana Brocardo

Abstract This chapter traces the connections between Realistic Mathematics Edu-
cation (RME) and Portuguese developments in mathematics education in terms of
research studies and curriculum development. The basis for this work is a liter-
ature review of papers and other documents, with special attention to the period
2005-2015, and research studies organised by mathematical topic. Although there
is no research group in Portugal that is perfectly aligned with RME principles and
curriculum materials, noticeable influences may be seen in the frequent references
made in some research groups to key RME ideas, notably the importance of students
working from tasks in meaningful contexts, the role of representations and models
to support students’ thinking, and the levels of students” mathematical activity. This
is most noticeable in conceptual frameworks for developmental research studies in
the area of number and in the use of realistic contexts in task design, and it is also
apparent in the official 2007 Portuguese curriculum document.
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12.1 Introduction

Realistic Mathematics Education (RME) has a clear influence in Portugal, both in
research and in curriculum development. Portuguese mathematics educators began
to know about RME ideas from reading Freudenthal (1973) and from their par-
ticipation in two international meetings, that of PME (International Group for the
Psychology of Mathematics Education) and of CIEAEM (International Commission
for the Study and Improvement of Mathematics Teaching), which both took place in
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the Netherlands in 1985. Since then, contacts have been frequent, in other interna-
tional meetings, in study visits made by Portuguese researchers to the Freudenthal
Institute (FI) in Utrecht, and also through the visits made by researchers of the FI to
Portugal to attend mathematics education conferences,' to participate in activities of
research and evaluation projects, and to deliver seminars to doctoral students.?

Research in mathematics education in Portugal began its development from the
1980s, with several doctoral degrees obtained abroad (in the United States and the
United Kingdom), but only in the 2000s did it become more intensive, with doctoral
degrees offered at several Portuguese universities (mainly in Lisbon, Aveiro, and
Braga). It was around these doctoral programmes that the most important research
groups developed, with the association of several schools for higher education (such
as those in Lisbon, Setubal, and Viana do Castelo).

In this chapter, we give an account of the main influences of RME in Portugal,
with special attention for the last 10 years (2005-2015). The chapter is constructed
from a revision of doctoral theses, edited books, articles published in mathemat-
ics education national and international scientific journals (Quadrante, BOLEMA,
Relime, Uni-Pluri/Versidad), articles published in the teacher journal Educagdo e
Matemdtica of APM (Associacio de Professores de Matematica®) and communi-
cations in proceedings of the national mathematics education research meetings
SIEM (Semindrio de Investigagdo em Educagdo Matematica) and EIEM (Encontro
de Investigacdo em Educacdo Matematica). The chapter contains two main sections,
one concerning research studies (subdivided in mathematical topics) and another
concerning curriculum development. In each section, the studies and documents are
highlighted in which the influence of RME ideas appears to be stronger, seeking to
identify the main contributions to theory and practice of mathematics education as
well as the aspects in which this influence may be traced. The chapter concludes with
a summary of RME influence in our country.

12.2 Influences on Research Studies

12.2.1 Whole Numbers and Operations

The notion of number sense inspired several researchers of the Developing Number
Sense (DNS) project to develop an alternative approach to teaching whole numbers
and operations that includes certain central RME ideas. This project is a central
reference in the mathematical domain of number in Portugal. Here the fundamental

I'Koeno Gravemeijer has been at EIEM in 1997 (Castelo de Vide), Marja van den Heuvel-Panhuizen
at CIEAEM in 1997 (Setiibal), Rijkje Dekker, Koeno Gravemeijer and Jean-Marie Kraemer at
‘Mathematics Education: Paths and Crossroads in Memory of Paulo Abrantes’ in 2005 (Lisbon),
and Henk van der Kooij at EIEM in 2006 (Monte Gordo).

2Especially Koeno Gravemeijer and Jean-Marie Kraemer.

3 Association of Mathematics Teachers.
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influences can be identified related to the role of counting, place value and standard
algorithms, the role of the context of tasks and the use of models in mathematics
learning.

Also in this perspective, in a book published by the Portuguese Ministry of Edu-
cation to support the activity of infant education teachers, Castro and Rodrigues
(2008) indicated that children may use counting to compute. From a sequence of
tasks, they exemplified how the activity of counting may evolve from one to one
counting to the re-invention of informal mental strategies based on counting, one of
the RME big ideas (Beishuizen & Anghileri, 1998). Still in the same vein, Rodrigues
(2010), in a study addressing the development of number sense in children from three
infant schools, concluded that it is from the numerical sequence and from counting
competences that children develop other numeral competences. The children that she
studied used counting as an informal strategy that, based in diversified experiences in
meaningful numerical contexts, was progressively structured, discovering counting
in patterns and jumps.

12.2.1.1 Place Value and Standard Algorithms

The tradition of focussing numerical learning in the early use of place value aiming
at the quick construction of standard algorithms was strongly questioned by several
RME authors. Brocardo, Serrazina and Kraemer (2003), following this trend and
basing their argumentation on authors such as Gravemeijer (1991) and Fosnot and
Dolk (2001a) highlighted the need to link structurally the development of computa-
tion methods and techniques to the construction of numbers, their organisation and
structure. In order to achieve this, all these authors argued that it is necessary to delay
the learning of algorithms the early introduction of which they viewed as hindering
an adequate development of number sense. Brocardo and Serrazina (2008), reflect-
ing on the work carried out by the DNS project, strongly influenced by Gravemeijer
(1991, 1994, 2005), Treffers (1987, 1991) and Buys (2008) on the teaching and
learning of numbers and operations, suggested that the algorithms must not be the
central focus of the curriculum, and that students must learn them in a long journey
based in developing number sense.

Two teaching experiments carried out as doctoral theses underscore this perspec-
tive. In the first, carried out in a Grade 2 class, Ferreira (2012) was strongly inspired by
the notion of landscape of learning of Fosnot and Dolk (2001a, b) in which students
were invited to construct their ideas and strategies based on the analysis and manipu-
lation of numbers as a whole. As proposed by RME, this teaching experiment did not
include explicit references to place value and emphasised a holistic approach to num-
ber, with the development of ‘horizontal’ written calculation strategies. The author
concluded that the four students studied managed to solve the proposed addition and
subtraction problems without using the standard algorithm. Instead, they began to
reason arithmetically, using familiar relations between numbers and between addi-
tion and subtraction, as indicated by Blote, Van der Burg, and Klein (2001) and
Gravemeijer (2005).
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In another teaching experiment, in a Grade 3 class, Mendes (2012) got support
on the theoretical ideas of Fosnot and Dolk (2001b) related to multiplication. The
big ideas that Mendes assumed in her work included unitizing (numbers are used to
count not only objects but also groups), the distributive property (realising that 7 x
5 can be solved by adding 5 x 5 and 2 x 5, or any combination of groups that add
up to seven groups), the associative property (2 x {5 x 9} = {2 x 5} x 9) and the
commutative property (52 x 2 =2 x 52).

12.2.1.2 The Role of the Context of Tasks and the Use of Models
and Manipulative Materials

The influence of RME ideas regarding the context of tasks inspired the production of
classroom materials in the DNS project (Brocardo et al., 2005; Brocardo & Serrazina,
2008) and of rescarch studies (such as Delgado, 2013; Mendes, 2012; Rodrigues,
2010). In these studies, the context of tasks was carefully planned as a starting point
and source for modelling. Attention was paid to the clarity of the written text, to the
accompanying images that should not be simple illustrations, and to how the task
might arouse students’ curiosity. Explaining the way the project team thought about
the context of tasks, Brocardo and Delgado (2009) underlined the idea of Freudenthal
(1968) that mathematics must be learned as a process of mathematising reality and, if
possible, in the process of mathematising mathematics itself. They also indicated the
important characteristics of the context of tasks so that it would become a situation
that lends itself to mathematising, as Fosnot and Dolk (2001b) suggested—to allow
the use of models, to make sense for students, to create surprise and arouse questions.

The tasks with contexts that appeal to models are one of the RME influences that
itis possible to identify in many research studies carried out in Portugal (such as Del-
gado, 2013; Ferreira, 2012; Mendes, 2012). An example is the ‘Drinks machine’ task
(Brocardo et al., 2005), inspired by a task developed by Kraemer and Paardekooper
(1998) in which cans with drinks of different flavours are put in a machine with a
maximum capacity of twenty cans for each variety. There are horizontal limits that
organise the stacks of cans in groups of five, allowing for connections with the string
of beads and the empty number line model structured from five in five (Fig. 12.1).

The exploration of contexts such as fruit boxes or tile tessellations are paradigmatic
examples of contexts associated with the rectangular model widely used to structure
multiplication. Another example was provided by Rocha and Menino (2009) who
presented a task chain inspired by Fosnot and Dolk (2001b) with an underlying
progression aimed at using the rectangular model in successive phases of abstraction.
To achieve that, the context used began by allowing a counting of the objects that
are all visible (fruits shown on a box), then allowing to count all the objects of a
half of a rectangular array (two equal curtains in which one has all patterns visible
and the other does not), and, finally, situations in which counting was discouraged
by covering part of the rectangular patterns with objects or people leading students
to think in terms of lines and columns and begin to use the rectangular model, thus
leaving addition and using multiplication.



12 Echoes and Influences of Realistic Mathematics Education ... 213

Fig. 12.1 The drinks
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Mendes (2012) used this type of contexts in her research focussed on learning
of multiplication, and in the design of the sequence of tasks, she sought that the
numbers involved, carefully framed from task to task, would appeal to multiplicative
numerical relationships, as suggested by Treffers and Buys (2008) (Fig. 12.2).

The results of this research indicated that the chosen context for the multiplication
tasks contributed to consolidating the use of multiplicative procedures. She also
concluded that students who established connections among the contexts and the
numbers of sequential tasks constructed procedures based on that relationship, and
there were multiplicative procedures used by students (such as the use of relationships
involving doubling) that were induced by the numbers used in the tasks. In her study,
focussed on the practices of two teachers, Delgado (2013) concluded that in an initial
phase of the study the teachers mainly valued contexts of tasks that were close to
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[ Task 10 - Piles of Boxes - Subtask 1 | [ Task 10 — Piles of Boxes - Subtask 2
PILES OF BOXES PILES OF BOXES
1, Piedade’s grocery received boxes 2. Inthe supermarket Miniprice there is also one pile
of 24 apples each. The received with 25 boxes of apples. These boxes are bigger.
25 boxes were piled as shown in Each one has 48 apples.
the image

How many apples do they have e

~ How many apples received stored in the supermarket? __

Piedade's grocery?

| Task 10 — Piles of Boxes - Subtask 3 [ Task 10 — Strings- Subtask 4
PILES OF BOXES STRINGS
3. The supermarket Sunshine has stored
the same number of apples that the 50%x 10 = 10%60 = 12 %50 =

supermarket Miniprice has, but they

have boxes with 24 apples each, 25x20= 20x 30= 24 x50 =
How many apples da they have stored 25x 4= 40x15= 50x24 =
in the supermarket Sunshine 25x24= 40x30= 25x48 =

50x12= 20x60= 50x 48 =

Fig. 12.2 Example of one multiplicative context used by Mendes (2012)

students’ daily life situations, to motivate them and lead them to engage in solving the
tasks. As the study progressed, the teachers also began to recognise the importance
of contexts in developing meaning for the numbers and operations associated with
them, as underlined by Fosnot and Dolk (2001b) when referring to the characteristics
of the contexts of tasks that foster the development of number sense.

In Portugal, there is not a strong tradition of using manipulative materials, despite
the fact that all official curricula since 1975 refer to the importance of manipulating
objects and using structured materials such as MAB or the abacus. RME influenced
a reflection on the use of such materials, in contrast with the use of models, in
particular the empty number line. Brocardo et al. (2005) made a detailed analysis of
the potential of the empty number line, and followed RME perspectives in reflecting
on the potential and limitations of MAB. They argued that usual materials for learning
computation with whole numbers are often difficult for many students, provide few
opportunities for the use of informal strategies, and do not promote the evolution
of mental computation strategies. Brocardo and Serrazina (2008) referred to the
comparison that Beishuizen (2001) made between the use of the one hundred square
and the empty number line, highlighting the importance that the model must lead
the students to think in the strategy that they use and the computations that they do.
Therefore, they criticised the use of the one hundred square because it is possible
to calculate using mechanical procedures such as “add 10 is to come down one line
and read the number” or “take away 5 is to move 5 numbers backwards and sce
where we stop” that allows to arrive at a result doing no thinking at all. Several
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tasks produced in the DNS project discuss the advantages of the empty number line,
indicating that its use enables children to have an image of jumping forwards and
backwards keeping the multiples of ten as landmarks and thinking in numbers and
their relations, calculating with the head. Use of the empty number line began to
spread since 2005 and was recommended for the first time in an official curriculum
of the Ministry of Education (Ministério da Educacio, ME, 2007). In later research
studies focussed on teaching and learning numbers and operations (such as Delgado,
2013; Ferreira, 2012) and in some textbooks, the use of the empty number line model
became usual.

12.2.2 Mental Calculation

The concept of mental arithmetic referred to by Buys (2008) and widely used in the
Netherlands gained certain acceptance in Portugal. Brocardo and Serrazina (2008)
indicated that for the DNS project mental calculation implied dealing with number
values (not with digits), using elementary calculation properties and number rela-
tionships, and allowing for the possible use of suitable intermediate written notes.
This notion aligns well with that of Buys and is adopted by many other Portuguese
researchers. Several booklets edited by the Portuguese Ministry of Education to sup-
port the implementation of the 2007 Portuguese mathematics curriculum adopted
this concept of mental calculation and exemplified it with appropriate tasks for how
it can be developed.

Several studies were undertaken in the last decade focussing on the development
of mental calculation. These studies emphasised the development of mental calcula-
tion strategies supported by a careful articulation of sequences of tasks (for example,
Delgado, 2013; Ferreira, 2012; Mendes, 2012; Pinto, 2011). Following RME per-
spectives, these authors considered the written methods as specific developments of
the mental strategies that children learn, which should be organised in a continuous
progression. To ensure that this development happens, it is important that students
learn to use mental calculation strategies in a flexible way. These strategies may be
organised in three big groups: (i) stringing strategies, in which the operations are
movements along the counting row, (ii) splitting strategies, in which operations are
performed by splitting and processing the numbers based on the ten’s structure; and
(iii) varying strategies, based on arithmetic properties.

The teaching experiment conducted by Mendes (2012) included several mini
lessons with mental mathematics strings (as suggested by Fosnot & Dolk, 2001a,
b). This researcher concluded that the articulation between the numbers used in the
problems and the numbers used in the mental mathematics strings was important
since students were able to adapt from each other the procedures that they used.
She also concluded that the numbers used in the mental mathematics strings and the
way they were constructed enabled students to use numerical relationships based
on multiplication properties. The studies of Pinto (2011), Ferreira (2012), Mendes
(2012) and Delgado (2013) provided evidence that an approach to mental calculation
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that articulates the knowledge of number facts and strategic methods has big potential
to develop students’ numerical competences. In fact, the students studied evolved in
a significant way, using adequate strategies, and in many cases flexibly adapted to
contexts and numbers.

Brocardo (2011) proposed the setting up of goals for mental calculation to attain
at the end of each school cycle based on the distinction of three categories of mental
calculation proposed by Buys (2008). Referring to ideas of the TAL team,* she
indicated that this distinction demystifies the idea that such calculation cannot include
written notes, and clarified that mental calculation is not just automatic calculation.
She also presented a proposal for the development of mental calculation that included
several RME ideas. Underlining that mental calculation work must be systematic
and intentional, she exemplified that mental mathematics strings (Fosnot & Dolk,
2001a, b) may contribute to constructing basic numerical knowledge important for the
development of mental calculation strategies from Grades 6 to 12. Brocardo (2011)
proposed exploring open tasks, in which students discover interesting numerical
patterns that may lead to efficient calculation techniques that students get for their
use. She also suggested that systematic work in constructing a web of relationships,
as recommended by Kraemer and Van Benthem (2011). Such a web is based on
the idea of beginning from a known fact such as 4 x 5 is 20 and constructing all
multiplicative relations connected to it. In her proposal, Brocardo (2011) emphasised
that the teacher has a key role in selecting tasks that arouse students’ curiosity and
leading them to develop mental calculation, in distinguishing situations in which it
is appropriate to use the calculator from those in which that does not make any sense
and in assuring that students use mental calculation always when appropriate.

12.2.3 Rational Numbers

Teaching and learning rational numbers has attracted significant attention from Por-
tuguese researchers in mathematics education, with two particularly noticeable influ-
ences—from the Rational Number Project (Behr, Harel, Post, & Lesh, 1992) and from
RME. We analyse here the influence of RME.

12.2.3.1 Mapping Students’ Difficulties

In a literature review on teaching and learning rational numbers that has been an
important reference for research on this topic in Portugal, Monteiro and Pinto (2006)
discussed students’ difficulties in working with fractions and their strategies in solv-
ing problems. The presense of RME ideas is particularly noticeable in the point

4The TAL team was responsible for developing a teaching-learning trajectory for calculation with
whole numbers in primary school (Van den Heuvel-Panhuizen, 2008). Kees Buys was one of the
members of this TAL team.
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on students’ strategies, as the authors underlined the idea that mathematics must
be reinvented by students in a progressive process of generalisation and formalisa-
tion (De Lange, 1996; Gravemeijer, 1991, 1997; Streefland, 1986, 1991; Treffers,
1991). Monteiro and Pinto (2006) indicated that, in the perspective of RME, stu-
dents’ learning is based on informal strategies for solving tasks, from which they
develop concepts and connections among concepts, in a mathematising process.
They also referred to horizontal mathematising and to modelling of real situations
through the use of symbols as well as to vertical mathematising as a path internal to
mathematics (Gravemeijer, 1997). Monteiro and Pinto (2006) presented the ideas of
Keijzer (2003) regarding mathematising processes (modelling, symbolisation, gen-
eralisation, formalisation and abstraction). They pointed out that, to bridge the gap
between concrete and abstract, students need tools such as visual models, schemas,
and diagrams that work for them as supports for thinking (Streefland, 1993). They
also indicated that symbols may become objects of thinking, constituting images for
more abstract levels of understanding (Streefland, 1991).

Monteiro and Pinto (2006) recalled the ideas of Streefland (1986) about the alge-
braic structure of rational numbers being the support for the most common view on
the teaching of fractions. In their perspective, that explains why operations appear
in the Portuguese curricula in a given order and why the algorithms to compare, add
and multiply fractions have so much weight. They considered that it is the role of
the teacher to provide students with opportunities to reinvent mathematics, instead
of seeking to make accessible to them ‘ready-made’ mathematics.

12.2.3.2 Use of Representations and Models

Based on a teaching experiment, Ponte and Quaresma (2011) studied the develop-
ment of Grade 5 students’ understanding of the notion of rational number, ordering
and comparing rational numbers, and equivalence of fractions. In this study, a fun-
damental idea was the simultaneous use of different representations, as well as of
different meanings, kinds of magnitudes, and kinds of task. The authors referred
to the ‘iceberg model’ of representations of Boswinkel (see Webb, Boswinkel, &
Dekker, 2008) that suggests that students need a large amount of experience with
different informal and preformal representations as a basis to construct a meaning
for formal mathematical representations. In this way, the students used pictorial rep-
resentations as a support for their work with the more formal representations of
decimal numerals, fractions, percentages, and mixed numerals. Based on ideas from
Streefland (1991), who underlined that the work on fractions must be done based on
their names, such as ‘a half’, ‘a third’, ‘a quarter’, and so on, the authors consid-
ered that verbal representation, which is sometimes neglected in research, fulfils a
fundamental role in the work with rational numbers, notably in oral communication.
In addition, echoing ideas from Gravemeijer (2005), through all the teaching unit,
as a starting point for constructing concepts, they valued the students’ intuitive and
informal strategies as well as their prior knowledge. In their results, they pointed out
that students tend to begin by using simultaneously verbal and pictorial representa-
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tions that enable the interpretation of the information in the statement of the task and
support the reasoning to get to the solution.

The study of Ventura (2014), carried out with Grade 5 students, aimed to under-
stand their evolution in learning the concept of rational number, based on a teaching
experiment that was based essentially on the use of the numerical bar and the numer-
ical line, and at the same time to ascertain the potential of this approach. In this study,
the notion of model (based on Van den Heuvel-Panhuizen, 2003), fulfilled a key role
as a representation of a problematic situation that reflects essential aspects of the
mathematical concepts and that, therefore, constitutes a tool for solving problems.
Ventura concluded that the students evolved in their learning of the concept of ratio-
nal number, and indicated that, as a problem-solving strategy, many of them began
to use the numerical bar as a ‘model of”, and later used it as a ‘model to’ reason
(Gravemeijer, 2005; Streefland, 2003).

Guerreiro and Serrazina (2014) also studied students’ strategies in solving prob-
lems involving rational numbers, but in this case in Grade 3. They based themselves
on the perspectives of Fosnot and Dolk (2002) that indicate that students must under-
stand important ideas and progressively refine their strategies in order to make them
more efficient. Guerreiro and Serrazina assumed as central the notion of mathemat-
ical model, regarded as a tool for problem solving, and referred to examples such as
“ratio tables, double numerical lines, clocks, grids and percent bars” (Fosnot & Dolk,
2002, p. 83). In the perspective of Guerreiro and Serrazina, these models may support
students in generalising, going beyond what is specific in each situation. Building on
ideas of Fosnot and Dolk (2002) and Gravemeijer (2005), Guerreiro and Serrazina
considered that models emerge from situations experienced by students that evolve
towards mathematical models of numerical relationships, becoming mathematical
tools.

In other studies involving teaching and learning rational numbers in several grade
levels, Ponte and Quaresma (2011, 2014b), Quaresma and Ponte (2012) and Guer-
reiro and Serrazina (2015), also based themselves on the model of different levels of
mathematical activity of Gravemeijer (2005) and on the iceberg model of Boswinkel
(Webb et al., 2008) to indicate the need for working from contexts meaningful for
students and to assume that, in a first phase, an emphasis must be placed on infor-
mal representations that students already know, in order to introduce then, gradually,
more formal new representations and working processes with rational numbers.

12.2.3.3 Learning Multiplication and Division

The study of Pinto (2011) analysed the development of the multiplication and divi-
sion sense in Grade 6 students in working with rational numbers through a teaching
unit. This unit involves the exploration of multiplication and division of rational
numbers in meaningful contexts, based on RME principles. The unit values solving
problems with contexts meaningful for students, their written productions, the devel-
opment of models of the situations, the mathematical connections, the interactions
in the classroom, and formative and regulatory evaluation. Underlying this unit is a
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hypothetical learning trajectory for multiplication and division of rational numbers
that emphasises the development of multiplicative reasoning and operation sense
in an integrated way. Building on RME researchers (such as Fosnot & Dolk, 2002;
Freudenthal, 1973, 1983, 1991; Treffers, 1987, 1991; Treffers & Goffree, 1985),
Pinto assumed that the study of rational numbers in school must begin based on fair
sharing contexts related to students’ reality and be oriented towards a constructive
mathematising process. She also valued ratio problems (quoting Streefland, 1991,
1993) and suggested ratio tables as models for comparing fractions, especially in
the case of fractions that are difficult to compare without applying rules. She noted,
however, that students need to work with the other meanings of fractions (ratio, part-
whole, measure and operator). In her analysis, she also assumed an important role
for the notion of model as a learning support in moving from concrete to abstract
knowledge (Van den Heuvel-Panhuizen, 1996, 1998; Van den Heuvel-Panhuizen &
Wijers, 2005). The results of the study indicated that the students develop a sense
for the multiplication and division of rational numbers, showing familiarity with
different meanings and contexts of operations, flexibility in the use of proprieties of
operations, critical ability in the analysis of processes and results, and capacity to
use symbols and formal mathematical language with meaning.

12.2.4 Algebra

In the last ten years, algebra has attracted much attention in mathematical education
research in Portugal. This investigation is mainly influenced by the ideas of Carpen-
ter, Kaput, Kieran and Radford concerning the development of algebraic thinking.
Nevertheless, influences deriving from RME have also been noted. For example,
in an article for mathematic teachers, Ponte, Branco, and Matos (2008) analysed
the role played by symbols in the development of students’ algebraic thinking. The
authors presented the perspective of Freudenthal (1983) concerning the teaching of
algebra, indicating that “the symbols must mean something, at least initially, by anal-
ogy to what happened in the historical development of algebra™ (Ponte et al., 2008,
p. 90). They underline the importance of the process of progressive formalisation
and also presented Freudenthal’s perspective concerning algebraic language as a sys-
tem framed by syntactic rules, which allow for the development of certain actions
and highlights that the complexity of the algebraic language may originate incorrect
interpretations from students.

In their study, Pereira and Saraiva (2013), proposed a learning and teaching model
based on the notion of the parameter of a function to structure the mathematical rea-
soning of secondary school students in Grade 11. This model analyses the students’
concepts, concerning relevance, cohesion and algebraic coherence, with teaching
organised in three levels: reference operational, informal operational, and structural
operational. For the authors, the concepts are structured at each level, representing
contexts that promote the creation of meanings in a hierarchical logic. This work
showed the influence of Gravemeijer’s perspective of levels of students’ mathemat-
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ical activity (2005) in the construction of tasks in a teaching experiment, with the
reference operational level matching the ‘model of” level, the informal operational
level matching the ‘model to’ level, and the structural operational level matching the
formal level. According to Pereira and Saraiva, the results of their study suggest that
this model is useful to structure tasks to promote students’ thinking and to develop
students’ reasoning with mathematical concepts.

In an investigation carried out with Grade 4 students, intended to understand how
to promote their relational thinking, Mestre and Oliveira (2013) focussed on the
issue of the context and its connection to representations. They gave special atten-
tion to the way the teacher orchestrates the whole class discussion of a mathematical
task and guides the systematisation of learning. For the authors, the tasks have an
important role, with special emphasis on their contexts that must be significant to
promote the development of students’ relational thinking. Supported by Gravemeijer
and Doorman (1999), the authors considered that contextualised problems constitute
a source for mathematical activity, allowing the transition from informal to formal
strategies. They also indicated that as students experiment with the process of rein-
venting mathematics through solving contextualised problems, they develop their
mathematical knowledge and broaden their understanding of the real world. On this
matter, the authors underlined the reflexive relation between the utilisation of contex-
tualised problems and the apprehension of reality, arguing that these problems have
roots in this reality and their solution helps students to broaden their own notion of
reality. They concluded that the students used several representations, successfully
presenting the values of the variables in the algebraic symbolic form.

The development of students’ mathematical reasoning is an issue that has been
studied in Portugal, mainly in studies related to the learning of algebra and also
of rational numbers. Ponte, Mata-Pereira, and Henriques (2012), Mata-Pereira and
Ponte (2013) and Ponte and Quaresma (2014a) regarded mathematical reasoning as
the process of formulating inferences in a justified way, considering that this involves
deductive, inductive and abductive aspects. In their view, justification is the central
process of deductive thinking and generalisation is the central aspect of inductive and
abductive reasoning. One of the main ideas of these studies is that reasoning is strictly
connected to the representations used, which may assume a more formal or informal
nature. In a study carried out with Grade 5 students, Ponte and Quaresma (2014a)
presented a model that distinguishes between formal reasoning with and without
understanding, where formal reasoning with understanding is based on informal
reasoning, in a back and forth process, while formal reasoning without understanding
relies essentially on memorised learning. This perspective on mathematical reasoning
assumes that the big problem in teaching this subject is knowing how to make the
progressive articulation between formal and informal reasoning processes and is
supported by Gravemeijer’s (2005) model of levels of mathematical activity.

In other research reports involving the teaching and learning of algebra, the influ-
ence of the RME authors is also visible. For example, Ponte (2005), in an article
discussing the approach to algebra in the school curriculum, pointed to the role
of ‘real situations’ in learning, making reference to the work of De Lange (1993).
Pimenta and Saraiva (2013), in research aimed at the development of the algebraic
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thinking of Grade 4 and 5 students, referred to Freudenthal’s notion of vertical math-
ematising (1973). And Silvestre and Ponte (2012), in a study of the development
of the proportional reasoning of Grade 6 students, mentioned Gravemeijer’s (2005)
model of levels mathematical activity.

12.2.5 Geometry

In contrast to numbers and algebra, geometry is a mathematical topic that has attracted
less attention from Portuguese mathematics education research. At an early stage, in
the 1980s, the model of Van Hiele’s (1984) levels of geometrical reasoning played
an important role, especially in the work of Matos (1984), who studied the geometric
thinking ability of prospective early-years teachers. However, in recent years, there
is no record of references based on this model of geometric thinking. In today’s
Portuguese work on geometry the most visible influences are those of American
authors such as Battista and Clements. However, there are also echoes of RME
ideas, especially with regard to general perspectives on the teaching of geometry.

Pinheiro and Carreira (2013) discussed the development of geometric reasoning
in the context of the use of Geogebra in a teaching experiment with Grade 7 stu-
dents in order to know how they develop their understanding of the properties and
relationships of geometric figures in studying triangles and quadrilaterals. In for-
mulating their educational perspective, Pinheiro and Carreira presented the ideas of
Freudenthal (1971, 1991) on the role of geometry in the school curriculum and on
the teaching of geometry. Hence, the authors emphasised the role of geometry, given
its importance to understand and organise spatial phenomena and they assumed that
teaching should focus on the construction of conceptual models. They also valued the
importance of manipulating physical materials in specific situations. Furthermore,
they found that deductive reasoning should be promoted in accordance with students’
maturity and that the most suitable way to learn geometry is “to allow the pupil to
gradually become aware of their intuitive understanding of space” (Pinheiro & Car-
reira, 2013, p. 148). The results of this study showed that the sequence of tasks built
and the way that the tasks were solved in the classroom helped to promote students’
understanding of the mathematical concepts involved. They also found that the use
of the dynamic geometry environment contributed to the development of students’
spatial reasoning ability, and therefore of their geometric reasoning.

In another study, Mestrinho and Oliveira (2012) analysed how the use of the
tangram may support understanding of the area concept in prospective early-years
teachers, as part of a teacher education experiment in the second year of the pro-
gramme. The authors referred to the idea of Freudenthal (1983), according to which
the concept of area is much more complex than the concept of length, since the def-
inition of an equivalence relation and of an order relation as well as the creation of
a composition operation are much more complex for area. They also showed three
perspectives on the concept of area referred to by Freudenthal (1983), namely ‘equi-
table distribution’ (situations in which it is necessary to divide a figure into equivalent
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parts), ‘comparison and reproduction’ (situations that involve the comparison of two
parts of a surface or the reproduction of a certain amount of area with a different
shape), and ‘measurement’ (situations involving filling a part of a surface with con-
gruent figures, decomposition and recomposition operations or the use of general
geometric relationships). The authors found that the use of the tangram as a resource
promotes the development of basic ideas for understanding of area measurement,
and allows to explore different approaches to this concept.

12.3 Influences on Curriculum Documents

Abrantes (1994) studied how an innovative curriculum developed by the project
MAT;59° influenced the ability and disposition of students to tackle problems involv-
ing relationships of mathematics with reality and the way they saw mathematics and
mathematics learning. In this experimental curriculum, there are two clear influences
of RME: the perspectives about how to conduct curriculum development and how to
frame evaluation processes. On a small scale the work of Abrantes is similar to the
Dutch approach to curriculum development through projects such as carried out at
OW&OC,° the predecessor of the Freudenthal Institute, or the curriculum develop-
ment that was done in collaboration with SLO, Netherlands Institute for Curriculum
Development. Characteristics of this curriculum development was that successive
versions of materials were trialled, evaluated, and modified before being generalised.
Abrantes (1994) referenced that regarding evaluation, the major influence came from
the HEWET’ project (De Lange, 1987)—in which teaching materials were devel-
oped on various mathematical topics for pre-university education—and highlighted
the concern that evaluation must generate learning situations, be consistent with aims
and methodologies, have a positive nature, and occur in a climate of trust and clarity.

At the national level, the mathematics curriculum for basic education (ME, 2007)
shows a clear influence of RME ideas, notably in the topic of numbers and operations.
An important methodological guideline is the informal use of counting that evolves
through replay and repetition to become structured knowledge. For example, the
mathematics curriculum for basic education indicates that

the exploration of counting processes used by students associated with different possibili-

ties to structure and relate numbers, contributes to the understanding of the first numerical

relationships. These relationships are fundamental to understand the arithmetic operations
and, besides, are a foundation for the development of number sense. (ME, 2007, p. 14)

5 A project that developed and tested an innovative curriculum for students aged 12 to 15 years
carried out by Paulo Abrantes, Eduardo Veloso, Leonor Santos, Paula Teixeira, and Margarida
Silva.

%Onderzoek Wiskundeonderwijs en Onderwijs Computercentrum (Mathematics Education
Reasearch and Educational Computer Centre).

7Herverkaveling Wiskunde I en II (Re-allotment Mathematics I and I1); the HEWET project resulted
in Mathematics A and Mathematics B, a new mathematics curriculum for the upper grades (age
16-18) of VWO, the pre-university level of secondary education.
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This curriculum does not integrate the RME approach to written calculation in
number operations, but it recognises the importance of delaying the introduction of
the standard algorithms and stresses the idea that it is important to progressively
develop more high-level abbreviated strategies. This document also recommends
the use of the empty number line as a model that can be used alongside others. In
addition, for teaching all topics, this curriculum stresses the importance of working
from tasks posed in meaningful contexts, highlighting the importance of contexts
that may engage students in asking questions, notice patterns, and lead them to use
mathematical models and adequate representations.

12.4 Conclusion

As indicated in this chapter, many RME authors have influenced Portuguese math-
ematics education. The most salient are, in a first phase, Freudenthal, Treffers and
Streefland, and, in more recent times, Gravemeijer, Van den Heuvel-Panhuizen, Fos-
not and Dolk and Buys. Such influences can be seen in many mathematical fields,
from numbers and operations to algebra and geometry, often mixed with influences
from other mathematics education research programmes. The influences concern
RME general ideas such as the perspective about representations and the notion
of model and the levels of mathematical activity with attention to the progressive
refinement of students’ strategies from informal towards formal levels. There are
also frequent references to the processes of vertical and horizontal mathematising
and to the use of experientially real situations as a basis for learning.

The importance of carefully formulating the contexts of tasks as well as the artic-
ulation among them stands in studies related to numbers and operations. Tasks and
the work that is done based on them in the classroom must favour the transforma-
tion of students’ reasoning and mental calculation processes, from informal towards
progressively more formal levels, and support the development of mathematical con-
cepts. The importance of algebraic language as well as the process of progressive
formalisation stands in studies regarding the teaching and learning of algebra. In
the case of geometry, RME influences concern the importance of this topic in the
curriculum and the didactical approach, underlining the role of the manipulation of
materials, as well as the phenomenological analysis of concepts. There are several
other fields in which Portuguese research comes close to RME ideas, such as the
use of technology as a support for students’ learning, organising teacher education
with a strong connection to practice, and framing studies as design-based research;
however, in these cases, the most quoted authors are usually from other approaches.

In several crosscutting topics, we also see RME influences. The mathematical
tasks used in most recent research studies in Portugal strive to be framed in interesting
contexts and to allow for a wide variety of students’ solutions. The sequences of tasks
constructed in these studies indicate possible learning routes, supporting a process of
progressive mathematising, an important RME principle. Didactical phenomenology,
another important RME idea, is also present in several research studies, in which
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a given mathematical topic is explored in depth, with great attention to everyday
situations in which it can be traced. At another level, we may say that the pragmatic
spirit of RME, and its concern for improving mathematics education by working in
close connection with teachers and schools is also present in studies undertaken in our
country. Globally, the work developed by Portuguese researchers using RME notions
and tools has proven to be fruitful and underscores the value of the results and ideas
of RME perspectives. In addition, these perspectives have been an important support
for the development of research in mathematics education in Portugal, with positive
effects on teachers’ professional practices and, we believe, on students’ learning.
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